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ABSTRACT

In this paper some finite series of generalized multivariable Gimel-function have been established. Since the finite series of special functions can be
employed to obtain identities, recurrence relations and transformations of the special functions, therefore such series occupy a prominent place in the
literature of special functions.
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1.Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = N U {0}.

We define a generalized transcendental function of several complex variables.
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[T D59 by — gy B i) T172, D499 (1 — a; + 35 ol si)
R i s k i s 3 k
St riy T2 e DA% (a3ji, — Doy aéjgs )H?imH DBssta (1 = bajiz + Dy 5§g338k)]

T17 T80 (b — Sy B si) T, DA (1 — ary + hy ol sp)

R, i o g k iy L T k (]‘2)
er—1[7'zr H?:nﬂq DAviir (@i, — 22:1 O‘ijzrsk‘) ;1 me+1 [Britr (1 = byjir + Zk:1 51<”j'2r319)]
and
m(F) (k) k k n(F) (k) k k
Ok (sk) = HJ L I (d( ) 5( )Sk)ijl K- )+7( '51) (1.3)
R(%) D, k k ’
Zi(k‘):l[Ti(’”') ] m(k>+1 I 31(’»)( jz(’”) + (5( i) Sk )Hji];)(k>+1 I gl(k)( §Z()k) ,YJ(Z()k)Sk)]

1 1
D [( 5 ),7]( ))]1,n1 stands for (c(1 ),7(1)) o ( %11)7%(111)).

1 1
2) ma,Ng, -+ 7m’r’n7’7m( )777’( )7 T 7m(r)7n(r)7pi27qi27 R277i27 5y Py qir7RTaTirapi(T)aqi(T)aTi(")vR(T) eN
and verify :

0<ma < iy, 0 <2 < Piy, - ,0< My < gy, 0 < < iy, 0 <MY < giy, -, 0 <m™ < gy

0<n <pay,-,0 <™ < pyo.
) 7i,(ig=1,--- ,Ry) eR";1;, eRY(ip=1,--- ,R);00 €ERY(i=1,--- ,R®) (k=1,--- 7).

Hy e ert (G =1, 0P k=1, )8 DY eRY (G =1, mP) (=1, 7).
Cl R, (G=m® 41, p®) (=1, 7);

DI €RY, (G =n® 1,000, gW); (b =1, 7).

ak],Ak]6R+( =1, ng);(k=2,---,r);(l=1,--- k).

B By e RT (=1, mp)s (b =2, 1) (1=1,+ k).

a,(cj)zk Akﬁk€R+;(j:nk+l,~-,pik);(k:2,-~-,r);(lzl,-~~,k).

B Brji, €RY (G =mp+ 1, ,q5,); (k=2 1) (l=1,--- k).

5;?()1») € ]R+ (Z = 1 : 7R(k))7 (J = m(k) + 17' o ,Qi“c)); (k = 13 e 7T)'

AP ERY (i =1, ,RM); (G =n® 41, pin)i (k =1, 7).

nG)

5)c§-k) eCi(j=1,--- ,nk);(k:1,~--,r);d;-k)E(C;(jzl,u- yme); (B=1,---,r).
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akj'ik G(C?(]:nk—’_l)aplk)»(k:Za ,7").

brji, €Ci(G=mr+1,+ q;,); (k=2,--- 7).

d( B €Ci (i =1, ,RW); G =m® +1,- g (k=1,--- 7).

’*/](-?m €C(i=1,-- , R (i =n® + 1, p)i(k=1,---,r).

The contour Ly is in the si(k = 1,--- ,7)- plane and run from o — 100 to o + 100 where o if is a real number with

loop, if necessary to ensure that the poles of I'427 [ 1 — ay; + Z ag;)sk (G=1,--,m9), [ [ 1 —ag; + Z ag;)s;g
k=1 k=1

. ; ~ . (*) k k .
(jzl,"-,n;;),“',r/‘” (1—am-+Za£j)> (J:17 ) FC (1_6‘5)4’7]( )Sk>(j:17"'7n(k))(k:1a"'77‘)t0
=1

2 3
the right of the contour L, and the poles of I'B2/ <b2j - Zﬁé’]‘f)sk> (G=1,---,my),I'BsI (bgj - Zﬂglj)sk> (j=1,---,m3)
k=1 k=1
oo, TBr <brj — Zﬁﬁ?) G=1,---,m), INZ (dﬁk) - 6§k)sk) G=1,---,m®)(k=1,---,r) lie to the left of the
=1
contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < §A§’“)7r where

m ) n (k) q®
(k) _ (k) s(k) (k) . (k) (k)
Ai - Z D] (53 + Z CJ ’y] A Djz(k) jz(k) + Z CJ'L(R) jz(k) +
j=1 j=1 j=mk) 41 j=nk) 1
N () S )
Z AZ]aQJ + Z B: Jﬁ —Ti Z A2J12a2]12 + Z BZj12523i2 + -+
j=n2+1 j=ma+1
s Piy Qiy.
k k k k
Z ( ) + Z Br35< )~ Ti,. Z Arjiraw(«jg,. + Z Brji,.ﬁfnjgr (1.4)
Jj=1 j=n,+1 j=m,+1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(Zl, - 7ZT‘)

|Z1|a17"' 7|Z7‘|ar)’max( |Z1|,--- 7|Z7"| ) —0

N(z1, - ,2r)=0

r h (4) T h (i)
i bij \ po i anj — @C —1
= 1&1&% Re (Z Brj g gh + Dy 5(1) and Ji = 1?11%}; Re Z Z Apj o + Cy (l)

|Z1|617"' 7|ZT|57‘)’min(|Zl|7"' ) |ZT|)_>OOWhere 1= 17 y T

_ — —9 Bl — h,
L<jam® h=2 h/=1 L jan(® h=2 h'=1 j
Remark 1.
If my=no=--=mp_1=np1=pi, =G, ="+ =pi,_, = qi,_, = 0and Az = Baj = Agji, = Baji, =+ =

Ayj = Byj = Ayji, = Byj;, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).

Remark 2.
Ifm2:n2:...:mT:nT:pi2 =Qi, =" =DPi, = qi, :OandTw = =T =T = = Ty =Ry =
=R, = RM =...= R = 1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [5]).

Remark 3.
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IfAg; = Boj = Agji, = Baji, =+ =A,; =By =Arji, =Brji, =land 73, = =7, =T,0) = -+ = Ty» = I
—-=R,=RW =... = R") =1, then the generalized multivariable Gimel-function reduces in generahzed of
multivariable I-function (extension of multivariable I-function defined by Prasad [4].

Remark 4.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [7,8].
9

In your investigation, we shall use the following notations.

(1)

A =[(agj; )} Y

1 2
) a2j ) AZJ)]l nas [le (a2]12’ Oéé])zz » Ay s A2jlz)]n2+1,;1)12 [(a3]7 a3j ) af(ig)> 053] ’ A3])]1 ng;

[Tls(a3113’ag?zyai(’j)zyaéjzd Azjig)ns+1, Pigs ) [(a(r—l)ﬁagr,l)ja'” ag: BjaA(r D) Lne_1)s
[Tz'r,l(a(r—l)ji,x_ﬁaE:‘)_l)jir_l,"' E: Bﬂr S AC—D i e 1p, ] (L.5)
A = (a0 A ] @i o0 o0 s A Jnrp, ] (1.6)
A= [(C§1)a ’Y](-l); CJ(-l))l,n(l)]a [T (‘32()1) ) ’YJ(-;)U ; C;:()l))n(l)+1’p§l)]; ERR

[(c m;’ur) C(T))me}y [Ticm (CE-Z()W’Y](»:()T);C’j(-:()ﬂ)m(r)H’pgm] (1.7)

1 2 1 1 2 3
B = [(boj: 55, B3 Bop)ltima [Tia (b2iin: Bsjags Bsonys Bajiama-t1.asy » (0353 B85, 857, BSY5 Baj)]1.ms

2 3 1 r—1
[TZ3 (b?)jls?63]137ﬂ§j3;37B§j237B3]13)}M3+1,q13 TS [(b(rfl)j;ﬂ((r)_l)‘]v ce ﬁ((r 1))J1-B(T 1)])1 My 1]7

r—1
(7,2 (br—1ji, wBr Vjir_a? " IBET 1))W s Be—1)ji,me—i+ta, ) (1.8)

i 1 r
B=[(b rwﬂ” e wBTJ)aBrJ)l,mr]? [Tiq«(brjiﬁﬁﬁjzra T 7ﬁ£‘j2T;BT‘jir)mr+1,q1T] (1.9)

1 1 1 1 1
B= [(dg )7 63( ); D§ ))1,m(1)]a [Ti(l)( ﬂ(l) ’ 63(1()1) ) D§z<)1>)m<1>+1 q(1>] ©

[(dgf‘), (5j(_?”); D;_T))me]y [Ti (d;;?r> , (5;.:27,) ; D;:()T) )m(,\)Jrl’qg,«)] (1.10)
U=mg,na;ms,ng; - ;mp_1,np_1;V = m(1)> n(1)§ m<2)7 n(2)§ g m(r)’ TL(T) (1.11)
X = Pigsins Tins Ry 3Di 13 @iy s Tin s - Ree 13 Y = Dyys @50, iy R+ 59y s oy Ty R (1.12)

2. Series formulae.

In this section, we give six summation formulae.

Theorem 1.

zu: (—’U,)S (5 o % B u)sJU;mr—i-l,nr-i-l:V
s=1 s! (% - ﬂ + Oé)s X5pip+2,qi, +2,7, : RyY
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z1 | Ay (lra+s—usar, - ,ar51), A, (1 —a—s;a1, -+ ,a,;1) : A

. . (24 2a — 28).,
zp | By (1-—s+wusar,--- ,ar;1),B,(1 = B+ s3a1,-- ,a,51) : B

Z1 Av (1-0{-%;&1,"' 7a’r;1)7(%_a_%;a17"' aaT‘:1)7A7

Usmy+2,n,42:V
X;pir +4,qi7, 44,7, RY

Zy Bv (1—,8-'—%7&1, 7ar:1)7(%_5+%;a17“' 7aT;1)aB7

(1—04;0,1,"' aar;l)a(%_ﬂ;alv'“ ;ar;l) tA
' 2.1)
(1—6;611,"' ,aT;l),(%—a;al,--- 7ar;1) :B

provided
1
a; > 06 =1,---,7),Re(c) > 0, Re(B) > 0. |arg (z)| < §A§’“)7r , where A\*) is defined by (1.4).

Proof
To prove the theorem 1, expressing the generalized multivariable Gimel-function with the help of (1.1) , we obtain (say

)

e oo L T
I_Z si(3 — B+ ) (271'@))7‘/L1 /Lw( 15 5) kl;[lek( k)2

s=0

F(Oc —s+u-+ Z;:l hZSZ)F(l — /)) —Ss+u-— Z::l hisi)

dsy---d r .
F(l —— S — 21:1 hzsl)F(ﬁ — S+ Z:Zl hlsl) 51 s (2 2)

interchanging the order of summation and integrations and using [6], the serie becomes,

- s Dlatu+ 3 hisi) (L= B +u— 30 hisi)
/L1 /L W(s1,-++ ,8) l£119k(8k)zk T — o> hs )T+ S o)

w3 aisi, 1= B =3 aisi, B—a— 5 —u
P . 1 |dsg---ds, (2.3)
lo—u—Y"jais, f—u+ Y aisi, 3 —B+a

Now using the relation [3]

a.b.i-a-b-
-m,a,b, %-a-b-m _ 20)n(2D)m(a+b)m

4F . 1| =
’ 1-a-m,1-b-m,1+a+b (@)m (B)m (20 + 2b)m

2.4

Substituting (2.4) in (2.3) and interpreting the resulting Mellin-Barnes multiple integrals contour as the generalized
multivariable Gimel-function, we obtain the desired theorem 1.

Theorem 2.

i (_u)s (B e % B U)SJU;mT+1,nr+1:V
1 Xipiy 42,05, 42,71, RetY
s=1 Sl(é_ﬂ—i_a)é i
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z1 Av (1'0‘_S;a17"’ 7a7‘;1)7A7(1_a+8_u;a17"' 7047';1):"4
_ 4414+ a—P)y

. . (14 2a —28),
zp | By (1-—s+wusar,--- ,ar;1),B,(1 = B+ s3a1,-- ,a,51) : B

Z1 A;(l'a;ala"' 7ar;1)a(1_a_%;a17"' 7ar;1)7(%_a_%;a17"' aaT';l)aAv

Usmy+2,n,4+3:V
X;5pip+5,qi,. +5,7 . RpY

Zy ]Bv (1—,6—'—%,(1,1, 7ar;1)7(%_5+%;a1a'“ 7a7";1)7B5

(1—oc—u;a17~-~ 7a7‘;1)a(%_ﬂ;a17'“ 7a’r‘;1) tA
: (2.5)
(1'6§a17"' 7ar;1)7(%_a;a1a"' 7ar;1)7(1_a_u;a17'” 70’7‘;1):3

provided

1
a; > 06 =1,---,7),Re(c) > 0, Re(B) > 0. |arg (z)| < §A§’“)7r , where A\*) is defined by (1.4).

Theorem 3.

Zu: (_U)s (ﬂ — o+ % — U)sjg](;mrJrl,nrJrl;V oy
1 iDiy 2,00, 2,70, R

s=1 5'(5_6+&)S

z1 | A; (2~a+s—usar, - ,a051), A (1l —a—s;a1, -+ ,a,51) 0 A
. . _4u(a_16)u

' ' (2a—2ﬂ)u
Zy IB? (1-5‘}'8;(11,"' aaT;l)an(l_ﬁ_S_u;ala”' 7aT;1):B

2 | Aj(2-zar, - ya51), (3 —a—%a1,--,a1), (T—a—%5a1,---,a51) A,

Usmy+3,n,4+3:V
X;pi,+6,qi,.+6,7; R Y

ze | B; (1-B5a1, - ,a;1), (1= B+ %a1,-+ ,a51), (2 = B+ %a1, - ,a,31) , B,

(1—a;a1,--- 70/7’;1)7(%_5;0/17"' 7O/T;1)7(1_ﬂ+u;a17"' 70/7“;1):14
' (2.6)
(I-azar, - ,ar1), (3 —osar, - ,an1),(1— B+war, - ,a,31) : B

provided 1
a; >00@=1,---,r),Re(a) > 0,Re(S) > 0. |arg(z)| < §A5k)7r , where Agk) is defined by (1.4).

Theorem 4.

i (_u)s (/6 —a+ % - u)SJU;mTJrQ,nT:V
Xipip+2,qi,.+2,75,.: RpY

— s! (% - B+ a)s iR T

721 | MA, (lra+s—ua1,-- ,ar;1),(1l—a—s;a1,--,a,;1) 1 A .
: 2“(1+a—-PB)u(z+a-p)

— u

C (3+a-8),(1+2a-28),

Zy Ba (1-‘34‘5;&1,"' »av“;l)7(17678+u;a1a"' ’ar;l)vB:B
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A Az —a—%a1,-,an51),(1-a—

2 a1, "7a7";1)aA7

2 bl
Usmy+3,n,-+2:V
Xipiy+5,qi, +5,70,  RytY

Z"I" Bv (1_6;0'17"' aar;l)v(l_ﬁ+%;a17”" 7ar;1>a(%_ﬂ+%;a17'” 7aT;1)aB7

(1*(1;&1,"' y Qs ) ( Baala"' 7(1,7,;1),(1*05*'[1,;@17"' 70’7’;1):A
: @.7)
(%70[;(117"' »ar;l),(liafu;ala"' )ar;l):B

provided
1
a; >0 =1,---,r),Re(er) > 0,Re(B) > 0. |arg(z)] < iAgk)w , where A ) is defined by (1.4).

Theorem 5.

zu: (_U)S (B —a— % B U)SJU;mT,nT+2:V
pry s! (% - B+ a)s Xipip+2,qi +2,74, Ryl

71 | A (l-a+s—ujar,--- ,a,51),(1 —a—sja1,--- ,a,51), A A

A1+ a—f)
. : (24 2a —28),
zr | BB, (164301, ,ar;1), 2= B — s+ w01, ar51) 1 B
71 A;(l—a;a17-~-7ar)7(%—a—2,a17~-~,a7«;1),(1—a 27a13"'7a‘r;1)7A9
Usmy+2,n,.+3:V
X5pip+5,qi,. +5,7 .  RpY . .
Zy Ba (%—64—%,@1, 70'7“;1)7(2_64_%;0‘17'” ,CL,«;I),B,

(2—ﬂ+u;a1,-~- 70‘7‘;1)5(%_[3;0'17"' aar;l):A
: 2.8)
(1-Bia1, -+ ,a:31),2=B+way, - ,an1), (3 —ar, - ,ar51) : B

provided
1
a; >0(@=1,---,r), Re(e) > 0,Re(B) > 0. |arg(z;)] < §A§k)7r , where A ) is defined by (1.4).

Theorem 5.

u

(_U)SJU;mr,m«+3:V
E: gl X3pir+3,¢i, +3,7i, 1 RrtY
s=1

71 A; (_%_S;%a”',%;1)7(%_8;%7”'1%.1) (1—ﬁ—u—s;a1,~~ ,ar;l)aA:A

Zoy B,B, (7§75;%v"' 7%;1>7(%75;%7'“ ,%;1),(701;}7,1,-“ 7h7“;1)ﬂ(7572u;h17"' aaT§1):B

_ Usmy,n.+4:V
- (5 - ) JX p1:+érl,qlr+4 Tip Rl
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A; (_%.al ’%;1)’(1—704.611 ,%;1)’(_5;(117...7ar;1),(1_5_2,h1,... ,hr)’A;A
I 29)
Zp B;B7 (7§;%a"'a%;1)7<%;%7"'7%;1>7(7Q;h1a"'ahT;1)7(7B72u;h17"'7ar;1):B

provided
1
a; >0 =1,---,r),Re(er) > 0,Re(B) > 0. |arg(z;)] < éAEk)w , where Agk) is defined by (1.4).

To prove the theorems 2 to 6, we use the similar method that theorem 1.

Remark 6.

If my=no=---=my_1 =Np_1 =Piy, =qiy, = = Di,_, = Gi,_, = 0and Ayj = Boj = Agjs, = Bojj, = -+ =
Ayj = Byj = Ayji, = By, = 1, then we can obtain the same finite series relations in the generalized multivariable
Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1])

Remark 7.
lftme=no=---=my=n,=p;j, =i, =+ =p;, =¢;, =0and 7, = =7, =T,0) = =Tjn = Ra =
=...=R,=RW =...= R0 =1, then we can obtain the same finite series relations in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [5]).

Remark 8.
IfAs; = Boj = Agji, = Boji, = -+ =A,j = Byj = Ayji, = Bpjs, = land 73, = =7, =T, = =T;n = R
— ...=R,=RM=...= R = 1, then we can obtain the same finite series relations in generalized of

multivariable I-function (extension of multivariable I-function defined by Prasad [4]).

Remark 9.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [7,8]
and then we can obtain the same finite series relations .

3. Conclusion.

The importance of our finite series formulae lies in their manifold generality. By specializing the various parameters
and variables involved in the generalized multivariable Gimel-function, we get a several fractional integral formulae
involving in remarkably wide variety of useful function (or product of such functions) which are expressible in terms of
E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of one and several variables.
Hence the formulae derived in this paper are most general in character and may prove to be useful in several intersting
cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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