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1. Introduction

In literature we find a class of problems wherein two different differential
equations are defined on adjacent intervals with a common point of interface.
We term these problems as interface problems.

If the interface problem has a well defined boundary, we call the prob-
lem to be a regular boundary value problem(RBVP). The interface problem
with a boundary that has singularity at the end points is called a singular
boundary value problem(SBVP). If there is a singularity at the point of inter-
face, we term the problem to be a singular interface problem(SIP). Solving
these type of boundary value problems with singularities remains a challenge
for mathematicians.

This study is funded under the Research Project No. ERIP/ER/0803728/M/01/1158, by
DRDO, Ministry of Defence, Govt. of INDIA..
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While regular boundary value problems, those over finite intervals with
well-behaved coefficients pose no difficulties, the problems wherein the do-
main of the problem is not well defined, or the continuity and/or smoothness
of the functions, coefficients involved are not guaranteed in some parts of the
domain, sometimes in the boundary or parts of the boundary are difficult to
tackle. There are quite a number of different approaches that we come across
in the literature to tackle these singular problems [1],[4],6],8],19],[10].

In literature, we see that work has been done on initial and boundary
value problems associated with a pair of linear differential operators with con-
ditions at the interface for both regular and singular cases. Some publications
include [15]-[22],[26]-[31].

The singular interface problem requires a special mention. In this case
existing theory based on the conventional analysis may not come handy.

We feel that the new framework of dynamic equations on time scales(an
arbitrary closed subset of real numbers)[2] with facilities of the two jump op-
erators with various definitions of continuity and derivatives makes one’s job
simple to study these singular interface problems. These dynamic equations
are nothing but the differential equations when T = R and are difference
equations when T = Z.

Our preliminary investigation about the feasibility of this study for lin-
ear second order interface problems has resulted in the work [16, 17, 25].

From the above we observe that substantial amount of work has been
done for regular and singular boundary value problems involving linear dif-
ferential operators. It is clear that there is a need for these singular interface
problems to be discussed for the case where the problem involves nonlinear
differential operators.

A systematic study of Initial Value Problems, Boundary Value Problems
and eigen Value problems associated with these nonlinear singular interface
problems involving nonlinear second order pair of dynamic equations is done
in [34]-[41].

In this paper we study the existence and uniqueness of solution for a
fourth order Initial Value Problem associated with these nonlinear singular
interface problems. Schauder and Banach’s fixed point theorems are used for
proving the exsistential and uniqueness results.

2. Mathematical Preliminaries

Definition 2.1. Let T be a time scale(an arbitrary closed subset of real
numbers). For ¢ € T we define the forward jump operator o : T — T by

o(t) :=inf{s € T :s > t},
while the backward jump operator p : T — T is defined by

p(t) :==sup{s € T:s < t}.
ISSN: 2231-5373 http://www.ijmttjournal.org 2
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If o(t) > t, we say that ¢ is right-scattered, while p(t) < t we say that ¢ is
left-scattered. Points that are right-scattered and left-scattered at the same
time are called isolated. Also, if ¢ < supT and o(t) = ¢, then ¢ is called right-
dense, and if t > inf T and p(t) = ¢, then ¢ is called left-dense. Points that
are right-dense and left-dense at the same time are called dense. Finally, the
graininess function p: T — [0,00) is defined by

w(t) :=o(t) —t.

T—{m} ifsup T < 0

Definition 2.2. T :{ T ifsup T = oo

} where m is the left scat-

tered maximum of T.

Definition 2.3. Let f be a function defined on T. We say that f is delta
differentiable at t € T provided there exists an « such that for all € > 0
there is a neighborhood N around t with

[f(o(®) — f(s) —alo(t) —s)| <e€|o(t) —s| forall s€ N.

Definition 2.4. For a function f : T — R we shall talk about the second
derivative f22 provided f2 is differentiable on T#? = (T*)" with derivative
A8 = (fA)A : T#? — R. Similarly we define the higher order derivatives
A" T S5 R.

Theorem 2.5. (Banach Contraction Mapping Theorem,)
If T : X — X is contractive on a complete metric space X then T has
a unique fized point in X.

Theorem 2.6. (Schauder’s Fized Point Thorem)
Let L be a convex subset of a normed linear space E. Then each compact
map T : L — L has a fized point.

Let I = [c,d] with ¢ < p(d). We define I, = [¢,00) in case supT = +oo.
By CB4(I,) we mean the linear space of all continuous functions f: I, — R
such that supser.|f ()] < 0.

Now we quote the time scales version of the Arzela-Ascoli theorem [1].

Theorem 2.7. (Arzela-Ascoli Theorem)

Let X be a subset of CB4(1,) having the following properties.

(i) X is bounded.

(ii) On every compact subinterval J of [c,00) we have: For any € > 0 there
exists § > 0 such that t1,t2 € J, |t1 — ta| < § implies |f(t1) — f(t2)] < € for
all f € X.

(i1i) For every € > 0 there exists b € I, such that t1,ty € [b,00) implies
|f(t1) — f(t2)] <€ forall f € X.

Then X is relatively compact.

Let T; and Ty be two time scales. Let C(T) denote the space of all continuous
functions on the time scale T.



International Journal of Mathematics Trends and Technology- Volume X
Issue Y- Month 2013

Definition 2.8. By (t1,t2) € T1 x Ty we mean that t; € Ty and t5 € Ty with
the product topology on Ty x Ts.

Definition 2.9. Let Z(T) be a function space on the time scale T. For = €
Z(T) we define

2]l = suprer|z(t)]-

Definition 2.10. By (z1,22) € X(T1) x Y(T3) where X and Y are function
spaces, we mean that 21 € X(T;) and x5 € Y (T3) with the product topology
on X(Tl) X Y(TQ) For (tl,tg) € Tl X TQ we define

(z1,22)(t1,t2) = (z1(t1), 72(t2))-
Definition 2.11. For (t1,t2) € Ty x Tq, we define

|
Definition 2.12. For (z1,x2) € C(T1) x C(T2), we define

(trs ta) || = [feall + llE2]l = [t2] + [t2].

@2zl = [lzafl + [z

supy,er, |[21(01)] + supy, er, |22 (t2)].

Definition 2.13. Let (y11,y12) € X(T1) x Y (T3). We say that (y11,y12) is
continuous on Ty x Ty if for € > 0 there exists § > 0 such that for arbitrarily
fixed (t()l,tog) €Ty x Ty and (tl,t2> € Ty x Ty such that

I (t1,t2) — (o1, to2)|| < 0
= [[(y11, y12) (81, t2) — (Y11, y12) (tor, to2)|| <e (2.1)
Definition 2.14. A sequence (yn1,yn2) € C(T1) x C(Ty) is said to be cauchy

sequence if for every € > 0 there exists N such that Vnl,n2,ml,m2 > N
implies

||(xn1axn2) - (‘rm17xm2)“ <€

Definition 2.15. A sequence (Yn1, yYn2) € X (T1)xY (T2) is said to be equicon-
tinuous if for every € > 0 there is a 6 > 0, depending only on €, such that for
all (Yn1,yn2) and all (t1,t2), (t1 ,t2 ) € Ty x To satisfying

| (trte) — (0, t2)] < 6
= [(Yn1,Yn2)(t1,t2) — (yn17yn2)(tl/at2l)H <€ (2.2)

Definition 2.16. The space X (T1) x Y(T2) is said to convex if for every
(y11,Y12)s (Y21,¥22) € X(T1) x Y(T2), we have

a(y11,y12) + (1 — @) (ya1, y22) € X(T1) x Y(T) for 0 < o < 1.
ISSN: 2231-5373 http://www.ijjmttjournal.org 4
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3. Existence and Uniqueness of Solution for a Fourth Order
Initial Value Problem associated with Nonlinear Singular
Interface Problem

3.1. Definition of the Problem

Let T; = [0,a]p(a time scale with end points 0 and a), Ki = [o(a),!](a

time scale with end points o(a) and 1), Ty = K" where a,0(a),l < +oo.
Also let (f1, f2) be nonlinear function tuple in C(T; x R?) x C(Ty x R?). In
this paper we consider the following IVP associated with singular interface
problem(IVP-SIP).

yPAAA() = filt,y,yf DR ), te Ty (3.1)
4
Y fAR (1) = falt, e ys, Yt Y tt), te " (3.2)

with the initial conditions

y1(0) = 0 (3.3)

yr(0) = 0 (3.4)

yt20) = 0 (3.5)

y£22(0) 0 (3.6)

followed by the matching interface conditions

pryi(a) = pay2(o(a)), (3.7)

pzy rla) = p4y2( (a)), (3.8)
psyi(a) = peyz(o(a)), (3.9)
pryRBB(a) = psystB(o(a)), pi >0, i=1,2,3,4,56,7,8. (3.10)

3.2. Existence of Solution using Schauder’s Fixed Point Theorem

In this section we prove the existence of solution for the IVP-SIP using
Schauder’s fixed point theorem.

Theorem 3.1. If (f1, f2) is continuous and bounded, then there exists atleast
one solution for the 4th order IVP-SIP.(3.3)-(3.10)

Proof. Case I Let t € Ty
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Then,
yPerA ) = filtoynyr it e t?)
2220 = [ At p)8s e
t
yra ) = // f1sy1,y1,yfA,y1AM)AsAm+/c11A5+C12
o Jo 0
t m T
y(t) = / / / fi(s, 91,92, 22 yRA2) AsArAm
t
+ // CllASAm—‘r/ c12As + c13
yi(t) = // // f18y17y17y1AA7yAAA)AsAdA7‘Am
t m t
+ // /cuAsArAm—i—// ClgASAm+/ClgAS+Cl4
o Jo Jo 0o Jo 0

where c11 , €12 ,¢13 and cj3are constants to be determined. By using the initial
conditions (3.3),(3.4),(3.5)(3.6) we get

y1(0)=0 = ¢14=0
y2(0)=0 = ¢13=0
y220)=0 = ¢12=0
yRA20)=0 = 011 =0
=y(t) = / / fi(s,yn, 1yt 2,y A2 AsAdAr Am.

ISSN: 2231-5373 http / /www.ijmttjournal.org 6
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Case IT Let t € Ty

y2AAAA(t) = f2(t7y27y2 7y2AA7y2AAA)
t
y2AAA( ) = ( )fQ(S?y27y2 ayQAAa AAA)AS + co1
t m t
yQAA(t) = / f2(37y2ay2 >y2AA7y2AAA)ASAm + / CQlAS + Co2
o(a) Jo(a) o(a)
yp(t) = / / fo(s,y2, 95,952, y3 22 ) AsArAm
(a) Jo(a) Jo(a)
+ / / CglASAm —+ / 022A5 + co3
(a) (a)
y2(t) = / / / fQ(S,y2,y2A, AA,ygAAA)ASAdArAm
(a) Jo(a) Jo(a) Jo(a)
+ / / / co1 AsATrAm
(a) (a)
+

/ / oo AsAm + / C23AS + Coy
(a) (a)

where co1 , o9, co3 and cogare constants to be determined.
Now, by (3.7), we get

piyi(a) = paya(o
= Cqy = (/ / / / f1(s,y1, 97 ,ylAA, AAA)ASAdATAm)
Also, by (3.8), we get
psyi(a) = pays(

= C23 = p3 </ / / f1 s , U1, YT 7y1AA,y1AAA)ASATAm>.
Also,by (3.9),we get

psyi(a) = peys”®

= Co2 = (/ / fi(s,y1,97 ,ylAA,ylAAA)AsAm>.

Also,by (3.10),we get

prytt(a) = psyst(o(a))
=y = (/ F1(s, 91,9 7y1AA7y1MA)A8>-
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t m r d
() = / / / Fals, oy 28, yBB) AsAdArAm
o(a)
t

+ / / / (/ f1(s,y1, 91 ,ylAA,ylAAA)As>AS’ATAm
o(a) (a) P8
t m
+ / / (/ / fils,y1,y f,ylAA,ylAAA)ASAm>As'Am’
o(a) (a) Pé
3(/ / / fi(s, 91,3 ,ylAA,ylAAA)ASATAm> As’
P4 o Jo Jo
a m r d
pl(/ / / / fl(s,yl,yl ,ylAA,ylAAA)ASAdATAm).
P2 o Jo Jo Jo

We now define the integral operator T': C'(Ty) x C(T3) — C(T1) x C(Ts).

T(y1,y2) = </ / / / fi(s,yn, vy, y2 2, y2 22 AsAdArAm

to
/ / / f2 S y Y2, Yg 7y2AA7y2AAA)ASAd Ar Am
o( (a) a) o(a)

+
i\
s}

_|_

(1

+ / / / </ Flsy1uty AA,ylAM)M)AS/N/Am'
(a) (a) (a) P8
+ / / (/ / fi(s,y1, 91 ,ylAA,ylAAA)AsAm)As/Am/
(a) Jo(a) P6 0 Jo
+ / p?’(/ / / fi(s,y1,v1 ,ylAA,ylAAA)ASAr/Am/)ASI
a(a) P4 \Jo Jo 0
a m/ 7‘/ d/
+ pl(/ / / / fl S y Y1, Y1 7y1AA7y1AAA)ASAd AT Am))
] 0o Jo 0 0

where ti,m,r,d € Ty and to,m’,r',d € T,. It is clear that (y1,9y2)
is a solution of IVP-SIP iff (y;,y2) solves the operator equation (yi,y2) =
T(y1,y2). In other words a fixed point for the operator (y1,y2) = T(y1,y2) is
a solution for the IVP-SIP.

We use Schauder’s fixed point theorem to show the existence of a solu-
tion.

Claim 3.2. The space C(Ty) x C(T3) is convex.

Let (y11,y12), (Y21, 422) € C(T1) x C(Tq). For the space to be convex
we need to show that

a(y11,y12) + (1 — a)(y21, y22) € C(T1) x C(T2) for o < 1.
ISSN: 2231-5373 http://www.ijjmttjournal.org 8
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Since (y11; ylg) S C(Tl) XO(TZ) (Deﬁnition(2.13)) for fixed (t01; tog) € Ty xTsy
and (¢1,t2) € Ty x To such that Ve > 0 3 § > 0 such that whenever

| (t1,t2) = (tor, to2)[| < 6(>0)
i.e., ‘tl - tOl‘ + |t2 — t02| <4d

= @1 (t), yaa(ta) — W11 (for), yaa(ton))|| < —

2
. €
i.e.,  supy et [y11(t1) — yi1(tor)| + supy,er, [y12(te) — y12(to2)| < 20 (3.11)

Similarly we can show that
€
suprer, [y21(t1) = y21(for)| + supy,er, [y22(t2) — y22(to2)l < 5 (3.12)

Now, let us consider

[O‘(yu,yu) +(1— a)(y21»y22)]

[(ayu»aylz) + (1= a)yar, (1 - a)yzz)]

- |:(ay11 + (1 = a)y21, ay12 + (1 — a)y22)]

We see that |[{(ay11 + (1 — @)y21)(t1), (ayi2 + (1 — @)ya2)(t2)}
—{(ay11 + (1 — a)y21)(tor), (ayiz + (1 — @)y22)(to2) }|

< supyer, (i + (1= a)yor)(t1) — (i1 + (1 — @)yo1)(to1)
+  supger, [(ayi2 + (1 — @)ya2)(t2) — (ayiz + (1 — a)ya2)(to2)
< supy, er, @lyin(ty) — yui(tor)| + supy,er, @lyia(t2) — yi2(toz)|
+  supy, e, (1 — a)|y21(t1) — y21(tor)| + supy, e, (1 — @) |y22(t2) — y22(toz)]
€ €
< am—+(l-a)0—— =
O T —ga—gy =¢

whenever, |t1 — to1] + |t2 — to2| < 0. Hence C(T1) x C(T3) is convex.
Claim 3.3. T is a completely continuous map.

We first show that T is continuous. We prove it by showing that T
preserves convergence.

Indeed let (yn1,yn2) be a sequence of functions in C(Ty) x C(T2) such
that

limy oo |[|(Yn1, Yn2) — (Y1, 92)|| — 0.
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The above equation implies that

llmnﬁoo“(ynl —Y1,Yn2 — y2)|| - 0
1.6, [iMy 00 8UPy, e, |(Yn1 —y1)(t1)] — 0
and limp oo SUPy, et | (Yn2 — y2)(t2)| — 0.

Let us consider
”T(ynlv yn2) - T(yh y2)||

t1 m r d
/ / / / fl (87ynhyn17y$1A7y$1AA)A8AdATAm
0 0 0 Jo

t1 m T d
- / / / / f1(87y17y1 7y1AA7y1AAA)ASAdATAm
0 0 0 Jo
to m/ r/ d, ) )
/ / / / f2 S, Yn2, yn2aynA2AaynA2AA)A5Ad/A7’ Am
(a (a) Jo(a)

- / / / 2(5, 52,45, Y8 S Y5 A AsAd Ar' Am/
(@ Jo@ <a)

- /a<a> /J(a) /U(a) ps (/ fils ynl’ynl’yﬁA’yﬁAA)As> As aram
~ /t()/ / (/ Fuls yl,ylﬂ,ylﬁﬁ,yfﬁﬁ)m)m’mum’
LB s ragsn)sion
to a rm' , /
a /a(a) ~/U(a) Pe </ / fl S i ,ylAA’ylAAA)ASATn) A am
LR st s
_ /(2)/)4(/ / / Filsimn g AA,ylAAA)AsAr’Am/)As/
“
+ ;(/Oa/om /0/0 Al ,ynl,ym,yﬁA,yﬁM)Asﬁd'M,Am')
_ Z;(/oa/om /0 /Od fl(S,yl,yl,ylAA,ylAAA)AsAd/Ar/Am/>>‘.

ISSN: 2231-5373 http://www.ijjmttjournal.org 10
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Since (f1, f2) is continuous on C(T;) x C(Ts) we have

limn%oo‘fl(saynlaynlaynlAvyﬁlAA) 1 (5 Y1, Y1 7y1AA7y1AAA)| - ’
limn%oo‘fé(saynQaynQaynQ MyﬁgAA) f1(s, 92,95 7yQAA,yAAA” N

Now || T (Yn1,Yn2) — T(y1,y2)||

ty
Suptle']l'l/ / / / |f1 S ynlaynlaynlAvyr?lAA)

- fi(s, 91,1 ’Z/1AA,Z/1AAA |ASAdArAm

2 m T
+ Suptge']rg / / / / |f2(s?yTLQ,?JnQ?ZJ??QA?y’I?QAA)
o(a) Jo(a) Jo(a)

- f2(57y27y2AayZAAquAAA)|ASAdIAT‘ Am

p7 2 m T a
+ ()suptzeqrz/ / / / |f1(8,yn1,yn1ay$1A7yﬁiAA)
P8 o(a) (a) Jo(a) JO

- fl(S,?le?hAa%AA,ylAAA)|ASAS/Ar’Am/

5 to m/ a m/
+ <>supt2€T2/ / / / |f1(57yn1,ynlayn1A7y$1AA)
Ps (@ Jo Jo

- fl(S,yl,ylA,yfA,ylAAAMAsAmAs Am

a prm’  pr’
i AA | AAA
+ <p4>8upt2€’]1‘2 / / / / |f1(57y"17yn17yn1  Yni )
0 0

- fi(s,y1. vt ylAA, ylAAA) |AsAF Am' As’

p1 a m 'r d N
+ <p2>/ / / / |(f1(87yn17yn17yn1 s Yni )

- fl(Sayl,ylA,ylAA,ylAAAMAsAd'AT,Am'.

IA

Hence, limuy— o0 |T (Yn1,Yn2) — T(y1,y2)|| — 0 proving that T is continuous.
Let

My, for some M; > 0,Vs € T,
My, for some My > 0,Vs € Ts.

fi(s, i 8yRA yRAR)

fa(s, 2,95, y5 2 ys 2 )

INIA
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We now show that T'(C(T;) x C(T3)) is bounded and equicontinuous subset
of C(Ty1) x C(T2). Let us assume that ||(y1,y2)|] < M. Then

IN

ty
1T ) < supnen / / / / sy, 405 522%) AsAdArAm
0 0

t2 m ’ ’ ’
+ SUPt, €T, / / / / |f2 S y2792 Y AA) y2AAA)|A3Ad Ar Am
o(a) Jo(a) a(a (a)

r
+ SuptzeTz/ / / (/ |f1(5,y1,y1 aylAAa
o(a) Jo( 0

yRAR) As) As Ar'Am/

+ Supt2€T2/ / (/ / |f1(s, 91,y yf 2,
(a) Jo(a) P6

AAA)ASATTL) As Am/

+ sumzem/ (/ / / |f1(s,y1, y2, yR2,
(a) P4

YA AsAr Am >As/

a m' r' d'
+ 2 (/ / / / |fi(s,y, 00, ye 2,y 22 |[AsAd Ar Am >
P2 0o Jo 0 0

Since (f1, f2) is bounded we can conclude that there exists a K > 0 indepen-
dent of choice of (y1, y2) such that | T'(y1, y2)|| < K. Hence, T(C(T1) x C(T2))
is bounded.

We next prove that T'(C(T;) x C(T2)) is equicontinuous subset of
C(Ty) x C(T3). We need to show that Ve > 0 3 § > 0 such that whenever

I (t1,t2) — (t1,7t2,)|| <90

= T (t), ya(t2)) = T(wa (1), ya(ta))l| < €.
ISSN: 2231-5373 http://www.ijjmttjournal.org 12



International Journal of Mathematics Trends and Technology- Volume X
Issue Y- Month 2013

Let us assume that [t; — t, |+ |ta — to | < 6. We see that T(yy (t1), ya(t2)) —
T(y(ty ), y2(t2))

ty m  prr pd
/ / / / fl(saylayl aylAA7y1AAA)A3AdArAm
0

t)
/ / / / fi(s,yn yt, yr 2y A2 ) AsAdAr Am,
o Jo

tz m
/ / / f2(8,y27y2 7y2AA;y2AAA)ASAd/AT Am
o o a)

(a) Jo( o(a

)
t; m r/ d/ , ,
- / / / fo(s,y2, 955 Y52 Y8 22 AsAd Ar' Am
o(a) a(a o(a)
/ p. ( / fi(s,yn,ui ,ylM,ylMA)AS> As A Am’
(a)
t2 / )
- /( )/( /( ),08 (/ fl S, y1>y1a AAyylAAA)AS>AS A’I"IA’I’TL
ola g a ola
ta
/( )/< ) P6 (/ / Ay ’ylM’ylMA)ASAm/)AS Am
ola ola
t; m’ ) /
- /( )/( 6 (/ / fi(s,y1, 91 a%AA,ylAAA)AsAm’)As Am
a / / / f1(s,y1, 97 vy%A,yfAA)ASAT/AmI) As'
) o Jo 0

t/ a m’ r’
LB s
o(a 0 Jo 0

_|_

_|_
h
Q

Now

tl m d
/ / / / fl S y Y1, Y1 ,ylAAvylAAA)ASAdATAm
O 0 0

m d
/ / / / fl S, Y1, yl 5 ylAA7 ylAAA)ASAdATAm
0 0 0
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IN

t1 m r t; m r

/ / / MydAdArAm — / / / MydAdArAm
t1 h

/ / M1 ArAm / / M1 ArAm

ﬁ

m

= _A41444*137n ]h[l Zkrn
0 0

_ Ml 4 14

= 5 <t tl
M

- (@)
M,

= 5 —(ty—t )(1.(t1 +4,).(82 +t’12))

Hence, whenever |t; — t;| < § we have

t1 m r d
/ / / / fl(svyhyl vylAAvylAAA)ASAdATAm
0 0 0 0
t,l m  pr  pd c
/ / / / fl(s,ylvyl aylAAvylAAA)ASAdATAm < =.
0 0 0 0 bt

Also,

to m d
/ / / f2(s, 92,95 7y2AA,y2AAA)ASAd Ar Am
o(a) Jo(a) Jo(a) Jo(a)

/

tlz m d / ! ’
/ / / f S Y2, Yo 7y2AA7 yQAAA)ASAd Ar Am
(a) (a) o’ o
ISSN: 2231-5373 p / /www ijmttjournal.org

t1 m r d tll m r d
/ / / / MlAsAdArAm—/ / / / MiAsAdArAm
0 0 0 0 0 0 0 0
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IA
q\
= &
q\
= 3
q\
&

Q
= =

MyAsAd Ar' Am’
)

th d
- / / / / My AsAd Ar' Am/
o(a) Jo(a o(a) o(a)

to m’ r
= / / / Mg(d — U(a))Ad Ar' Am
o(a) Jo(a) Jo(a)

to m 12 2
_ / / Moo — a(a)y + T A Am
o(a) Jo(a) 2 2
/ P ot o@m® o
= 2 _ _
o(a) 2 2 6
ty 3 2.1 /2 3 )
B MQ(W; n U(a; m' U(a)zm B J(g) )Am
o(a)

Hence, whenever |ty — to] < § we have

m d
‘ / / / fo(s,y2, 95", AA,yzAAA)AsAdlAr/Am/
U(fl) U(Q) o(a) Jo(a)

d/
/ / / fo(s, 42,95, ¥5 2, ¥5 22 AsAd Ar Am
o(a) Jo(a) Jo(a) Jo(a)

< £
5

Now

/ (/ / / fi(s,yn, 0 7ZI/1AA73/1AAA)A5Ar'Am/)AS/
(a) P4

t2 , ,
/ Zi (/ / / fils,ynut 02 ur 22 AsAr' Am )AS
(a)

- /Ml( ’)As/— /Ml( )As’
o(a) o(a)

= p4M1( 5 )(t2 —ty)
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Hence, whenever |ty — to] < 8 we have

‘ /< ) P4 (/ / / FICRTNT; ,yfA,ylAM)AsAr'Am’)As'
t | |
/( ) Zi (/ / / fl S, Y1,Y1 aylAAayfAA)ASA’I’/Am )AS

<E
5.

Now

to m’ a m’ , ,

/ / Z (/ / fl S y Y1, Y1 7y1AA7 AAA)ASAm> As Am
a(a 0 Jo

/ / Z (/ / fl S, Y1, yl ’ ylAA7 ylAAA)ASAm) AS/Am/

(a) Jo( 0 Jo

2 to m’ ., t; m’ r
= plea</ AmAsf/ AmAs)
Pe 2 o(a) Jo(a) a(a) Jo(a)

— @Mlﬁ(@ — 1)) (t2 ;th - a(a)(1)>

pe 2

Hence, whenever |ty — ty| < § we have

a m/
‘ /( )/ ) P6 (/ / J1(s, 91,91 ,y?AayfAA)ASAm>As Am
a (a 0 0
/< >/< )ZZ</O /0 fils, g 91 ,y?A,ny)AsAm)As’Am'

<6
5.

Now

to m’ r
( )/( /( )ps(/ h syl,yl,yfA,ylAAA)A8>AS Ar Am
ola 0'(1/ ola

t2 m’ r ’ ’ ’
- / / / (/ fl S, Y1, Y1 7y1AA7y1AAA)AS)AS Ar Am
o(a) o(a) P8

= Z Miya(ty — ty) (6(752 + oty + t2) + @( 1)(ts +ty) + ola)” (1))

ISSN: 2231-5373 http://www.ijjmttjournal.org 16
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Hence, whenever |ty — to] < 8 we have

/ / / (/ fi(s,y1, 91 7y1AA7y1AAA)AS)AS’AT/Am,

(@ Jota)

/ / / ( / fi(s,y1,u1 ,y?A,ylAM)AS) As Ar' Am
(@) Jo(a)

So, we see that

’ 4 € € € € €
T(y1(t t5)) — T(y1(t N < =4 -+ -+ -4 = =
(T (y1(t1), y2(t2)) (y1(t1 ), y2(EI 5+5+5+5+5 €

< £
5

whenever

I (it = (082 <6
i.€., |t1 — tll‘ + |t2 — t2/| < 6.
So, T(C(T;) x C(Ty)) is equicontinuous subset of C(T1) x C(Ts).
Condition(iii) of Arzela-Acoli theorem can be seen from that fact that
any g;(s,z;) € C(T; x C(T;)), i = 1,2, is uniformly continuous on T; as T; is
compact(since closed and bounded).
Thus T is compact by Arzela-Ascoli theorem. So from Schauder’s fixed

point theorem(2.6) a fixed point exists for the operator equation (y1,y2) =
Ty. Hence a solution exists for the IVP-SIP. [J

3.3. Existence and Uniqueness of Solution using Banach’s Fixed Point The-
orem

In this section, we prove the existence of a unique solution of IVP-SIP with
certain restricted conditions on the interface constants. We use the Banach
contraction principle.

Theorem 3.4. Let fT fiAt < oo and f;, i = 1,2 satisfy

LAy, yr, yo 2, yn D) = fit 21, 20, 202, 200%) ] < Jyn — 21| forallt € Ty

ui(t), z1(t) R (3.13)
|f2<tay27y2A7y2AAay2AAA) f2(t722722A722AA ZQAAA” < |y2*22| fOT’ alltGTg
y2(t), 22(t) € R (3.14)
and
paty @ dola) s P ola) | aola)?
p2 24 ps 6 6 pe 4 2 4
pr,al®  ac(a)® alo(a)? ac(a)®. = at
ez — 1 1
pg(6 2 2 6 )t < 1B
* 50(a)r  [?o(a)?
— — 1 1
20 tq o < 1G9

Then the IVP-SIP has a unique solution.

Proof. We use Banach Contraction Mapping Theorem (2.5) to prove the
existence of unique fixed point for the operator equation.
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Claim 3.5. The space C(T1) x C(T3) is complete.

Let (zp1,Zn2) be a cauchy sequence in C(T;) x C(Ts) and let € > 0
be given. Let (tg1,t02) € Ty X Ty be fixed. From the definition of continuity
(2.13) for (t1,t2) € T1 x Ty we have

[[(t1,t2) = (to1, to2)|| < 6(>0)

implies that
€
|(@n1(t1), Tn2(t2)) — (Tn1(tor), Tn2(to2))|| < 3
i.e.,

| (t1 —tor, t2 — to2)||
= |t17t01|+‘t27t02‘<5

= |[(zn1(t1) — 2n1(tor), Tna(ta) — Tn2(to2))|l

= supy er, |[Tn1(t1) — Zn1(to1)|

€
+ supt2€T2|xn2(t2) — In2(t02)| < g (317)

Now we let limy, 00 (Tn1, Tn2) — (1, T2). Then 3N > 0 such that Vnl,n2 >
N we have

(Tn1s Tn2) — (21, 72)||

H(xnl —X1,Tn2 — an)H

= supy e, [(Tn1 — 1) (t1)|

€
+ supper, |(2n2 — 22)(t2)] < 3. (3.18)

For the space C(Ty) x C(T32) to be complete we need to show that
(21, 22) belongs to the space. That is

| (1, t2) — (tor, to2)[| <6
= [(z1(t1), z2(t2)) — (z1(tor), z2(to2))l| <e.
Now let us counsider ||(z1(t1), z2(t2)) — (z1(to1), z2(to2))||
= [[(z1(t1) — 21(tor), z2(t2) — z2(to2))|l
= supy er, |®1(t1) — 21(to1)| + supy,er, [22(t2) — 22(to2)]
)
)

supy, e, [T1(t1) — Tp1(t1) + 21 (t) — 2n1(tor) + Tna(tor) — 21 (to1)|

t
supy, e, [T2(t2) — Tn2(t2) + Tna(tz) — Tn2(to2) + Tna(toz) — r2(to2)|

_|_

< supyer, [T1(tn) — zni ()| + supy, e, [22(t2) — Tn2(t2)]

+ supy er, [Tn1(t1) — n1(tor)| + supy,er, [Tn2(t2) — Tn2(to2)|
+  supy e, [(@n1 — 21) (to1)] + supy, e, [(Tn2 — 22) (to2)]

< % + % + g (since (3.17), (3.18))

= €.

Hence, C(T;) x C(Ts) is complete.
ISSN: 2231-5373 http://www.ijjmttjournal.org 18
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Claim 3.6. The map T is a contraction.

We see that
1T (21, 22) — T(21, 22) |

SUPt ey

tq1 m r d

/ / / / fi(s,xq, 22, 2088 2882 AsAdArAm

o Jo Jo Jo

/ / / / fi(s, 21, 27 ,ZIAA AAA)ASACZATA’ITL‘

</ / / fa(s, zo, 25, x52, 2222 AsAd Ar' Am/
o(a) (a (a) Jo(a)

/<>/()/() ()f2822722’ 28 AR AsAd Ar' Am

/:;) /a(a> /o<a) Ps(/ Sils,zyaft, e AAA)AS)AS/AT’Am'
/«rtm /a(a> /U(a) P (/ G e MAMS) As' Ar' Am/
/t:)/( /) 06 (/ / fi(s, 1,27 7$1AA> AAA)ASAm)As/Am/
/t< /( ) P6 (/ / Jils, 220,207, AAA)AsAm>As/Am’
/:) P4 (/ / / Fils o, o, a2, 2222 AsAr' Am )As'

/<2>P4</ / / fils, 21,20, 20%, AAA)AsArAm>AS/

(/ / / / fils,zy, 2, af® 222 AsAd Ar' Am)

Z;(/ / / / f1(s, 21, 21 ,ZlAL\ AAA)AsAd/AT,Am/)> ‘

suptz €To

3=

Now let us consider each of the term in the above equation separately.

t1 m  pr  pd

/ / //fl(S,iUl,ilClA7 DA GRAMYASADATAmM
o Jo Jo Jo

/ / //flszl,zl,ZfA AAA)ASAdArAm‘

suptleTl
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S SuptleTl/ / / / |f1 § ‘rl7x1a AA?'IAAA)
— fi(s, 21, 28, 288 B8 AsAdArAm

t1
< suptleﬂ-l/ / / / |z1 — 21| AsAdArAm (since (3.13))

o Jo Jo Jo

t1 m T d
< supy er, (supS€T1|(x1—zl)(s)|>/ / / / AsAdArAm
0
ty
= supger, |(z1 — 21)( supt1€T1</ / ATAm)
= supyer, [(x1 — 21)(s)| supy, er, < Am)
= 5“175611‘1 |(IE1 - Zl SuPtleTl < )
So we have
t1
suptleTl/ / / / fi(s,zy, 2, 208, 2222 AsAdArAm
ty
/ / / / fi(s, 21, 28, 208 2B2 AsAdArAm
tq
< supser, [(21 = 21)(8)] supy, er, 57 (3:19)
Also,
m r d

SUPt, €T, / / / fo(s, 22,25, 252, AAA)ASA?" Am’

(a) o(a) Jo(a) Jo(a)

to m d
/ / / / fQ(Sa 22, ZQA, AA AAA)ASAd/AT Am ) ’
o(a) Jo(a) Jo(a) Jo(a)

ISSN: 2231-5373 http://www.ijjmttjournal.org 20
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< SUPpeT, /( /( )/ )/( |fa(s, w2, 25", 252, 25 24)
—  fals, 20, 258, 252, AAA)|A5Ad’Ar Am/
2 m T ’ ’
< supbdr?/ / / / |2 — 22| AsAd'Ar Am (since (3.14))
o(a) Jo(a) Jo(a) Jo(a)
<

SUPy, e, (Supseﬂrg T2 — 22)( |>/ / / AsAd Ar Am/
o(a) Jo(a) Jo(a) Jo(a)

= supyer,|(x2 — 22)( SuptzeTQ/ /( /( / d — o'(a))Ad/Ar’Am’.

m/ r agla 2 4
= supyer,|(x2 — 22)(5)| supy,cr, / / (2 (a)r’ + (2) )Ar/Am .
o(a) Jo(a)
R 12 2,7 3
a ola)*m gla
= supger,|(r2 — 22)(s SuptzeTz/ ( * ( ; B (6) )Am’.
o(a)t3 cr(a)Qt2 o(a)’t;  o(a)*
= SUPger, |(Jj2 — 2’2)(3)| SUPy, e, 6 + 4 N 6 + 24

Hence we have

SUPtyeT,

to m/ r, d/
(/ / / / fo(s, wa, 25 152 2B AsAr Am
(a) (a)
/ / / / fa(s, 22, 25 722AA AAA)ASACZ’AT Am ) |
(a) Jo(a)

o(a)t3  o(a)?t3  o(a)ty  o(a)?
< supuen, (o2 = )9 super, (5 — T O S SNy

Now

t2 m ’ !
/ / / (/ fi(s,zp, 27, 208, AAA)AS)AS Ar'Am
o(a) Jo(a) U(a) P8
t2 m
*/ / / </ fi(s, 21, 28, 288, AAA)AS)AS Ar’Am|
o(a) Jo(a)
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< ( >5Uptze1r2/( )/ )/( / |f1(s, 21, 27 JlAA 331AAA)
—  fils, 21, 2R, 288, AAL\‘)|A5A$ Ar' Am
< < >supt2€1r2/ / / / |£E1721|A8A8 Ar' Am/
(a) Jo(a)
< sup.en, (o1 = 2006 (2 )sume, @ [ / A5 A Am
P8 (a) (a) Jo(a)

at3  ao(a)t?  ao(a)’ty aa(a)3>

P
supsen, (o1 = )G (2 )supyen, (%2 - 20N 4 272 07

which implies that

/ / / p </ fl S ml’xl 7 AA AAA)AS) AS/AT/Am/
@ Jota) Jatw £3
/ / / (/ fi(s, 21, 20, 208, AAA)AS)AS,AT/AWL/’

(a) Jo(a) Jo(a)

at3 ao(a)t? ac(a)?t ac(a)?
< supger, [(z1 — 21)(5)] P supy, e, aty _ ao(a)ty + (), ao(a) .(3.21)
P8 6 2 2 6

SUPt, €T,

Now

SUPt, T,

/ / ; (/ / fi(s,zy, a2, xD?, AAA)ASAm)AS/Am’
(a) P6

LB e )i
(a) Jo(a)

S ( >supt2€'ﬂ‘2 /( )/( )/ / ‘fl(saxlaxlA, pa xlAAA)
— fis, 21, 28, 288, AAA)|A5AmAs Am'

Ps : fa
< ()suptzeTz/ / / / |z1 — z1|AsAmAs Am

P6 o(a) Jo(a) JO JO

a2 t2 m/ ’ ’
< sunen, o= ) (2 )supen, g [T [ aw'as
P6 2 Jo@a) Jo(a)

242 2 2 2
05 a“t a*o(a)ty  a‘o(a)
= SUPgeT, |($1 - Zl)(8)| SUPt, €T, 2~ +
6 4 2 4
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which implies that

/ / (/ / fi(s,zy, 22 x AA,xf‘AA)AsAm>AslAm/
(a) (a)
LB [ e g

SUPt;€T,

242 2 2 2

< Supger (xl—zl)(8)|(p5>5upt €T (a fp_ @ola)ty +2 o(a) ) (3:22)
! P6 =24 2 4

Now

SUPy, T, / </ / / fi(s,x1, z7 ,xlAA, AAA)ASAT Am)A '
/ ( / / f1 s, 21, 258, 28, fAA)AsAr’Am’>As’

0 0
<

a m/ T/
< >3upt2€'ﬂ‘2/ / / / |f1($7x17xlAﬂxlAA?xlAAA)
(a) 0 0

— fi(s, 2, 28, 208 008 |AsAr’Am/As/

(p3>supt2€qy2/ // / |x1721|A5Ar’Am,As'
P4 (a)
< supger, [(x1 — 21)(s )|< >5Upt2€'[[‘2 /( / / / AsAr Am'As

= s o = )6 (2 )sup e, (2 - ZUL)

which implies that

/ p (/ / / fi(s,y, 228 D22 AsAr Am)A l
o(a) P4
2 a m T‘
_/ 53(/ / / fi(s, 21, 28, 288 ZAB8 As Ay Am)A
o@) PA\Jo Jo Jo

p3 tra®  o(a)a®
S Su])seTl |($1 - Zl)(8)| <p4> SuptzETz (6 - 6 .

Finally we see that

(/ / / / fi(s,mr, 2, a0, AAA)ASAd’AT Am)
(/ / / / fi(s, 21,20, 205, AAA)ASAd/Ar Am)|
P2

IN

SUPt;€T,

(3.23)
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a m/ r/ d/
< (m)supseTl(xl —zl)(s)|/ / / / AsAd' Ar' Am .
P2 0 Jo o Jo

So we have

(/ / / / fl $,21,T7 7x1AA7 AAA)ASAd/AT' Am
p a pm' prd

_1(/ / / fl(s’zl’ZlszlAA721AAA)ASAd/ArA
P2 \Jo Jo Jo Jo

< super,m1 — 200 () 3

From the equations (3.19)-(3.24) we can conclude that
[T (z1, 22) = T(21, 22) ||

ﬁ‘%\—/v

. (3.24)

%
sup,er, (21 = 21)(3)] supy,em, 57

ts  ola)ts o(a)’t3  o(a)ty  o(a)?
+ supyen| (w2 — 2)(5)] supp,en, (21_ (o)}, ol _ o) |

IN

P
T—Te —z1><s>|( Y ounen, (G - TG 4 2T 2
o 2

a2 a?
+  supger, [(21 — 21) < SUP,eT, ( -

) n
3 toa®  o(a)a®
+  supger, (21 ( >Supt26'ﬂ‘2< T T % )
P4

a?

AL

= 71020 T(e1, )] < K (supe, o1 -2) 6] ) K (supac, oa22)(0)

where

P3
K, = SUptleTlﬂ‘F p4>5upt26’£r2 <6_ 6

ts  ola)ts  o(a)*t3  o(a)*ty  o(a)t
K: = S“pt2€T2<24_ 6 4 6 o )
Let K = max{Ky, K2}. Then K < 1(since (3.15)-(3.16)). We now have
ISSN: 2231-5373 http://www.ijjmttjournal.org 24
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1T (z1,22) — T(21, 22)||

K(supsem (o1 = 21)(s)| + supyer, (22 = Z2><8>|>
= Kl[(z1 — 21,72 — 22)||
= K||(z1,22) — (21, 22)].

Since K < 1, by Banach Contraction mapping theorem (2.5) we have a
unique fixed point for (y1,y2) = T(y1, y2). Hence a unique solution exists for
the IVP-SIP. O

IN

Remark 3.7. The above theorems can be proved for IVPs for the Interface I1
and Interface III with suitable changes in the notations.
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