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ABSTRACT

In this paper some finite and infinite integrals involving products of the hypergeometric function and generalized multivariable Gimel-function. On
specializing the parameters of the functions involved in the integrands, new results can be obtained as particular cases, we do not treat the particular
cases in this study.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = N U {0}.

We define a generalized transcendental function of several complex variables.
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R(*) P, k k ’
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1 1
D [( 5 ),7]( ))]1,n1 stands for (c(1 ),7(1)) o ( %11)7%(111)).

1 1
2) ma,Ng, -+ 7m’r’n7’7m( )777’( )7 T 7m(r)7n(r)7pi27qi27 R277i27 5y Py qir7RTaTirapi(T)aqi(T)aTi(")vR(T) eN
and verify :

0<ma < iy, 0 <2 < Piy, - ,0< My < gy, 0 < < iy, 0 <MY < giy, -, 0 <m™ < gy

0<n <pay,-,0 <™ < pyo.
) 7i,(ig=1,--- ,Ry) eR";1;, eRY(ip=1,--- ,R);00 €ERY(i=1,--- ,R®) (k=1,--- 7).

Hy e ert (G =1, 0P k=1, )8 DY eRY (G =1, mP) (=1, 7).
C;’:()k) eRY, (G=m® +1,-- pE)i(k=1,--,7);

DI €RY, (G =n® 1,000, gW); (b =1, 7).

ak],Ak] ERT; (=1, ) (k=2,---,r);(I=1,--- k).

B By e RT (=1, mp)s (b =2, 1) (1=1,+ k).

a,(cj)zk Akji, ERY;(=np+ 1, ,pi,);(k=2,---,r);(I=1,-- k).

B Brji, €RY (G =mp+ 1, ,q5,); (k=2 1) (l=1,--- k).

5;?()1») € ]R+ (Z = 1 : 7R(k))7 (J = m(k) + 17' o ,Qi“c)); (k = 13 e 7T)'

AP ERY (i =1, ,RM); (G =n® 41, pin)i (k =1, 7).

nG)

5)c§-k) eCi(j=1,--- ,nk);(k:1,~--,r);d;-k)E(C;(jzl,u- yme); (B=1,---,r).
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akj'ik G(C?(]:nk—’_l)aplk)»(k:Za ,7").

brji, €Ci(G=mr+1,+ q;,); (k=2,--- 7).

d( B €Ci (i =1, ,RW); G =m® +1,- g (k=1,--- 7).

’*/](-?m €C(i=1,-- , R (i =n® + 1, p)i(k=1,---,r).

The contour Ly is in the si(k = 1,--- ,7)- plane and run from o — 100 to o + 100 where o if is a real number with

loop, if necessary to ensure that the poles of I'427 [ 1 — ay; + Z ag;)sk (G=1,--,m9), [ [ 1 —ag; + Z ag;)s;g
k=1 k=1

. ; ~ . (*) k k .
(jzl,"-,n;;),“',r/‘” (1—am-+Za£j)> (J:17 ) FC (1_6‘5)4’7]( )Sk>(j:17"'7n(k))(k:1a"'77‘)t0
=1

2 3
the right of the contour L, and the poles of I'B2/ <b2j - Zﬁé’]‘f)sk> (G=1,---,my),I'BsI (bgj - Zﬂglj)sk> (j=1,---,m3)
k=1 k=1
oo, TBr <brj — Zﬁﬁ?) G=1,---,m), INZ (dﬁk) - 6§k)sk) G=1,---,m®)(k=1,---,r) lie to the left of the
=1
contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < §A§’“)7r where

m ) n (k) q®
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Z ( ) + Z Br35< )~ Ti,. Z Arjiraw(«jg,. + Z Brji,.ﬁfnjgr (1.4)
Jj=1 j=n,+1 j=m,+1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(Zl, - 7ZT‘)

|Z1|a17"' 7|Z7‘|ar)’max( |Z1|,--- 7|Z7"| ) —0

N(z1, - ,2r)=0

r h (4) T h (i)
i bij \ po i anj — @C —1
= 1&1&% Re (Z Brj g gh + Dy 5(1) and Ji = 1?11%}; Re Z Z Apj o + Cy (l)

|Z1|617"' 7|ZT|57‘)’min(|Zl|7"' ) |ZT|)_>OOWhere 1= 17 y T

_ — —9 Bl — h,
L<jam® h=2 h/=1 L jan(® h=2 h'=1 j
Remark 1.
If my=no=--=mp_1=np1=pi, =G, ="+ =pi,_, = qi,_, = 0and Az = Baj = Agji, = Baji, =+ =

Ayj = Byj = Ayji, = Byj;, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).

Remark 2.
Ifm2:n2:...:mT:nT:pi2 =Qi, =" =DPi, = qi, :OandTw = =T =T = = Ty =Ry =
=R, = RM =...= R = 1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [4]).

Remark 3.
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IfAg; = Boj = Agji, = Baji, =+ =Arj = Byj = Apji, = By, =land 73, = =7, =T, = -+ = Ty;n = Iy
— -=R,=RW =... = R =1, then the generalized multivariable Gimel-function reduces in generalized of
multivariable I-function (extension of multivariable I-function defined by Prasad [3].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [6,7]

In your investigation, we shall use the following notations.

(1)

A =[(az; ol (

1 2
ao‘2g 7A2])]1 nas [Tia (a2]12’aéj)227a2]22’A2]12)]n2+1;]712 [(a3]7a3j 7()‘:(3])70‘3] s Azi)ng,

[Tls(a3113’ag?zyai(’j)zyaéjzd Azjig)ns+1, Pigs ) [(a(r—l)ﬁagr,l)ja'” ag: BjaA(r D) Lne_1)s
[Tz'r,l(a(r—l)ji,x_ﬁaE:‘)_l)jir_l,"' E: Bﬂr S AC—D i e 1p, ] (L.5)
A = (a0 A ] @i o0 o0 s A Jnrp, ] (1.6)
A= [(C§1)a ’Y](-l); CJ(-l))l,n(l)]a [Ti0) (‘32()1) ) ’YJ(-;)U ) C;:()l))n(l)+1’p§l)]; T

[( ) ’YJ(T)aCJ(T))17m<r>}7 (T3 (CE-Z()W’Y](»:()T);C’j(-:()ﬂ)m(r)H’pgm] (1.7)

1 2 1 1 2 3
B = [(boj: 55, B3 Bop)ltima [Tia (b2iin: Bsjags Bsonys Bajiama-t1.asy » (0353 B85, 857, BSY5 Baj)]1.ms
2 3 1 r—1

[Tz3 (b3j137/63j137ﬂ§j3;37B§j237B3]13)}M3+17q13 ) [(b(rfl)j;ﬂ((r)_l)‘]v te ﬁ((r 1))J1-B(T 1)])1 my_ 1]
[T (b o BT Ba—nin) ]
Tir—1 \O(r=1)jir—13 P(r—1)jip_1> (r=1)jip_1* 2r=Djir—1)mr1+1,qi,_4 (1.8)
B = [(bryi 85, B Buj)im, s 17, (brjii B+ 2 Bk B, ] (1.9

5 rj 0" y Mg o Loy ]s Ui \Yrjies Prji,. s Prgieo 7“]% mr+1,q;, . )

1 1 1 1 1
B= [(dg )763( ); D§ ))l,m(l)]a [Ti(l)( jz(l)76;1()1))D;,L()l))m(l)+l7q£1)]; T

[( ;T), 6](7”) D r))Lm(r)]v [Ti(r) (dg;()r) 9 6;:()7) ) D_g:()r) )m(f\)+17q§’">] (110)
U = mg,na;mg,ng; - ;mp_1,m,_1; V. =m® nW:m® n@: om0 50 (1.11)
X = Pigsins Tins Ry 3Di 13 @iy s Tin s - Ree 13 Y = Dyys @50, iy R+ 59y s oy Ty R (1.12)

2. Required results.

In this section we state the results given by B.L. Sharma [5].

Lemma 1 ([5], p. 3(2.3))

/ tel'e(Sin h9)2>\—12F1 ()\ w+ = ,B 0; 2¢7 % sin h9) df =
0
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@2.1)
BT - BT (3 4+ A=) T (5= NT (A +3 1)
. 1 1
provided Re(\) > 0, Re (5 — )\—,u) >0, Re (5—B—)\+,u— 5) > 0.
The definite in tegral ([5] p. 4 (2.5)) and ([5] p. 4 (2.6))
Lemma 2.
2 o _ wET()T(B)T (o + B —a—b)
(@80 (gin 0)0~1 (cos )P~ (a, b; B; € ¢ = 2.2
/o e (sin §)*~ " (cos 0)"~ " oF (a, b; B; €Y cos #)do Tla+B—al(ath—b (2.2)
provided Re(«), Re(f), Re( —a —b) > 0.
Lemma 3.
2 e _ ey L wEaT ()T(B) (o + B — a — b)
(@0 (5in 0) (cos 0)° 1 5F (a, b s (= F) sin ) dg = S 23
/0 e (sin )~ (cos 0)° ™ "oF1(a, by az e sin 6) Tatf—aT@ti—b) (2.3)
provided Re(«), Re(f3), Re(a —a — b) > 0.
The infinite integrals ([5] p. 4 (2.8)) and ([5] p. 5 (2.9))
lemma 4.
00 a,%—i—l?c,d
/ 14 a) T : I |de=
0 $,1+a-c,1+a-d
2721 +a—ol(l4+a—dI (2 NI (E2 - NT(1+a—c—d—ANIT(A) -
VTl +a)lT(l+a—c—d)T(1+a—c—NI'(1+a—d—)) (2-4)
provided Re(A) > 0, Re(a —2A+1) > 0,Re(a—c—d—A+1) >0
lemma 5.
00 a,5+Lb 20-PAL(NI(1 +a — b (552 — M) T (&2 — A
/ $A71(1 + x)7a713F2 . _ﬁ d./l'/' _ ( ) ( + a ) ( 2 ) ( 2 ) (25)
o @ 14ab VIT(1+a)l(14+a—b—N)
29

provided Re(A) > 0, Re(a —2X+1) > 0, Re(a — 2b—2A +2) > 0
3. Main integrals.

In this section, we establish several unified integrals involving the hypergeometric function and generalized
multivariable Gimel-function.

Theorem 1.

/ 62"‘0(sin h9)2)‘_12F1 ()\ -+ %, B;8;2e~ % sin h9)] (Z1€2a10(sin 9)2017 .. ,zre2a”‘0(sin 9)2a7‘)d0 =
0
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jTll Aa (1_)‘;0’17”'7a7‘;1)7(%_/\;a17'“7a7‘;1)
3
27>\7N767§F(5) Usm,—+4,n,.+2:V . :
A0S — AL (5 +A—p) e tbantbn x| NN
4a7r ]Ba (iT/_'_Z;ala"’)ar:l)v

A; (_/\"’_g;ala"' 7017’;1)7(_)‘—’_%"’_%;0*1;"' 70’7‘;1) P A
: (3.1)
( A+M+ 5017"'7a7";1)7<_)‘_g+%;a17"'7a‘7";1)7<_/\ +6+17a13 ’70,7»;1>,BZB

1
provided a; > 0(i=1,--- ,r),Re<5ﬂ)\+u2) >0

r h (i)
bn, (i) i
Re ( E E Bh]’ﬂh, + D, 5(1) >0

h=2h'=1

+ Zaz mln

<my
1<]<m( i)

0 _ 1
Re(A—}—u——)-l—QZaz min Re(ZZAhJ e+ O 0] ><0
~ 7

<ng
1<j<\n(> h=2h'=1 hJ k

1
’arg (zie%ie(sin hﬁ)gai) < §A§k)7r , where A ) is defined by (1.4).

Proof

To prove (2.1), on the left hand side of (2.1), expressing the generalized multivariable Gimel-function as Mellin-
Barnes multiple integrals contour with the the help of (1.1), interchanging the order of summation and integration
which is justified under the conditions mentioned above, we get (say I)

1 / / - Sk * 2u+>7 i53)0 (o 200+307 i5i)—1
e (s, y80) | | Ok(sk)z; "/ e(rt2izy @is)f (gin h) i=1 %481
(27Tw)r L1 LT k;r:[1 k 0

oFy </\ u+ ,3;6;2¢ % sin h@) d6 dsy - - - ds, (2.2)

Evaluating the inner integral with the help of the lemma 1, it reduces to

9= A—n=B=3T(§ - - 1
sr) | ]9 RT(A+ is) | A+ 5 iSi
TEHr 0, T / /w o) [0 O+ i) ( 2+Z>

r (% - # -2 aisi) r (% - /\J2FH = Dim1 @S 1) (Tﬁ A= a,sz) r (# —A=i aisi)
I‘(—‘S A=Y 1al81) r (% —A=> 1(115@)

4_ Z;l=l a'isldsl e dST (2.3)

and finally interpreting the Mellin-Barnes multiple integrals contour in terms of the generalized multivariable Gimel-
function, we get the desired result (3.1).

Theorem 2.
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jus

26“0‘ sin0)*~ " (cos0)"~ a,b; a; ¥’ cos e 973) (sin )% 2y, - - -, e (97 3) (5in 0 2
e sin gy eos 0) i (0, e cos )3 (e D sing) a0 (05 (sing) ez, ) do
0

Z1 Aa (1—0&;&1,-“ 7ar;1)’(1_a_ﬂ+a+b;a17"' aar;l)aA:A
= ewsop(p)IgmenstEY ’ ' (2.4)

szr+2 Q7T+2 Tip: R.:Y . .
7z | BB (l-a— B+ a5a1,--- ,a;1), (L —a—B+bya, - ,a.51): B

provided
a; >00@=1,---,7); Re(B) > 0,Re(f —a—b) >0,

r . by d(z
o) + Zai Knlglgrinz Re (Z Z By, ﬁhj/ + D 5(2)) >0
i=1

L<jm® h=2 h/'=1 E
oz 1
‘arg (ziea‘(e_f)(sinhG)QQi)’ < 5AWr . where A% is defined by (1.4)

Theorem 3.

™

26”‘" sin0)* *(cos0)°~ a,b; a; e®\973) sin e’ (cos0) zy, -, (e (cos 0)* z
e sin gy os ) (0, (0 E) sing)T (900 cos )", (¢4 (cos0) 2, )0
0

Z1 A7 (1_5;0417"' 7a7’;1)7(1 7aiﬂ+a+b;al7"' 70’7‘;1)7A DA
= BT ()3T Y ' ' (2.5)

Xipi,+2,qi. +2,7i, :RrY .
Zy B,B (1-04—5—1—@;&1,--- ,aT;l),(l—a—ﬁ+b;al7... ’ar;l):B

provided
a; >0(6@=1,---,r); Re(a) > 0, Re(a — a — b) > 0,

1)
—|—Za7 \mln Re(ZZB g};ﬁ,—l—D()Z(z)>>0

k<m; 7
1< <m h=2h'=1

(k) 7 , where Agk) is defined by (1.4).

(3

larg (zie*(cos h9)**)

Theorem 4.

0o a,5+1,c,d
/ DA € P I 2N . |3 (z(42® +42)™ - 2 (42® 4 o)) da =
0 §,1+a-c,1+a-d

20722 (14 a — c)T'(1 4+ a — d) Usmp+3,n,+1:V
\/ﬂ“(l + a)F(l +a—c— d) Xipip+3,qi, +3,7,  RpY

71 A; (1-Na1, - a1, A, (1+a—d—XNar, - ,ar;1),(1+a—c—Aag, - ,ar;1): A
‘ (2.6)
Zy Ba (HTG_)‘;ala"' 7a’r’;1)7(2i2a_>\;a/1a"' aaT;l)?(1+a_C_d_A;a1a"' 7a7’;1)7B:B
provided a; > 0(i=1,---,r),Re(a—c—d—A+1)>0
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(@)
b i) d;,
Re( —&—22@, mln Re(ZZBhJIBZJ,+D()6()>>O
1Sk k

i=1 1<J<m<@> h=2h'=1
wer =1
Re(2X\—a—1) +22a1 \ml\nm Re ZZA;U a,' +C T <0
=L Cien® h=2h'=1 v k
larg (2 (42® 4+ 42)™)| < A , where A" is defined by (1.4).
Theorem 5.
0 a,%+1,b 2Q=2AT
A—1 —a—1 x 2 a 2 a (1 +a— b)
2T (1+x) 3Fy . -1 [Tz (e +4x)™ - 2 (da” 4 4x)? ) do =
/O %,1+a—b I+ ( ( ) ( ) ) ﬁF(1+a)

z | A5 (I-Xay, - an1), A (T+a—b—Xay,- - an1) 0 A

Umy+2,n,.+1:V . .
Xipip+2,gi, +2,75 1 Ryt 2.7)

Zp IB; (Lgia*)\;ala"' 7ar;]—)7(2+Ta7>\;al)”' 7ar;1)5B:B

provided a; > 0(i=1,---,7),Re(a —2b—2XA+2) >0

(1)
—&-22@, 1<m1<rim (Zth]th _|_D(z)d >>0

5(1)
4
1< <m® h=2h'=1 k

1<k<n,
i=1

1<j<n(®

(1)
-1 ) C -1
Re(2X\ —a — £
( a 1+2§ a; mln Re(E E Ah] o +C; @ ><0
h=2h/=1 hJ Vi

1
|larg (zi(42® + 42)*) | < iAEk)ﬂ , where A" is defined by (1.4).

Proceeding as in (3.1), the above integrals (2.4), (2.5), (2.6) and (2.7) can be established with the help of lemmae 2, 3, 4
and 5 respectively.

Remark :
We obtain the same integrals with the functions cited in the section 1.

5. Conclusion.

The importance of our all the results lies in their manifold generality. Firstly, in view of general arguments utilized in
these finite and infinite integrals, we can obtain a large simpler single finite or infinite integrals. Secondly, by
specialising the various parameters as well as variables in the generalized multivariable Gimel-function, we get a
several formulae involving remarkably wide variety of useful functions ( or product of such functions) which are
expressible in terms of E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of one
and several variables. Hence the formulae derived in this paper are most general in character and may prove to be useful
in several intersting cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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