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Abstract:
Motivated by some results on derivations on rings and the generalization of BCK and BCI algebra, in
this paper, we define (a, B) derivations on BH-algebras and investigate some important results.
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I. INTRODUCTION
BCK and BCI algebras are two new classes of algebras introduced by Imai and Isaki[2,3,4]. Jun Y. B,

Roh E. M and Kim H. S [6] introduced the notion of BH-Algebras. In 2004, Y. B. Jun and X. L. Xin [5]
introduced the notion of derivations on BCI-Algebras. Since then, many authors worked on the notion of
derivations on several algebras such as BCI-Algebras[1], B-Algebras[7], BP-Algebras [8] and d-Algebras[9,10].
Motivated by this paper we introduce the notion of Composition of (a, 3)-Derivations on BH-Algebras.

Il. PRELIMINARIES
In this section we recall some basic definitions that are required in our work.

Definition 2.1[3] Let X be a set with a binary operation * and a constant 0. Then (X, *, 0) is called a BCk-
algebra if it satisfies the following axioms:

1. x*x=0

2. 0*x=x

3. (x*y)*(x*z))*(z*y)=0

4. (x*(x*y)*y=0

5 x*y=0 and y*x=0impliesx =y forall x,y,zeX.

Definition 2.2 [4] Let X be a set with a binary operation * and a constant 0. Then (X, *, 0) is called a BCI-
algebra if it satisfies the following axioms:

(x*y)*(x*2))*(z*y)=0

2. (x*(x*y)*y=0

3. x*x=0

4, x*y=0and y*x=0implies x=vy forall x,y, zeX.

=

Definition 2.3 [6] Let X be a set with a binary operation * and a constant 0. Then (X, *, 0) is called a BH-
algebra if it satisfies the following axioms:

1. x*x=0

2. Xx*0=x

3. x*y=0andy*x =0impliesx =y forall x,y e X.

Example 2.4 [6] Let X = {0, 1, 2} be a set with the following Cayley table:

0 1 2
0 1 2
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1 1 0 2
2 2 2 0

Definition 2.5 [6] Let S be a nonempty subset of a BH-algebra X, then S is called BH - subalgebra on X if x *
yeSforallx,yeS.

Example 2.6 [6] Let X = {0, 1, 2, 3} be a BH- Algebra in which the operation * is defined as follows:

* 0 1 2 3
0 0 0 0 0
1 1 0 1 0
2 2 2 0 0
3 3 3 1 0

Definition 2.7[6] Let X be a BH- Algebra and I (# 0) ¢ X. I is called an BH - ideal of X if it satisfies: for all x,
yeX

1. Oel

2. X*y el and yel implyxel

Example 2.8[6] Let X ={0, 1, 2} be a BH- Algebra with the following Cayley table:

NP |O|O

N |O| %
NO|O|F-
OIN|F|N

Definition 2.9[6] Let X be a BH - Algebra. A map g: X — X is a left - right derivation on X. If g satisfies the
identity,

g(xy) =g(x)y axg(y) forallx,yeX.
If g satisfies the identity,

g(xy) = xg(y) ag(x)y forall x,y e X.
Then g is aright - left derivation on X.

Notation 2.10 For any x, y ina BH — Algebra (X, *, 0) we write x * y simply by xy. For elements x and y of a
BH- Algebra X, denoted x Ay =y (yX).

Definition 2.11 A mapping a of a BH — Algebra X into itself is called an endomorphism if
a(x *y)=ax) * ay)

Definition 2.12 Let X be a BH-Algebra. A map g, g : X — X is called a left - right (a, B) derivation on X. If it
satisfies the identity,

Y. p(XY) = G p(X) a(y) A B(X) g, py) forall x, y e X.
If g, p) Satisfies the identity

Yo, (XY) = AUX) o, p)(Y) A Yo, py(%) B(y) for all x,y e X.
Then g, p, is called a right - left (a, B) derivation on X.

Definition 2.13 Let (X, *, 0) be a BH-Algebra and x € X. Define X * x ={y * x/y e X}. X is said to be an
edge BH-Algebra if for any x e X, X *x = {0, x }.

Example 2.14 Let X={0, 1, 2, 3} be a BH - Algebra with the operation * is defined as follows:
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WIN (R |O| *
WIN|(FR OO
WIN(O(O|F-
WOk [(Oo|N
o|o|oo|w

Define g, p): X — X by

Jap (X) =0 if x=0,1,2

Define an endomorphisms a and 3 on X as follows:
ax) =0 if x=0,1,2
=2if x=3
B(x)=0 ifx=0, 1,2
=3ifx=3
U, py is a left - right (o, B) derivation . But in this case g, p) is not a (r, I) - (a, B)- derivation because

9. p(31) = 9o p(3) =3

on the other hand

a(3) g p(1) A G p(3) B(1) = 0.
I11. COMPOSITION OF (a, )-DERIVATIONS ON BH- ALGEBRAS

In this section we define the notion of the composition of two self maps on BH-Algebras and we prove
some results.

Definition 3.1 Let X be a BH - Algebra and g ), 9 . p) are two self map, we define
(9wp 0 &' @p) 1 X — X by
9@ p 0 8@ pX)= 9w p(& @ p (%)) forall x e X.

Theorem 3.2  Let X be a BH - Algebra and g, ), &, p) are two (I, r )- (a, p)- derivations on X such that o=
o. Then g, ;0 g @ pisa(l, r) - (o, p) derivation on X.
Proof: Letx,ye X. Then
Y. © & p) (XY) = G p) (€@ p(XY))
= 9@p (& wp (X) ay)) A (BX) & wp ()
= G p (&'@wp (X) aly))
= 9wp (8 wp (X)) a(a(y)) A B (& wp (X)) i p(a(¥))
= 9w.p (8 wp ())(alafy))) because x (xy) =y
= (Ge. O €. ) (X) A (Y)
= (9. p © &' p)(X) aly),
we get
=BG p © 2@ BN 9w p 0 & @)Y Yo p)} © 8w p)(X) a(Y)))
= (9 p © &wp) () ay) A BOX) (9w p) 0 &' p) (V)

Theorem 3.3 Let X be a BH - Algebra. Let g, s and g’ g are (r, 1) - (o, p)-derivations on X such that o=
o. Then g, p) 0 g°w p IS also a (r, 1) derivation on X.
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Proof:
(9090 € pXY) = G p) (€@ p (XY))
= 0@p (X) 2w p(Y) A 2w p (X) BY))
=0wp (€ @p ) BO(L wp X) BY)(X) & @wp V))))
=0 p) (aX) g’ p(y)) because (y(y(x)))=x)
= a(a(X)) 9o p) (8@ p) (V)) A Y. py (X)) B(E @ p(¥))
= 0%(X) Gia.p) (&0 p) (V) A Yia, py (@(X))B(L’ . (¥)) beCause (o = 1)
= a(X) Y p) (€ p) (V) A G, py (@(X)) B(E . p(¥))
= o(X) 9. p) (8" p(Y)) because (y(yx) = X)
=a(X)( 9, ) © & @, p)(Y)
= (9w 0 @ p)(X) BOY)(( 9w )0 €@ p)(X) B(Y)
(a()( &’ @ 0 Y p)(¥))

= a(X)( 9. © 8@ p)Y) A (Ga.p) © & p)(X) BY)
Hence g, ) 0 2’ p) isa(r, 1) - (o, B)- derivation on X.

Theorem 3.4 Let (X, *, 0) be a BH- Algebra and g, p), g’ ) are (a, B) derivations on X, such that a(x)=x
forall x e X. Then ge.p) 0 &' w. = &5 © 9. p)

Proof:
Let X be a BH- Algebra and g, ), &°(«, p) are the (a, p) derivations on X.
Since g’ gyisa(l, r) - (a, ) derivation on X.
Then
(90,9 © 8w ;) XY) = (e, p) (&0, py (XY)) forall x, y € X
= 9o, p) (€@ p (X) ay) A BX) &, p) (V)
= G (€' () a(y)) because (y(y(x)) = x).
But g’ is a(r, I)- (o, B) derivation on X.
Now
Ya.p (8 wp (X) AY)) = g @ p (X)) Yo p) (A Y)) A Yo, ) (&0, p) (X)) B(Y))
= (g’ @ p(X)) Yo, p) (W)
= &’ p(X) 9 p(y) because [a(x) = x].

Hence

(90 €@ p)XY) = &' @p(X) G py) forall x, y e X ........... @
Also since g, pyis a (1, I)- (o, B)- derivation on X.

Then

(850 I p)XY) = 2w p (9. ptxy)) forallx,yeX.
= 8 wp (@X) I p) (V) A 9.y (X) B(Y )
= 2w p (@) 9 p) (V)
Since g’ p is (I, 1) - (o, )- derivation on X,
(8@ p 0 9w p)(XY) = Yia.p) (X) Yo py (V)
= 8w p (X)) (G, p) (¥)) A B(a(X)) &, ) (Y 3y ()
=2 p (X)) WG p) (V)
=2’ p(X) 9, py (¥) because (a(X) =X)........ )
From (1) and (2), we have
(9. ) © 2@ p)XY) = (€7@ p) 0 Yo (XY)) fOrall x, y e X.
By putting y =0 we get for all x € X
(9@.p © & @mX) = (€ © e 1) (X)
Which implies g p) 0 &’0.p) = &) © Yia. p).

Definition 3.5 Let X be a BH - Algebra and g, p), &, s b€ two self maps on X. We define g, p) * 8’ p: X —
Xas (Y p) * 8@ p)(X) = Yo, p(X) &0 p(X) forall xeX.
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Notation 3.6 The set of all (a, B) left- right derivations on X, is denoted by Der(X).

Definition 3.7 Let g, p), &' p) iN Der(X). Define the binary operation a as
(Iep) A €@ p)X) = Yo p(X) A &0, p(X)

Theorem 3.8 Let X be a BH - Algebra and g, g, &, ) are (o, p) left -right derivations on X. Then g, g A 2’

p IS also a (a, B)- (I, r)- derivation on X.
Proof:
Let X be a BH - Algebra and g, p), 8w, p) are (a, p) left -right derivation on X.
To Prove:
(Yo p) A 8w ) XY) = (G, p) A &0, ) (X) ly) A BCI( G,y A &7
(9w p) A 2w p)XY) = G py) (XY) A &0, py(XY)
= (G.p (¥) aly) A BX) 9, py (V) A (€@ p(X) oY) A B(X) &7 (V)
((BCX) e, py (YINBX) Yot py V(Y py K)er(Y))) & (B(X) 7w, p(Y)
B g @p (V) (€ @p (X) aly)))
(90, p(X) a(y)) A (2@, p) (a(y))) because (x(xy) =y)
=2 p (@Y @ p (@YY g (X))
= (o, p(X) aly)

(Yo p) A 2@ p)XY) = (8@ p)( 2@ py (Y py (X)))) ()
= (9@ p (X) A g p) (X)) aly)
= (g(u, By A g,(u, B))(X) 0t(y)
=B Y. p A 2@ p)Y) (BON Y py A 8@ p)Y) (Ie.py A & @ p)(X) aly))
= (G p) A 2w p)X) oY) A BO)( e p) A 8w p)Y)
This shows that g, g A 8’ p) 1S @ (o, B)- (I, r) derivation on X.

oTheorem 3.9 Let X be a BH - Algebra. If g p), 8’ p) 8", p) IN Der(X).
Then g p A (€7@ A 7w p) = (Gep A & @p) A 8w,
Proof:
Let X be a BH - Algebra and g, p), (@, p &, py @re (o, B) - (I, r)- derivation on X.
NoW, ((9w.p) A & @) A2 wm)XY) = (G p) A & @ p)XY) A 27w p) (XY)
= 27w pOV( 2w p Y)Y p) A & ) (XY))
= (9w p A & p))(XY) because x(xy) =y
=0wp (XY) A 2@ p (XY)
= (9 p (¥) ay) A BX) G, py(Y)) A (8@, p(X) aly) A
BX) & w.p) (V)
= (90 p(X) oY) A (8@, p(X) a(y))
= 8w p (X) aly) (€@ p (X) aY)( e, 5 (X) a(y)))
S0@p (X)ay) v (B)
Also consider the following
(9w p) A (8w p) A 87w pIXY) = G, py(XY) A (87w, ) A 87w, p))(XY)
= G p (XY) A (2@ p (XY) A 27 p) (XY))
=0wp (XY) A (€7wp (XY) (€7@p (XY) 2w p (X))
=0@p (XY) A (2@ p) (XY))
= (9 p (¥) alY) A Y, p) (Y)) A (87w, py (X) Y) A &0, ) (V)
= (Yo, py (X) AlY) A 80,y (X) lY))
= 8w p (X) aly) (€@ p (X) a(Y)( e, 5 (X) a(y)))
S0wp ) aly) .o (B)
From (3) and (4) we get, (g, p) A (8w p A 8@ p))XY) = (e p) A 8@ 1) A 87w p)XY)
puty =0, we have
(w9 A (€ wp A 87w m)X) = (Yo py A 8w ) A 8w 1)) (X)
this implies that
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o p A (€ @p A @p) = Gupr@p) A wp
Hence the theorem.

Theorem 3.10 Let (a, B) be two endomorphisms and g, ) be a self map on BH - Algebra X such that g, g (X)
= a(x) forall x e X. Then g, s is a (a, ) derivation on X.

Proof:
Let us take g, p(X) = a(x) for all x € X. Since x, y € X, we have xy € X\
We have
Y py (Xy) = a(xy)
= a(x) afy)
= G, p(X) aly)

= B(X) I p(Y) (BX) Yo (V) Gia. py(X) a(Y)))
= Gio p) Y) A B(X) o, py(Y)
U py is (I, 1) - (o, B)- derivation.
Similarly, we take g, g)(y) = a(y) for all x € X.
I py (XY) = a(xy)
= a(x) B(y)
= a(X) Y p) (¥)
= 9 p(X) BO(Gia,py () BY) (@X) Yo, 5y (¥)))
= a(X) Y. p) () A G py (X) BLY)
O, p) 1S (o, B)-(r, 1)- derivation. Hence g, 5 is @ (a, p)- derivation on X.

Theorem 3.11 Let g, p) be a (a, B)- derivation on BH — Algebra X. Then the following result holds. i g,
p(X) a(x) = a(X) g, p)(X)
i i, p(y) ay) = a(y) e p(Y)

il g, p(%) ay) = a(x) gap(y)

Proof:
i Let g, p) be a (o, B)- derivation on BH - Algebra X.

Since g, p) is a (a, P)- derivation on X, because g, p) is a (I, r)- (o, B)- derivation as well as (r, I)- (o, B)
derivation.
Considering g, g as (I, r)- (o, p) derivation .
Yo, 1(0) = Yo, (X X)

= o, p(X) (%) A B(X) Yo, p(X)

= o, p) (X) (X)
9. p(0) = Y, p) (X) AX)-evinn )
Similarly consider g, g as a (r, I) - derivation
Yo ) (0) = Yia, py(X X)

= a(X) Yo, py (X) A Yo, py (X) BX)

= a(X) Yo, ) (X)

g(a, B) (0) = (1()() g(a, B) (X) ........... (8)
From (7) and (8) it follows that g, g (X) a(X) = a(X) G, g)(X).
ii. Interchanging the role of x and y, we get

Je.p (¥) ay) = aly) 9w p(y)-

iii. When g, isa(l, r) - (o, B) derivation, then
Yo, pXY) = Yo, p) (X) (y) A B(X) Ga,py (¥)
= B 9. p(y) (B Yo, () e, py(X ) @(y)
= Gup () aly) ©)
Also using (r, I)- (a, B) derivation, we have
o py (XY) = X) Yo, py(Y) A G py(X) oY)
= 9. (%) oY) G 09 aly) (@(X) G, p(¥)))
=a(X) G py(Y)e oo (10)
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From (9) and (10) we get, g, p)(X) aly) = a(X) G p(Y)

IV. CONCLUSION
In this work we have studied BH - Algebra, an algebraic structure that arises from the study of

algebraic formulations of propositional logic.Taking different theorems or statements of propositional logic,
different algebraic structures could obtained. The BH - Algebra is one such algebra. We find its applications in
processing algebras. In order to study the infinitesimal changes in different processes of those applications, we
applied the notion of derivation on a BH - Algebra. Further study is required to investigate how these concepts
could be applied to the field of computers for processing informations.
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