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ABSTRACT

In the present paper we evaluate three finite double integrals involving various products of biorthogonal pair of polynomials, a general class of
polynomials, and generalized multivariable Gimel-function with general arguments. Our integrals are quite general in character and a large number of
integrals can be deduced as particular cases. Some interesting special cases of our main results have been discussed brefly.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ng = NU{0}.
We define a generalized transcendental function of several complex variables.
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m(F) (k) k k n(k) C(k) k k
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1) [(;98)] 1,0, stands for (75 7(), - (D440,
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2) mz, Mg, - 7m7"anr7m( )’n( )a t 7m(r)an(T)7pi2?qi27 RQvTizv 5 Py qir,v»RruTiy-upi(")aqi("‘)aTi('l')vR(T) eEN

and verify :
0 < my < in,0 < Mg <Py, ,0<my < iy, 0 <y < iy, 0 <M < gy, ,0 <m™ < gy

0<n <piy,--,0 <0 < pyo.

3)7i(ia=1,--- ,R)) ERT;7, €eR (i, =1,--- ,R.);Ty00 ERT(i=1,--- ,R(k)),(kz =1,---,7).

Hy oW eRY (G =1, ™) k=1, ,1); 6. D eRY (=1, ,mP) k=1, 7).
Cgl;()k) €R+v(,7:m(k)+1a (k)) (k_l )’
DE, € R, (= n®) + 1, W) (k=1 7).

o) Ay €RY =1, mi)i (=2, (=1 k).
6k]7Bkj€R+;(j:17"' 7mk);(k:27"' 771);(1217"' 7k)

al(cl])ik7AkJ7«k €R+’(‘]:nk+17 »plk)a(k:27 ,71)7(l:17 7k)
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J
The contour Ly, is in the si(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2
loop, if necessary to ensure that the poles of T427 [ 1 — agj + Z ag;)sk> (=1, ,n2), [A4s (1 —az; + Z g €k>
k=1 k=1

(j=1,-- ,n3),-- ,[4n (1 — ar +Za§f§?> G=1,---,n), 0" (1 P +7§.k)s,€) G=1,- 0 k=1, )0
i=1

2 3
the right of the contour L and the poles of B2/ <b2j - Zﬂ§§)9k> (j=1,--- ,my),['BsJ <b3j - Zﬂé';)sk) (j=1,---,ms)
k=1

k=1
e < ZB(L>> cee My, I‘Dy(m (dgk) 6<k) ) (j=1,--- m(k))(k =1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
arg(zi)| < —A(k)w where
2 (3
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Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(217"' ;ZT‘):O( |z1|a17"' ’ aT))ma’w( |Z1|7”' 7|ZT| ) — 0

N(zg,--- ,zr):0(|z1|61,--~ ,|zr|5’“),min(|z1|,--- ,|zr| ) = 00 where 4 = 1,--- ,r:
1
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Remark 1.

If my=no=---=mp_1=np1=pi, =G, ="+ =pi,_, = qi,_, = 0and Azj = Baj = Agji, = Baji, =+ =
Arj = Brj = Arji, = Brji, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).

Remark 2.
Ifm2:n2:,..:mrzn,r:pi2 =qi, =" =Di, = i, :Oandf;—i2 = =T =T = = T :RQZ
=...=R,=RW =... = R") =1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [7]).

Remark 3.
IfAg; = Boj = Agji, = Baji, = -+ =Arj = By = Apji, = By, =land 73, = =7, =T,0) = -+ = Ty» = I
— -=R,=RW =... = R =1, then the generalized multivariable Gimel-function reduces in generalized of

multivariable I-function (extension of multivariable I-function defined by Prasad [6].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [9,10]

In your investigation, we shall use the following notations.

1 2) 2
A [(aQJ’aéj)’a;j s A2j))1 s [T (a2312’aég)zyaégzz’AQJzz)]nanl,pu [(a?)]?ai(’)j)?aé_])’a?)]) Azj)ns

[Tm(%maé?waéi)wagl Azjis)ns+1, Pigs ) [(a(r—l)ﬁagr,l)ja"' OCE: i;]aA(r Vi) 1ne i)y
[Tz'r_l(a(r—l)jz‘r_l;Oégi),l)jir_l, : E: i;% x A('I'—l)jir—l)nr—l“rlvpi,,,,l] (1.5)
A = (arion) ol A ) [ (@i al) o0l 5 Ags Jari, (1.6)
A =15 75 O], [ (5 Vil Chidey ) s p0Ji 7+ 5

[(c ma%ﬂ C(T))Lm(rﬂ» (T3 (Céz()m’)/](»:()mCj(;)7->)m<r)+17p5r>] (1.7)

1 2 1 2 3
B = [(baj: 55, B3 Boj)ltima [Tia (b2jin: Bsjhgs Bsonys Bajiamat 1.asy » (b3 B85, 857, BSY5 Baj)]1.ma

2 3 1 r—1
[7-23 (b3313 53313 ) /ngr)b‘y 6:(3]237 B3]13 )}M3+1,(113 Tty [(b(rfl)j; B((r)—l)j’ e ’B((r—l))j; B(r—l)j)l,m,\,l]a

[Tirfl(b(r—l)jir,l;B((}»)_l)jiriﬁ"' ,3((: 11))W S Be-vji ) me_itiai, ] (1.8)
B = (b8 85 Boj)im, ], (7, (0rgins B B  Brji Y a, | (19)
B= [(d§1) 5(1) D( ))1,m(1)]’ [Ti) (d Z<1>>5(2()1>7D(1<)1>) Wi

(@57, 6575 DY)y o s [ (530 850003 DS )41 ) (1.10)
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U =mg,na;mz,ng;- - smp_1,np_; V =m® n;m n@:om® p)

1
X = PiysQinsTins Ry 5001 @i 15 Ti s 2 Roe13Y = 0 G0, 7305 RY 5+ 5 picoy s @i s T R

The biorthogonal pair of polynomial sets occurring in this paper are defined in the following manner [3] :

TP (3 k) = % Z;(_)j <n> (a+B+n+1) (1 2x>kj

J (4 1)k
and
s AT () B 5,

j=1 w=0
provided Re(«), Re(f3) > —1.

When k = 1 the above polynomials set reduce to the Jacobi polynomials.

Srivastava ([8], p. 1, Eq. 1). have introduced the general class of polynomials :

AT V) wix
SN (z) = Z TAN,Kl‘K
K=0 ’

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

where M is an arbitrary positive integer and the coeficients Ay g are arbitrary constants real or complex. On
specializing these coefficients Ay , St [.] yields a number of known polynomials as special cases. These include,
among others, Hermite polynomials, Jacobi polynomials, Laguerre polynomials, bessel polynomials and several others,

see ([11], p. 158-161).

2. Main integrals.

In this section, we shall evaluate the following three general double integrals :

Theorem 1.
1,1 a,b
/ / A2y Ty T (L) Aty T R || S| 0 (1 - 20k
o Jo 1+a-b

_ 1+ty ™ y(1+ty

SM Tey"(1+ty)' (1 —y 2”]<zxa11—xb1{y(7} ,-~-7z7,xaT1—:rbT{7 dxdy =

N u N/M] s
2941+ O] 7T (L4 §) D1 +a = b)(a+ s NN (N (@ 5+ + Dig(=5); s
VAT(1+a)l (1 + & —b) s! &= = KU (et DA+ )P

[4(14¢)]1 A7 (1 - b17 e 7b7"7 1) ) (1 —-A- k]v ai, -+, ar; 1)7
Usm,+2,n,4+3:V . .
Xpiy+4,qi. +3,7i  RrlY

Zr _
EEE)E 2

R, (m P_7K761> ,Cp t 1)a(2i2a_p_,YKaclv yCp t 1)7B7
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(1'P_K’Y;Cla"' 7CT‘;1)7A7(1+a_b_p_Kﬁ/;Clv"' 7CT;1):A
: @.1)
(I-A—p—kj;a1 + b1, ,a,+b51): B
Provided

ai by, >00@=1,---,r),Re(1+a—0>b) >0,Re(a) > —1,Re(f) > —1,t > —1Re(1 — 2b) > 0;0 <

—+—§:az mln Re(ZZBM

\m:
1<]<m(1)

b d
h=2h'=1 k

- 0
> i bhz (i) dy,
e+ — bi 1<k, Re <Z Z BhJ + D, rG >0

1< <miD h=2h'=1 k

r h
. bn ()d
Re(p+~K) + E c; grggin Re(} E Bh]ﬂh' + Dy o“) >0

— /I —
=1 1< <m® h=2h'=1

r (4)
. bh] 1) Yk
Re(14+a—2p—2vK)-2 E ¢ Jin Re (hgwﬂg 1B P 55:) >0

=igigme

1+ty ™ 1 :
‘ (Zzla(l — )" {i’l(_—z)’g} ) ‘ < §A§’“)7r , where AE") is defined by (1.4).

Proof

To prove (3.1), on the left hand side of (2.1), using the series representation of SA [.] with the help of (1.15) and
expressing the generalized multivariable Gimel-function as Mellin-Barnes multiple integrals contour with the the
help of (1.1), interchanging the order of summation and integration which is justified under the conditions
mentioned above, we get (say I)

N/M

= Z MKANK 27T(JJ / / 7[} 817 aST) Eek(sk)zkk

1
/ Mz ‘”5“1(1 — x)‘”z;:l bis"*lJS(O"ﬁ)(l — 2x; k)dx}
0

1
/ yp+'yK+E::1 cisi—l(l _ y)a—2p—2'yK—2 - cisi(l + ty)p—i-"/K—a—Z::l cisi—lel <a7 bil+a—b; (i ::: ?y>
L/o Y

dydsy - - -ds, 2.2)

Now using the results ([4], p. 118, Eq. (3.3.1)) and ([5], p. 254, Eq. (2.1)), and finally interpreting the Mellin-Barnes
multiple integrals contour in terms of the generalized multivariable Gimel-function, we get the desired result (2.1).

Theorem 2.
a,5+1,b

/ / Y1 — o) tyPm (1 — )72 (1 4 ty)P Ot 5y : Gy | g (1 — 25 k)
5,14a-b
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M _ b Jy(1+ty | i Sy +y
SN [ey? (T4 ty)" (1 —y)~ ] 13 <z1xa1(1—as) ! {W oz (1 — )b a=p? dady =

20 [4(1 + )] PT(1 + a — b)(a + 1)gs WM &

Vrl(14a)s! =

K@+ f+s+1)k(=s); «
(o + )41 + )&

o
<

[4(lilt)]cl A, (]- _IU/abb ubrv]-)?(]' - A= kj;ala"' 7a’l“;]-)7A7

Usm,+2,n,4+3:V
Xipir+4,qi, +3,7i, 1 RetY

[4(1.7.7})]_% B?(1+a p—K;er,- 'vCril),(H—a—p vKie1,--,c :l),B,

(1-p— Kvser,oyenil),(I+a—b—p—Kryier, e 1)t A

2.2)
(1-)\—u—k‘j;a1 +bla"' 7ar+br;1) :B
under the same existence conditions of the above theorem except that here 0 < b < 1 instead of Re(1 — 2b) > 0.
Theorem 3.
a,5+1,c,d
[ [y a g et . (e | (1 - 20 k)
5,1+a-c, 1+a-d
L+ty ™ L+ty) ™
Sf\vl [Cy'y(l + ty)'y(l _ y)—Q'y] J (le(ll(l _ m)bl {L—i_;/} e 72’743“"(1 _ I)br {U(;Z} > dxdy =
(1—-y) (1-y)
[N/M] s
2U4(1 + )] "*T(1 +a— )P(1 +a— d)(a+ 1) i MK (a+B+5+1(=5); x
Val(1+a)T'(1+a—c—d)s! = = (a4 1)k 541 + j)] K
[4(1i1t)]cl A? (1_ll’ab17 7bT71)7(1_)‘_kJ7a17 7017‘;1)7
Umy+42,n,+3:V . .
Xipip+4,q:, +3,7 . RpY .
[4(1_7_72)% B? (1+a p— ’YK C1y- 7Cr:1)7(2+_a_p rYK C1y- :1)3
(I-p—~vK:c1, - ,er1),A,(14+a—c—p—Kv;cr,- - ,er51),(L+a—d—p—Kv;e1,--+ ,er;1) 1 A
: 2.3)

(1+a—c_d_p—Kﬂ/;Clv"' 7C’I")5B7(1_)‘_:u‘_kj7a1 +b1a"' 7ar+b7‘;1):B

Provided

ai,bi,c; >0 =1,--,r),Re(l+a—c)>0,Re(l1+a—2c—2d) >0,Re(1+a—d) >0

h (2)
bhj | i) i
+E a; ]<m1<1}m Re(E g By, 5h,+D 6(i) >0

1<<m® h=2 h'=1 k
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(1)
—l—Zb rmn Re(ZZBth}LJ/ D(l)Z()>>0

<m h=2h'—1
1<j<m(1>

b d()
Re(p+vK) +Zcz Imn Re(ZZBhJ61{+D()5()>>O

’
= 1<J<m(’) h=2h'=1

b ; d(i)
Re(1+a—2p—29K) QZCZ mln Re(ZZB’U hJ—l—Dk)(S?Z.) >0
'S k

fsmy h=2 h'—1
1<j<m®

1+¢ 1 )
‘(zl i(1—a)b {(1( — y)y} )‘ < §A§k)7r , where Agk) is defined by (1.4).

To prove the second and third integrals, we use the similar method to that of the theorem 1 with the only difference that
here we make use the integral ([5], p. 254, Eq. (2.2)) and ([5], p. 255, Eq. (2.3)) respectively instead of ([5], p. 254,

Eq. (2.1))
3. Special cases.

(@ +1)n(@ +B +N+1)k
NI + 1)k

Taking m = 1 and An,x = in (2.1) we obtain the following result

Corollary 1.

1+¢
/ / )y T L= ) (L ty) R (a, a0 t;y) TP (1 - 2w5k)

PE) (1= 2 ey (1 + ty) (1 — y)~>]) 1 (zla:‘“ (1= ) {M} ez (1= 2)tr {M })

11—y 1—y

2°[4(1+1)]"T (14 &) T(1 +a — b)(a+ ks (o + Dy

dzxdy = V(A +a)l (1+2—b)s! NI
[1%154 s K@+ +N+1g (a+ B+ s+ 1)k(— )J K
=0 5= Kw B +Dx (et ;A0 +5)P"

[4(1;7-115)]51 A7 (1 —,Lt,bl, abT‘; 1)7(1 - A_.j;a’la' t 7aT;1)7Aa

Uimr+2,n,.+3:V
Xspi+4,9i,.+3,7i,.  RplY

[;L(liirt)]cr ]Bv (1#7p77K;017"’ 7CT:1)7(%Ta7b7p7’7K;017"' 707“:1)7B,

(I-p— Kvjer, - e31),(1+a=b—p—Kyier,- -, 631) 1 A
: 3.1)
(1—)\—u—kj;a1—|—b1,~-~ 7ar+br;]—):B

under the same conditions that (2.1).

Consider the above corollary, taking k = 1 and s = n, we obtain
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Corollary 2.

1 1
1+1¢
[ [ oot gt s et ( bla b G t)y) PL0(1 - 22)
o Jo Y

o 1 o 1 "
PJ(Va ,B7) (1 _9 [cy’y(l +ty)"(1 - y)—%/]) ] (2’13301(1 — x)bl {2/(1_%@} o zpxtr (1 — x)bT {y(l j;y} )

2/[(L+0)] T (14 §)T(L+a—b)(a+ s (a+ D
VIT(1+a)T (1+ % —b) s! N!

dxdy =

[N/M] s

k(@ +8 + N+ 1)k (a+B+s+1);

= (=) »
p2p> T (a4 D, + PE
[4(11115)]01 A; (1 - K bi, - by 1) ’ (1 —A- k.]v ag, -, ar; 1)7A’

Usmy+2,n,.+3:V
X5pip+4,qi, +3,7i, RptY

ar | B (5% = e = Koo 1) (350 = b= p = yKGen, o000 1), B,

(I+a-b—p—Kvyjc1,--,e31) 0 A

(3.2)
(1_)‘7“7.]‘;0’1—’—1317"' aar+br):B
Taking N =~ = 0in (2.1), S& () reduces to Ap,o and we get the following double integral
Corollary 3.
1
/ / YA — )ty 1 — )220 (1 4 ty)P o ol (a b;1+a—1b; (112 )JS(“’B)(l — 2z k)
1 “ 1 o
Iz (1 — 2)™ m oo (zpxr (1 — )Pr m dzdy =
I-y -y
2741+ T (1+ 2)T(1+a—b)(a+ 1)ks = (a4 B+ 5+ Dii(—s); oK
VIT(1+a)l (1+ % —b) s! = (a0 + 1)g;5!
W Aa (liluﬂbla 7b'r’;1)7(1i/\7kj;a1a"' 7ar;1)aAa
Usmy+2,n,+3:V . .
X5pip+4,qi, +3,7,: RpY .
[4(1-2;;‘«)]6’" ]Ba (lﬂ_P;Cla acr:l)u(%Ta_b_p;le"aCT:l)’Bv
(I-pscr,--- e 1), (I4+a—=b—pjcr, -+ ,c51) 1 A
) (3.3)

(1-/\*/14*]{].;&14—()1,“' 7ar+b'r‘;1):B
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Now taking a;,b; — 0(i = 1,--- ,r) in theorem 1 and evaluate the x-integral in the resulting expression, we obtain the
following single integral.

Corollary 4.

1
_ 3 o 1+t)y
P =) 2 (1 4ty (ayby1ta— by LT
/()y ( y) ( +y) of1(a,0;1+a ) 1+ty

SN [y (L +ty)(1—y) 2] 1 <z1 {y(l%ryfy} o 2 {31(11_—+ym/} ) dady =

_ @ N/M
2941+ )] T (1+ §) T(1 +a - () [f Nk K evmesaa iy
\/Er(l + G’)F (1 + % - b) K=0 K! [4(1 - t)]KAY NK Xipir 42,05, +2,73, 1 RetY

TEIE A; (I-p— Kvyiay, -+ ,a.51),A,(1+a—b—p—Kyjer,--- , ¢ 1) A

3.4
[4(1_7_72)]& Bv (HTa_p_’yK;cla"'acr:1)7(2J2r_a_b_p_7K;cl7"'7CT:1)aB:B

The conditions of validity of the integrals (3.1) through (3.4) can be deduced from the existence conditions mentioned
with the theorem 1.

Remark :
We obtain the same integrals with the functions cited in the section 1.
We can also evaluate three more integrals by replacing J{*? (z; k) by K(*® (2; k).

5. Conclusion.

The importance of our all the results lies in their manifold generality. Firstly, in view of general arguments utilized in
these double finite integrals, we can obtain a large simpler double or single finite integrals. Secondly, by specialising
the various parameters as well as variables in the generalized multivariable Gimel-function, we get a several formulae
involving remarkably wide variety of useful functions ( or product of such functions) which are expressible in terms of
E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of one and several variables.
Hence the formulae derived in this paper are most general in character and may prove to be useful in several intersting
cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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