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Abstract:  

 The hyperbola represented by the binary quadratic equation 1648 22  xy  is analyzed for finding 

its non-zero distinct integer solutions. A few interesting relations among its solutions are presented. Also, 

knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and 

parabolas are presented. Employing the solutions, a special Pythagorean triangle is constructed. 
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I. INTRODUCTION 

The binary quadratic Diophantine equations of the form  0,,,22  NbaNbyax  are rich in 

variety and have been analyzed by many mathematicians for their respective integer solutions for particular 

values of a, b and N. In this context, one may refer [1-16]. This communication concerns with the problem of 

obtaining non-zero distinct integer solutions to the binary quadratic equation given by 1648 22  xy  

representing hyperbola. A few interesting relations among its solutions are presented. Also, knowing an integral 

solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are presented. 

Employing the solutions, a special Pythagorean triangle is constructed. 

 

II. NOTATIONS 
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III. METHOD OF ANALYSIS 
 

The binary quadratic equation to be solved for its non-zero distinct integral solution is  

                             
1648 22  xy                                                    (1)  

whose smallest positive integer solution is 

                            
10 x and 80 y                                                                                

To obtain the other solutions of (1), consider the Pell equation 

                                   
148 22  xy                (2) 

 whose solution is given by         
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Applying Brahmagupta lemma between the solutions ),( 00 yx and )~,~( nn yx , the other integer solutions of (1) 

are given by 

                           nnn gfx
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The recurrence relations satisfied by the values of 1nx and 1ny are respectively. 

                 014 123   nnn xxx   

                
014 123   nnn yyy  

A few numerical examples are given in the Table: 1 below: 

  
Table: 1 Numerical Examples 

 

 

 

 A few interesting  relations among the solutions are given below: 

 07 112   nnn xyx  

 014 231   nnn xxx  

 0388284
231 

 nnn xxy  

 07 232   nnn xxy  

 07 233   nnn xxy  

 0487 223   nnn xyy  

 0797 132   nnn yxx  

 02 231   nnn yxx  

 019238828 321   nnn xyy  

 01497 331   nnn yxx  

 07 332   nnn yxx  

 067297 331   nnn xyy  

 0748 121   nnn yyx  

 0748 122   nnn yyx  

n  
1nx  1ny  

-1 1 8 

0 15 104 

1 209 1448 

2 2911 20168 

3 40545 280904 

4        564719       3912488 

5      7865521      54493928 
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 097672 131   nnn yyx  

 079748 321   nnn yyx  

 0748 322   nnn yyx  

 0284192 323   nnn yyx  

 014 123   nnn yyy  

 07 121   nnn yxx  

 Each of the following expression represents a cubical integer.  

     123343 104831048
8

1
  nnnn xxxx  

     133353 1813181
14

1
  nnnn xxxx  

     113333 4883488
8

1
  nnnn xyxy  

     123343 720837208
56

1
  nnnn xyxy  

     133353 1003283100328
776

1
  nnnn xyxy  

     234353 144810431448104
8

1
  nnnn xxxx  

     214333 48104348104
56

1
  nnnn xyxy  

     224343 7201043720104
8

1
  nnnn xyxy  

     234353 10032104310032104
56

1
  nnnn xyxy  

     315333 12362312362
194

1
  nnnn xyxy  

     325343 720144837201448
56

1
  nnnn xyxy  

     335353 1003214483100321448
8

1
  nnnn xyxy  

     214333 15315
8

1
  nnnn yyyy  

     315333 2093209
112

1
  nnnn yyyy  

     325343 15209315209
8

1
  nnnn yyyy  

 Each of the following expressions represent bi-quadratic integer
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     128488438464
8

1 2
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  nnnn xyxy  
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 Each of the following expressions represent Nasty number                                                     
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  2328722172
194

1
4222   nn xy  

  67243208688
56

1
4232   nn xy  

  96601928688
8

1
4242   nn xy  

  96690
8

1
3222   nn yy
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1
4222   nn yy  

  96901254
8

1
4232   nn yy  

 Each of the following expressions represent quintic integer:                    
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IV. REMARKABLE OBSERVATIONS 

1. Employing the linear combinations among the solutions of (1), one may generate integer solutions 

for other choices of hyperbola which are presented in Table: 2 below:                                  

 
Table 2: Hyperbolas 

S.No         Hyperbolas 
                  

 nn YX ,  

1 1228848 22  nn YX      2112 48720,1048   nnnn xxxx  

2 3763248 22  nn YX      3113 61254,181   nnnn xxxx  

3 1228848 22  nn YX      1111 48384,488   nnnn yxxy  

4 60211248 22  nn YX      2112 484992,7208   nnnn yxxy  

5 11561779248 22  nn YX      3113 4869504,100328   nnnn yxxy  

6 1228848 22  nn YX      3223 72010032,1448104   nnnn xxxx  

7 60211248 22 
nn

YX      1221 720384,48104   nnnn yxxy  

8 1228848 22  nn YX      2222 7204992,720104   nnnn yxxy  

9 60211248 22  nn YX      3223 72069504,10032104   nnnn yxxy  

10 722611248 22  nn YX      1331 250896,12362   nnnn yxxy  

11 60211248 22  nn YX      2332 1032804992,7201448   nnnn yxxy  
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2. Employing the linear combination among the solutions of (1), one may generate integer solutions for 

other choices of parabola which are presented in Table: 3 below: 

 
Table 3: Parabolas 

S.No               Parabolas 
                       

 nn YX ,  

1 12288384 2  nn YX      212232 48720,104816   nnnn xxxx  

2 37632672 2  nn YX      312242 61254,18128   nnnn xxxx  

3 12288384 2  nn YX      112222 48384,48816   nnnn yxxy  

4 6021122688 2  nn YX      212232 484992,7208112   nnnn yxxy  

5 11561779237248 2  nn YX      312242 4869504,1003281552   nnnn yxxy

 

6 12288384 2  nn YX      323242 72010032,144810416   nnnn xxxx

 

7 6021122240 2  nn YX      123222 720384,48104112   nnnn yxxy  

8 12288384 2 
nn

YX
 

    223232 7204992,72010416   nnnn yxxy
 

9 6021122688 2  nn YX      323242 72069504,10032104112   nnnn yxxy

 

10 72261129312 2  nn YX      134222 250896,12362388   nnnn yxxy  

11 6021122688 2  nn YX      234232 100324992,7201448112   nnnn yxxy

 

12 1228848 22  nn YX      3333 1003269504,100321448   nnnn yxxy  

13 1228848 22  nn YX      1221 1048,15   nnnn yyyy  

14 240844848 22  nn YX      1331 69504384,209   nnnn yyyy  

15 1228848 22  nn YX      3232 1041448,15209   nnnn yyyy  
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12 12288384 2  nn YX      334242 1003269504,10032144816   nnnn yxxy

 

13 12288384 2  nn YX      122232 1048,1516   nnnn yyyy  

14 24084485376 2  nn YX      134222 69504384,209224   nnnn yyyy  

15 12288384 2  nn YX      324232 1041448,1520916   nnnn yyyy  

 

V. GENERATORS OF THE PYTHAGOREAN TRIANGLE 

 

Let p, q be the non-zero distinct integers such that 11   nn yxp  , 1 nxq  

Note that p > q > 0.Treat p, q as the generators of the Pythagorean triangle  ZYXT ,,  

         0,,,2 2222  qpqpZqpYpqX  

Let A, P represent the area and perimeter of T.
 

Then the following interesting relations are observed. 

 162324  ZYX  
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111213 
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A
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 11

2
 nn yx

P
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VI. RELATIONS BETWEEN SOLUTIONS AND SPECIAL POLYGONAL NUMBERS 

      21,3,3

2

1,3

52

,3

3 16489   yxyxxy tttPtP  

      21,3,3

2

,3

32

1,3

5 16432   xyyxxy tttPtP  

 Let  1ns  and  1nu   be  sequences of positive integers defined by 

      ......2,1,0,
2

1
,1

2

1
1111   nyuxs nnnn  

  Observation:  

 1696
11 ,3,4 
 nn su tt  

 

 Let  1ns  and  1nu   be  sequences of positive integers defined by 
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Observation:  

 424
11 ,3,4 
 nn su tt  

VII. CONCLUSION 

In this paper, we have presented infinitely many integer solutions for the Diophantine equation, 

represented by hyperbola is given by 1648 22  xy . As the binary quadratic Diophantine equations are 

rich in variety, one may search for the other choices of equations and determine their integer solutions along 

with suitable properties 
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