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ABSTRACT: In this paper quasi class Q operator is introduced with example and compared with normaloid operator.

Necessary and sufficient condition for a composition operator to be quasi class Q is given with an example.
Also weighted composition operator W and generalized Aluthge transform Cr are characterized to be of quasi class Q .
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1. INTRODUCTION

CLASS Q OPERATOR : In [2], B.P.Duggal, C.S.Kubrusly and N.Levan introduced a new class ‘Class Q * operator
and showed that this class of operators properly induces the paranormal operators and studied various properties of
Class Q operators.

In [5], S.Panayappan and D.Senthilkumar have given necessary and sufficient condition for a composition
operator to be class Q and studied various properties of class Q composition operators.

An operator T € L(H) isof class Q ifand only if TT2-2T T +1>0. [2]
2. COMPOSITION OPERATOR

The Radon-Nikodym derivative of AoT ™" with respect to A is denoted by h and that of A oT ™ with respect to
A is denoted by hk where K €N, the set of natural numbers. Here T* is obtained by composing T -k times.

From [4], W, denotes W(WoT )(WoT?).... woT*™) sothat
W f =w (foT"),
W f =hE(w,f)oT™,
WYWKE =h E(WZ)oT *f  and
WW™ f =w, (h o TX)E(w, ).

For any operator T ,let T =U |T| be the polar decomposition of T . The Aluthge transform of T is the

1/2 1/2

operator T givenby T = |T| U |T| :
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More generally in [1], Charles Burnap, Il Bong Jung and Alan Lambert have defined the family of
operators {T, :0<r <1} where T, =[T|'U|T |H.

In [1], for a composition operator C the polar decomposition is given by C=U|C| where
1

VhoT

This is valid for all composition operators. In [1], Charles Burnap, Il Bong Jung and Alan Lambert have
given more generally Aluthge transformation for composition operators as

foT.

IC| f =, and Uf =

C, =|C|rU |C|17r for 0<r<1and

r/2
Crfz( h j foT.
hoT

Here we see that C, is a weighted composition operator with weight 77 :(

o

h r/2
Tj where 0 <r <1.

Since C, isaweighted composition operator it is easy to show that
|Cr|f = Jh[E(7?)]oT*f
=C/C f =h[E(x*)]oT*f.
avhoT
1
E(nheT) |

If T2 =2, then E becomes identity operator and hence C.C_ f =v*f.

And |C’ (ie) \/C,C, f =VE(Vf).

f =VE(Vf) where V =

Also we have that C*f =7, (f oT"), where 7, = 2(7oT)(moT?)...(m o T*™M).
C'f =hE(r f)oT™,
(C/C) f =h“(E(x?)oTH T,
C'CKf =h E(1,2)oT*f and

CkC f =m (h o T)E(x, f).
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3. QUASI CLASS Q OPERATOR

In this paper quasi class Q operator is introduced with example and compared with normaloid operator. Necessary
and sufficient condition for a composition operator to be quasi class Q is given with example.

Also weighted composition operator W and generalized Aluthge transform C, are characterized to be of
quasi classQ .

Definition:  An  operator T elL(H) is said to be of quasi class Q if
[0 =220 ~ T (o] wxe H - with x| =1.

Theorem 1: An operator T € L(H) is of quasi class Q iff T T 2T T2 +T'T >0.
Proof:

For all X e H , consider
T T2 2T T2 4T T 20

N <(T*3T3 _oTUTIATT)x, x> >0
& (T x)=2((T7 T2 %)+ (T TIxx) 20 & (T T*X)=2(T* T?%) + (T Tx) 2 0
e —2r2 el Tl =0

el =2 [Tl

Corollary: A weighted shift T with decreasing weighted sequence (an) is quasi class Q if

2 2 2
Coy G _Zaml +1>0.

Proof:

Since T is a weighted shift, its adjoint T isalsoa weighted shift and defined by T (en) =,

n+1?

T*(en) = an—len—l’
(TTe, =a,’e,

(T*ZTz)en = anzamzen and

*3T3 _ 2 2 2
(T T )en - an an+l an+2 en'

Now since T is quasi class Q then by Theorem 1
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T T3 -2T"T24TT 20.= o, 20, 2 — 20t %, 2+ a,2 >0. = a0, ,2 = 201, 2 +1>0.
Example: Consider the operator T :1*—1% defined by T(X)=(0,aX, 0%y, ccerene. ) where
1 1 1
o, =—,Q, ==, Q,,=— for n>1. Then T isof quasi classQ.
" T 175 277 q Q
Proof:
Given T(X)=(0,0,X, 0%, ,.cevenn. ).
Then
T7(X) = (0, Xy, Ay Xgy eerneeenne ) TT(X) = (%, 0, Xy, 0 Xgrnnnn).
T2(X) = (0,0, @, 0, Xy, 0ty Xy, 040 Xguereeneenes ). TT2(X) = (0,0, 0, X, Qg Oy Xy 0 2O X ).
T2T2(X) = (@, 0 Xy, Q"0 Xy, 0,20 X ). T3(X) = (0,0, 0, cts0t, 0, %, u0a0, Xy s ervenenene )-
TT3(X)=(0,0, @/ a,0,X,, 0, 00Xy, eeneeneenns ). TPT3(X) = (0, as° "o Xy, @00y Oy Xy ).

ToT(X) = (e, X, 0,20 0 %, , Ot 0> Xs..). NOW consider <(T CTI_2TUTE4TT)X, X>

2.2 2 2 2 2
(%, Xz,...)> = <(053 a, o =20, 0 )X Ha,tast ey, =20 a,” + o)Xy + ), (X Xz,...)>
= <(a32a22a12 —2a,’a + o)X, X1> +<(054205320522 20 a,” +a," )%y, X, > Foreen,

=(a, ) =20, a” + 0512)”)(1”2 +Ho'o’a,) — 20’ +a’) ||X2||2 +.oe > 0.

1
Example: Let T be a weighted shift with weighted sequence «, :E. Then T is of quasi class Q but it is not

normaloid.

Proof:

T(e) n n+1
1

T (e ) 2n 1 n 1*

TTP-2T"T?4+T'T >0, VneN.
=T isof quasi class Q.

But T isnot normoloid. [3] .
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4. QUASI CLASS Q COMPOSITION OPERATOR.

Theorem 2: LetC € B(L*(4)) . Then C is of quasi class Q iff f,¥ —2f,® + f, >0 ae.
Proof:

From Theorem 1, C is of quasi class Q
& C®c?-2c”c?’+C’C>0

S((CC-2C°C*+CO)f, )20, V f el’(D) & [ (1,2 25,2 + 1,)[f (d2>0, VEeX
E

< 9 -2fP+f,>0ae

Example 1: Let X = N, the set of all natural numbers and A be the counting measure on it. Define T : N — N ,
by T =1 T@)=1 TE =1 T@=1, TG =2T@6r+m)=n+1, m=0,12345and
ne N.

since f,® =2, + f, >0, Yne N ,C is of quasi class Q.

Example 2: Let X = N, the set of all natural numbers and A be the counting measure on it. Define T : N — N
by TQ) =1 T@n+m-2)=n+1 m=0,1,2,3and ne N.

since f,® -2+ f >0, ¥vne N, C isof quasi class Q.

Theorem 3: The weighted composition  operator W is of quasi class Q iff

(EW)oT®) —2(nE(W)oT ) +(hEW)oT 1) >0 ae.

Proof:
From theorem 1, W is of quasi classQ

SWAWE—2W W2 +W'W >0
S(WW-20 W tWW)F, £) >0, vF e°(2) < [W W - 20" W +W'W)|f[ dA>0, VEEe T

S(NEM2)oT )~ 2R, EW2)oT2)+(MEMW)oT )20 ae.

Corollary: The  generalized  Aluthge  transformation C, is of quasi class Q
< (LE(7,2) o T2) —2(h,E(7,2) o T2) + (hE(7?) o T 1) 20 ae.
Proof:

From theorem 1, C, is of quasi class Q
< C,°c*-2C.?C,’+C,C, >0
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=((C,°c’-2c,°C +CC)f £)20, v f el’(A)
o[ °c’-2¢"c2+C'C)|f[ dA=0, VEeX
E

< (hE(r,”)oT2) = 2(hE(n,?) o T %)+ (hE(x*)oT ) >0.
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