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ABSTRACT

In this paper,we introduce and study a new class ¢, (S, M, u) of normed space S valued sequences using Orlicz function M as a
generalization of basic space of null complex sequences c,. Beside the investigation pertaining to the containment relations of the

class ¢, (S, M, u) for the various values of uour primary interest is to explore its linear topological structures when topologized it
with suitable natural paranorm.
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. INTRODUCTION

Before proceeding with the main results, we recall some of the basic notations and definitions that are used in this paper.

The notion of paranormed space is closely related to linear metric space , see Wilansky [1]. The studies of paranorm on
sequence spaces were initiated by Maddox [6] and many others. Srivastava et al [8, 9], Basarivand Altundag [10],Pahari

[12,13], Parashar and Choudhary [16],Bhardwaj and Bala [18], and many others further studied various types of paranormed
spaces of sequences and functions.

Definition 1: A paranormed space (S, G) is a linear space S with zero element 6 together with a function G:S — R, (called
a paranorm on S) which satisfies the following axioms:

PN;: G (6) =0;

PN,: G (s)= G (-s), forall s € S;

PNs: G (s +1) < G(s) + G(t), forall s,t € S; and

PN,: Scalar multiplication is continuous i.e., if <v,> is a sequence of scalars withy, —»y asn—wand <s,>a

sequence of vectors with G(s, —s) — 0 asn — o then G(y,Sp—vys) — 0asn— .
Note that the continuity of scalar multiplication i.e. PN, is equivalent to

(i) if G(s,) »0 and y,—>yas n— oo, then G (y,s,) = 0as n— oo;and

(ii) ify,>0asn —»>wand sbeanyelementinsS, then  G(y, s) — 0, see Wilansky [1].
A paranorm is called total if G(s) =0 implies s =0, see Wilansky [1].

Definition 2: Let S be a normed space over C ,the field of complex numbers. Let «(S) denotes the linear space of all
sequences S =<s; >withs, € S, k >1 with usual coordinate wise operations
ie, s+tT=<g+t>andys =<ys, > (forall 5,T € w(S)and ye C.

We shall denote o (C) by » . Any linear subspace of  is called a sequence space.

Furtherif y=<y> eo ands € o (S),we shall write y's =<y,s>.

Definition 3: By an Orlicz function we mean a continuous, non decreasing and convex function M: [0,00) — [0,%0)

satisfying
M (@0)=0,M(x) >0forx>0and M (X) - © asx —> «.
Note that an Orlicz function is always unbounded. An Orlicz function satisfies the inequality
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M (yx) <y M (x) for all y satisfying 0 <y<1.
Note that an Orlicz function is always unbounded. For example, the function &(x) = x ® is an Orlicz function if p > 1.

An Orlicz function M is said to satisfy A,-condition for all values of x > 0, if there exists a constant T >0 such that
M (2x) < T M (x) . The A,-condition is equivalent to the satisfaction of inequality
M (rx) <Tr M(x) for all values of x and for r > 1,see [11].

Lindenstrauss and Tzafriri ( see, [7] ) used the idea of Orlicz function to construct the sequence space ¢y, of scalars < sy >

o0 u
suchthat > M (“il-l—k) < oo for some r > 0. They proved that the space ¢\, equipped with the norm defined by

k=1
o0
||§||M:inf{r>0: > M(JS—;l)s 1 }
k=1
becomes a Banach space. Clearly the space ¢y is closely related to the sequence space ¢, which is an Orlicz sequence space
with M (x) =xP,1<p<o. Subsequently various types of topological structures in sequence spaces using Orlicz function
have been introduced and studied, for instances we refer a few [2], [3], [5], [8], [9], [12], [13], [15], [16], [17], [18], [19]
and [20].

Definition 4: A sequence space S is said to be normal ifs =<s > e Sand y = <y, > asequence of scalars with |y <1, for

allk>1,then ys=<ys> €8S
In studying various properties of a vector valued sequence space (see, [14]) , we have the following definitions:

Definition 5: A normed space S - valued topological sequence space V(S) equipped with the linear topology I is said to be

a GK-space if the map m : V(S) > S, 7 (S) = sy, is continuous for each k.
Subsequently, various types of sequence spaces in normed space were introduced and studied in different directions ,for
instances, see [2], [4], [8],[12] and [14].

Il. MAIN RESULTS

Letu=<u> and V=<vc> beany sequences of strictly positive real numbers.We now introduce the following class

of Banach space S- valued sequences
U
(S, Mu)={s=<s>:5€S,k>1and M (J'IS—:”—)HOask—»oo, for some r > 0}...(2.1)

Further when u, = 1 for all k, then ¢, (S, M, u) will be denoted by ¢, (S, M).

Beside studying the class (2.1), we now introduce and study a new subclass ¢, (S, M, u) of ¢, (S, M, u) as follows:

U
Co (S, M,U):{_=<sk>:skeS,M(i|i;“—j—>O ask — oo, foreveryr >0}. ...(2.2)

In this paper, we investigate some inclusion relations between the classes (S, M, u) arising in terms of different u and

then investigate some results that characterize the linear topological structures of the class (S, M, u) by endowing it with a
suitable natural paranorm.
Following inequality will also be used in this paper :

|'s+t %< Qfls|" +1t| "},

where s,te C,0<u < sup U =L, and Q=max (1, 25" ) and write z, = % k >1.
k

Theorem 2.1: If M satisfies A, - condition then ¢, (S, M, U) =¢Cq (S, M, U).
Proof:
To prove the theorem, it suffices to show that
Co (S, M, U) = Co (S, M, ),
since its reverse inclusion is always true.
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u

K
JJS—I;“—)HO as k — oo.

Lets e ¢ (S, M, u). Then for somer >0, M (

Let us consider an arbitrary r; > 0. If r <, then obviously we have
Uy Uy
S S
M( krl ng( ; j—>o as k — oo,
_ _ . r . .
and hence we get S € Co (S, M, u). But on the other hand, if r > ry,so that Tl > 1 then by using A, condition of M ,we

get

Uy Uy Uy
M(“i“_): M(%J'Iil;“_) < T.%l M(J'li:“_)ao as k — oo,

N
where T is the number involved in A, condition . Hence S € Cp (S, M, U) and therefore
Co (S, M, U) = Co (S, M, U).This completes the proof.
Theorem 2.2: If ¢y (S, M, u) forms a linear space over the field of complex numbers C ,then < u, > is bounded above.
Proof:

Assume that ¢o (S, M, u) is a linear space over C but supx Ux = . Then there exists a sequence < k(n) > of
positive integers satisfying 1 <k(n) < k(n+1), n > 1,for which
Uk > n foreachn>1. ..(2.3)

Now, correspondingtos € Swith || s|| = 1,we define asequence s=<sx> by
'2/uk(n)
_Jn s,fork=k(n),n>1
S = ! ’ ...(24
v {9, otherwise. 24)
Let r> 0. Then for each k = k(n), n>1 , we have

M( N ”k) W ( n'Z/”k(n) s ”k(n)) _M ( s ”k(n))

r r n’r

1 1
Sﬁz M(r)
ug
and M(M“—) =0, fork=k(n),n>1,

r

showing that s e ¢ (S, M, u). But on the other hand in view of (2.3) and (2.4) for k =k(n), n>1, r> 0 with scalar
o =4 using non decreasing property of M ,we have

u -2 u u
M(ask kj:M(||4n s ””’)

r r

(D) am(2)

This shows that a's & ¢, (S, M, u),which contradicts our assumption and the theorem is proved.

Theorem 2.3: ¢, (S, M, U) forms a linear space over C if <u, > is bounded above.

Proof:

Assume that sup, Uy =L <oo. Let s=<g5,>,T=<t,>eC (S, M,U)and a, B € C. Then there exist r; >0and r, >

0 such that
Uk t Uk
M(“S—kr“—jao and M (“—kr”—j—w, as k— o .
1 2
We now choose r;>0 suchthat 2Qrymax (1, ]al")<r;and2 Q r,max (1, |B|") <rs . For such r3, using non
decreasing and convex properties of M, we have
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(lessBellT) oy (Qllasil ™+ QU )

I3 I3

u u u u
M(Qlocl “Usdl™* , QIBL“ Il tdl j

I3 I3

oy (Q max(Lod ) llsdl ™ , Q max(LI|") Il j

I3 I3

1 Uy 1 Uy
< m(GElsi™ +5o ™)

SRELEN

Iy 5 —0,a8 k> .

This implies that ¢, (S, M, u) forms a linear space over C. This completes the proof.
After combining the theorem 2.2 and 2.3, we get
Theorem 2.4: ¢, (S, M, u) forms a linear space over C if and only if <uy > is bounded above.

Theorem 2.5: The space ¢, (S, M, u) forms a normal.
Proof:

Ug
- — S
Lets =<s> € ¢y(S, M, u). So that M(ﬂ—;“—jao ask — oo for somer>0.

Let <oy > be asequence of scalars such that |oy| < 1 for all k> 1. Since M is non-decreasing, we have

U Uk U Uk
M(Ua_sru_) _ M(M_Lrls_u_) . M(JJS_rU_j 0 sk,

and hence <ousk> € Co(S, M, U). S0 Co (S, M, u) forms a normal.

Theorem 2.6: If ¢y (S, M, U) < (S, M, V) ,then <z, > has positive limit inferior.
Proof:

Assume that ¢, (S, M, U) < Co (S, M, V) but lim inf, z, = 0. Then there exists a sequence < k(n) > of
positive integers such that 1 <k(n) < k(n+1), for which

N Vi) < U , foreachn>1. ...(2.5)
Now, correspondingtos € Swith || s|| =1 , we define a sequence s=<s,> by
'1/uk(n) _
Sk:{n s.,fork—k(n),nZI ..(2.6)
0, otherwise.

Let r> 0. Then for each k = k(n), n > 1 , we have

-1/

(0] 5 )10

r B r - nr = n r
Sk

ug
and M( r j:O,fork;tk(n),nzl,

showing that' s € ¢, (S, M, ). But on the other hand for each k = k(n), n > 1, in view of (2.5) and (2.6) using non
decreasing property of M ,we have
1
> M ,
(M/E)

Vg 1y Vk(n)
S || "m s | 1
M( rk j=M(—r > M(rnun>

This shows that S ¢ ¢, (S, M, V) , a contradiction. This completes the proof.
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Theorem 2.7: ¢4 (S, M, U) < (S, M, V) if <z > has positive limit inferior.
Proof:
Assume that lim inf, z, > 0. Then there exists a m > 0 such that v, > mu, for all sufficiently large values of k.

Let S=<s> e (S, M, u). Then for somer >0,
Uy
M(J'Ii:f“—jao as k — oo.

. . o 1
Hence for agiven ¢ >0, if we choose 0 <m <1 satisfying n™ M (_r) < ¢, then we have

U
M (J'Ii;“—) < M G) , for all sufficiently large values of k.

Since M is non decreasing, therefore for all large values of k
[[sd]"« <m< landso]|s| < 1.
Hence using the convexity of M, we have

V(150) o (BSLT) )8

r r
for all sufficiently large values of k. This implies thats € ¢, (S, M, V) .

Hence ¢, (S, M, U) < ¢, (S, M, V) . This completes the proof.
After combining the theorem 2.6 and 2.7, we get

Theorem 2.8: ¢4 (S, M, u) < (S, M, V) if and only if < z, > has positive limit inferior.

In the following example, we show that ¢, (S, M, U) may strictly be contained in ¢ (S, M, v) in spite of the satisfaction
of the condition of Theorem 2.8 .
Example: 2.9
Let S be a Banach space and consider a sequence S=<s, > defined by
sc=k™s,if k=1,2,3,....wheres e Ssuch that || s|| = 1. ... (2.7)
Further, let u, = k 7%, if k is odd integer, u, = k 2, if k is even integer, v = k ~ for all values of k,

Further, z, = % =1, ifkis odd integers, z, =k, if k is even integers. Therefore lim inf, z, > 0. Hence the condition of

Theorem 2.8 is satisfied. Let r>0and in view of (2.7) , we have
Vi K o 11k
M(J'Ii:f“_j :M(J'Ik_f“_> S%M(%_)—)O as k — oo,

showing that's e ¢y (S, M, v). But for even integer k,

() ) (8 )

This implies that S= < s, > ¢ ¢, (S, M, u). Thus the containment of ¢, (S, M, U) in ¢y (S, M, V) is strict inspite of the
satisfaction of the condition of the Theorem 2.8.
Analogous to the proof of the Theorem 2.8, we have

Theorem 2.10: ¢o (S, M, V) < ¢o(S, M, u) if and only if <z > has finite limit superior.

On combining the Theorems 2.8 and 2. 10, one obtain
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Theorem 2.11: ¢, (S, M, U) =¢o(S, M, V) ifand only if 0 < lim inf z, <lim supy z < .

In what follows we shall take <uy > as bounded , sups uy =L <ooandinf, ug=1 > 0.

u .
Denote wy = fk and consider a set

sup

Wk
AB)={r>0: K M(Uiy—jgl},for§:<sk>e Co (S, M, ). ... (2.8)

Consider areal valued function G on ¢y (S, M, u) defined by

Wk
G(s)=inf{r>0 :SllipM(”i“—jgl},§=<sk> € (S, M U). ...(2.9)

r
We prove below that ¢, (S, M, u) with respect to G forms a paranormed space.

Theorem 2.12: ¢, (S, M, u) forms a paranormed space with respect to G.
Proof:

For s=<g,>,T=<t>e ¢S, M, u),obviously M (é) =0and M (-s) =M (s) follows.

Now in view of (2.8), for s, T e ¢y (S, M, U), consider r;, e A(s)andr, € A(f) and r3=ry +1,. Then clearly by the
convexity of M we have

M(skﬂk k) <nsup M(Uiu_k)+ﬁ SupM(JJMI_k)

I I Iy I k I

IA

1.

This shows that r; =r;+r, e A(s+t).Thus G(S+ T) < ry+r, foreachr, € A(s) and r, € A (t) implies that
GE+T<GE)+G (1)
Finally we show the continuity of scalar multiplication. Let 5™ =<5 > be a sequence in ¢, (S, M, ) such that

GGE™) »>0asn—w and <a,> asequence of scalars such that o,, — o . Then we have

my "k
G (0n 5™ = inf{ r: Sllip M (JJMH_) < 1}

r

Wy (ny "k
<inf {r : Sllip M (H—“M—j < 1}

r

where H = sup,|a,| and |ocn|wk§ H'"™ is used. Thus for t = max (1, H), we get

m "k
G (0an 5™ < inf{ ro0 M (Ujsk—“—) < 1}.

r
Now if we take r =tz, then

(my
G(an5")  <inf {tz ; Sllip M (“Sk—t“—j < 1}: 2x G (5")

implies that G (o, ™) —0,asG 5™) > 0asn — oo

Next let o, —>0asn—>oand S = <s, > be any element in ¢y (S, M, u). We show that G (o, S) — 0. Now for
0<e< 1we can find a positive integer N such that |o,| <€ foralln>N.In view of infiu,=1>0, we get

W, I/L
o] K <e .This shows that for each n >N, we have,
Wy I/L Wy
Olp Sk € Sk
M r < M r
/L _ _
and consequently we get A (¢ s) < A (anS). Hence we have

inf{r:reA(3}<inf{r:reA(e 3}
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I/L

=g inf{r :re A(S5)}
which shows that G (o, S) < ¢ " G (5s) foralln >N, i.e., G(onS)—0asn—w.
Hence ¢, (S, M, u) forms a paranormed space. This completes the poof.
Theorem 2.13: ¢, (S, M, U) forms a total paranormed space  with respectto G.
Proof:
For s=<s> e cy(S, M, u),suppose that G (s) = 0. Then for every € > 0, there exists somer, (0 < r, <g), such that

This shows that

Wi
Sllip M (”ig—) <1, for every £ > 0.

This is possible only when || sk||wk: 0 foreach k> 1. Hence s =0.

Hence in view of Theorem 2.12, (co(S, M, u), G) forms a total paranormed space.

Theorem 2.14: Letu =<u,> such that sup, U, <oo and S be a normed space. Then (c, (S, M, u), G) forms a
GK —space.
Proof:

Let S =<s¢> e ¢y (S, M, U).Then by definition of paranorm G defined in (2.9), we see that

Wi Wi
Sllip M (M—j <1 andhence M (M—j <1.
G (s) G (s)
Wi

Let ko be a fixed positive real number such that M (ko) > 1, then M (M—j <M (ko).
G(s)
Since M is non-decreasing therefore || sk||Wk <ko G (s)
o fIsdi< o GEI )
andso || m ()| =l scll < [ko G (5)]
shows that m : ¢o (S, M, U) — S, where m (s) = s for each s, e S, k > 1,is continuous and hence (¢, (S, M, u), G) forms

a GK- space. This completes the poof.

Wi

111. CONCLUSIONS

In this paper, we have examined some conditions that characterize the linear topological structures and containment relations
on the Orlicz Space of Null Sequences. In fact, these results can be used for further generalization to investigate other properties

of the spaces of null sequence using Orlicz function.
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