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1 Introduction

Some theories such as theory of vague sets, theory of rough sets and etc.,
can be considered as mathematical tools for dealing with uncertainties. But
all of these theories have their own difficulties. In 1999, D. Molodtsov [4]
introduced the concept of soft sets in order to solve complicated problems
in some sciences such as economics, engineering etc. In 2011, Shabir and
Naz [5] introduced and studied the concepts of soft topological space and
some related concepts such as soft interior, soft closed, soft subspace and
soft separation axioms. Recent years, the theory of soft topological spaces is
investigated by various new researchers.

Let X be a non-empty set and P(X) be the power set of X. A mapping
¢: P(X) — P(X) is called a Cech closure operator provided it satisfies the
following three axioms:

(C1) c(g) =9 ,
(C2) ACc¢(A), forall AC X,
(C3) c(AUB) =c(A)Ue(B), for all A,B C X.



Then ¢, together with the underlying set X, is called a Cech closure space
and is denoted by (X, ¢). If ¢ also satisfies:

(C4) c(c(A)) = ¢(A) for all A C X, then (X, ¢) is a topological space.

Cech closure spaces were introduced by E. Cech in [1]. In this paper, we
introduced Cech soft closure spaces over the soft sets on a non-empty set X
and we exhibit some results related to these concepts.

2 Soft sets

Definition 2.1. /4] Let X be an initial universe and E be a set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E. A soft
set F'a on the universe X is defined by Fa = {(e, F(e))/e € E,F(e) € P(X)},
where F' : E — P(X) such that F(e) = ¢ if x ¢ A. Here, F is called an
approximate function of the soft set Fs. The value of F(e) may be arbitrary.
Some of them may be empty and some of may have nonempty intersection.
The class of all soft sets over X and the parameter set E is denoted by
S(X,E).

Definition 2.2. [3] For two soft sets 'y and Gp over a common universe
X, we say that Fy 1s a soft subset of G if

1. AC B and
2. For alle € A, F(e) and G(e) are identical approximations.

We write FACGp(C denotes soft inclusion.)
Consequently, G is said to be a soft superset of Fj.

Definition 2.3. [3] Two soft sets Fa and Gp over a common universe U
are said to be soft equal if Fy is a soft subset of Gp and Gg is a soft subset
Of FA.

Definition 2.4. [3] Let E = {ej,ea,...,e,} be a set of parameters . The
NOT set of E denoted by —~F is defined by -E = {—ey, —ey, ..., ne,} where
—e; = note; for all i.

Definition 2.5. [3]/ The complement of a soft set Fy4 is denoted by Fa¢ and
is defined by Fx© = F_4~ , where F~ : =A — P(X) is a mapping given by
F~(e) =X — F(e), for alle € =A.

Let us call F~ to be the soft complement function of F. Clearly (F™)" is the
same as F and (F4°)° = Fjy.



Definition 2.6. [3/ A soft set Fa over X is said to be a NULL soft set
denoted by ¢ if for alle € A, F(e) = ¢ (null set ).

Definition 2.7. [3] A soft set Fa over X is said to be an absolute soft set
denoted by A if for alle € A, F(e) = X.
Clearly A¢ = ¢ and ¢¢ = A.

Definition 2.8. [3] The union of two soft sets Fy and G over a common
universe X, denoted by the soft set Ho, where C'= AU B and for all e € C,

F(e) ifec A—B
H(e) =< Gle) ifee B—A
Fe)UG(e) ifeec ANB

We write FAUGg = Hc¢.

Definition 2.9. [3] The intersection He of two soft sets Fy and Gg over a
common universe X, denoted by FaNGg, is defined as C = AN B, H(e) =
F(e)NG(e), foralle € C.

Definition 2.10. /5] The difference Hg of two soft sets Fg and Gg over X,
denoted by Fgp — Gp, is defined as H(a) = F(a) — G(a) , for alla € E.

Definition 2.11. /5] Let Fg be a soft set over X and x € X. We say that
r€Fg read as x belongs to the soft set Fg whenever x € F(a) for all a € E.

Note that for any x € X,2¢Fg, if v ¢ F(a) for some o € E.

Definition 2.12. [5] Let Y be a non-empty subset of X, then Y denotes the
soft set Yg over X for which Y (a) =Y, for all a € E.
In particular , Xg will be denoted by X.

Definition 2.13. [5] Let © € X, then xp denotes the soft set over X for
which xg(a) = {z}, for alla € E.

Definition 2.14. [5] Let Fg be a soft set over X and Y be a non-empty
subset of X. Then the sub soft set of Fr over Y denoted by ¥ Fg, is defined
as follows ¥ F(a) =Y N F(a), for all « € E.

In other words ¥ Fg = YN Fg.

Definition 2.15. [5] The relative complement of a soft set Fa is denoted by
(Fa) and is defined by (Fa) = F'y where F' : A — P(X) is a mapping given
by F'(a) = X — F(«) for alla € A.



Definition 2.16. [6] Let S(X, E) and S(Y, E*) be the families of soft sets
over X and Y, respectively. The mapping @y 1s called a soft mapping from
X to Y, defined by ¢, : S(X,E) — S(Y,E*), where ¢ : X — Y and
Y E — E* are two mappings.

1. Let Fy € S(X, E), then the image of Fa under the soft mapping @y is
the soft set over Y denoted by py(Fa)p, B =19 (A)CE* and defined by

(o F(e)), ifv=ie)NA
py(Fa)(er) = { ;J’e@p eond A Zoj?ffemgzsi e
fore* C E*.

2. Let Go € S(Y, E*), then the pre-image of G¢ under the soft mapping
@y 15 the soft set over X denoted by gplzl(Gc)D?D =y 1(C) C E,

where

-1 .
it (Gele) = { §OWOD: o0 e
foree D.

The soft mapping ., is called injective, if ¢ and ¢ are injective. The
soft mapping ¢y s called surjective, if ¢ and 1 are surjective.

Definition 2.17. Let Fy € S(X1, E1) and Gp € S(Xs, E3). The cartesian
product Fy x Gp is defined by (F' x G)axp) where
(F x G)axp)(e, k) = Fa(e) x Gp(k), for all (e, k) € A x B.

According to this definition, the soft set Fy X G is a soft set over X; x X»
and its parameter universe is E; X Fs.
In the following, we give the definition of soft projection mappings.

Definition 2.18. The soft mappings (p,)i, @ € {1,2}, is called soft projection
mapping from X1 x Xy to X; and defined by (py):((Fa)1 % (Fa)2) = (pg)i((F1 X
Fy)a,xa,) = pi(Fy % F2)qi<A1XA2) = (Fa)i, where (Fa)1 € S(X1,Er), (Fa)s €
S(Xa, Es) and p; : X1 x Xy — X;, ¢; 1 By X By — E; are projection mappings
in classical meaning.

Definition 2.19. [5/ Let T be a collection of soft sets over X, then T is said
to be a soft topology on X if

(1) ¢, X belong to .
(2) The union of any number of soft sets in T belongs to .

(8) The intersection of any two soft sets in T belongs to T.



The triplet (X, 7, E) is called a soft topological space over X.
Theorem 2.20. [5] Let F and Gg be the soft sets over X. Then
1. (FeOGR) = (Fg)A(Gx)
2. (FENGg)' = (Fg)U(GEg)

3 Cech Soft Closure Spaces

Definition 3.1. An operator ¢ : S(X, E) — S(X, E) 1s defined on the set of
all soft sets S(X, E) of a set X is called Cech soft closure operator on X if
the following three axioms are satisfied:

(C1) e(g) = o,
(C2) Fy Ce(Fa) , for all soft sets FaoverX,
(C3) é(FaUFg) = &(Fa)Uce(Fg), for all soft sets Fa, FgoverX.

Then ¢, together with the underlying set X , is called a Cech soft closure space
and is denoted by (X, ¢, E). If ¢ also satisfies:

(C4) E(e(Fa)) = ¢(Fa) for all Faover X, then (X, ¢, E) is a soft topological
space.

Example 3.2. Let X = {a,b}, £ = {e1,ea}. Then S(X,E) = {Fg, =
{(617 {CL})}, Fg, = {(617 {b})}ﬁFE:s = {(617 {&7 b})}, Fg, = {(62’ {CL})}, Fg, =
{(e2. {01}, Fi, = {(e2,{a,b})}, Fi, = {(e1,{a}), (e2, {a})},
FES = {(617 {a’})7 (627 {b})}7 FEQ = {(617 {CL}), <€27 {a7 b})}7
Fg, = {(617 {b})v (627 {CL})}, Fg, = {(61’ {b})7 (627 {b})}7
Fg, = {(61’ {b})7 (627 {av b})}, FE13 = {(617 {av b})7 (627 {a})}7
Fg,, = {(61’ {a7 b})v (62’ {b})}7 Fg,, = {(617 {av b}>7 (627 {av b})}, Fpg,, = ¢}
Define é(FE1> = Fg,, 6(FEQ) = Fg,, 6(FE4) = Fg, &(FEs) = Fg, 6(FE:’) =
Fg,, ¢(Fg,) = Fg, and for all other soft sets Fg, over X,

i b if Fi, = 6,
et 6F5) =\ Ofe(es, Fles)) : (e, Fle)) € Fi}  otherwise.

(C1)&(d) =0,
(C2) Fg, Cé(Fg,) , for all soft sets Fg, overX,

(C3) Let Fg, and Fg, be soft sets over X. Then ¢(Fg, U Fp,) = U{¢(e, F(e)) :
(e, F(e)) € Fig,UFp,} = (U{é(e, F(e)) : (e, Fle)) € Fig, })U(U{é(e, Fe)) :
(e,F(e)) € Fg,}) = ¢(Fg,)Ue(Fg,). Thus (X,¢, E) is a Cech soft clo-
sure space.



Example 3.3. Let X = {a,b,c}, E = {e1,es} and let ¢ : S(X,FE) —

S(X, E) be an operator defined by ¢({(e1, {a,c}), (e2,{b,c})}) = {(e1,{a,c}), (e, {b,c})},
5({(617 {CL}), (627 {C}>}) - {<€17 {a}>’ (627 {C})}7

c({(e1,{c}), (e2,{c}H)}) = {(e1,{c}), (e2,{c}H},

5({(61, {CL, C}>~> (627 {Nb})}) = {<61> {CL, C})> (627 {b})}, N

(o) = ¢, &(X) = X and for all other Fp,, define ¢(Fg,) = X.

Then ¢ is not a Cech soft closure operator on X because ¢({(e1, {a}), (e2,{c})}

U{(eh {C}), (€2, {C})}) = 6(i(617 {av C})7 (627 {C})}> =X. ~

But é({(er, {a}), (e2, {c}) })Uc({(e1, {c}), (e2,{c})}) = {(ex, {a}), (e2, {c}) }Uf(er, {c}), (€2, {c})}

- {(61, {CI,, C})a (627 {C})} 7é X.

Definition 3.4. Let ¢ and d be two Cech soft closure operators on a set X. ¢
is said to be coarser than d, or equivalently d is finer than ¢ , if d(Fg) C ¢(Fg),
for each soft set Fr over X.

Definition 3.5. Let (X, ¢ E) be a Cech soft closure space. A soft subset Fig
over X is called soft closed provided Fgp = ¢(Fg). A soft subset Fg over X

1s called soft open provided its soft complement X — Fg s soft closed.

Definition 3.6. Let (X, ¢ E) be a Cech soft closure space. Gg be a soft set
over X and x € X. Then x is said to be a soft interior point of Gg if there
exists a soft open set Fy such that x€FpCGp.

Definition 3.7. Let (X, ¢ E) be a Cech soft closure space. Gg be a soft set
over X and x € X. Then Gg is said to be a soft neighbourhood of x if there
exists a soft open set Fg such that x € FrCGE.

Remark 3.8. For each cech soft closure space, there exists an underlying
topological space that can be defined in a natural way. If (X,¢, F) is a Cech
soft closure space, we denote the associated topology on X by 7(¢) . That is
7(¢) = {F} : ¢(Fg) = Fg} where Fy}, denotes the relative complement of Fg
. Members of 7(¢) are the soft open sets of (X, ¢, E) and their complements
are the soft closed sets.

Theorem 3.9. Let (X, E) be a ech soft closure space and FrCGpCX.
Then ¢(Fg) is contained in ¢(Gg).

Theorem 3.10. Let (X, ¢, E) be a Cech soft closure space and Fg be a soft
set over X. If ¢(Fg) is contained in Fg, then Fg is soft closed.

Theorem 3.11. Let (X, ¢ E) be a Cech soft closure space. Then 7(¢) is a
soft topology on X . 7(¢) is called the underlying soft topology of (X, ¢, E).
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Proof. Clearly, X and ¢ are members of T( ¢). Suppose Fp and Gp are
members of 7(¢). X — (FpNGg) = (X — Fp)U (X —Gp) = &X — Fg)U&(X —
Gg) =X — FgUX —Gg) = &X — (FgnNGg)). Now consider an arbitrary
collection of soft sets {Fg, : a € J}, each a member of 7(¢). For each a € J,
X — Fg, is soft closed and ﬂ{X Fg, : a € J} is contained in X — Fg,.
Theorem 3.8, then implies that &({X — Fp, : « € J}) is contained in
&X — Fg,) = X — Fg,_, for every a € J. Hence &(N{X — Fg, :a € J})is
contained in M{X — F_ : a € J} and by Theorem 3.9, N{X — Fg, : «
JY =X —O{Fg, : a € J} is soft closed.

m

Theorem 3.12. Let {Fp, Yaes be a collection of soft closed sets in a Cech
soft closure space (X, ¢, E). Then

1. The intersection of any number of soft closed sets is a soft closed set
over X.

2. The union of any two soft closed sets is a soft closed set over X.

Proof. (i) Since NFg, CFg, for each a € J, by Theorem 3.8, éNye s F, CéFp,,
for all « € J . Since {Fg, }aes is a collection of soft closed sets, ¢(Fg,) =
Fg, for all « € J . Hence é&(NaesFg,)CFg, , for each o € J . Thus,
6(ﬁa€JFEa)~gmc;€JFEa Since Naes Fr, Cé(NaesFr,) s NaesFr, = (N aeJFEa).
Therefore, NyesFE, is a soft closed set.

(ii) Follows from the definition of C'ech soft closure space. O

Theorem 3.13. Let {Fg, Yacs be a collection of soft open sets in a Cech soft
closure space (X, ¢, E). Then

1. The union of any number of soft open sets is a soft open set over X.
2. The intersection of any two soft open sets is a soft open set over X.

Proof. Follows from the Theorem 3.12, and De-Morgan’s laws for soft sets
which are given in Theorem 2.20. [

Definition 3.14. Let (X, E) be a Cech soft closure space.If &(Fg) = Fg
for every soft set Fp contained in X ¢ 1s called the soft discrete closure
operator on X. If ¢(Fg) = X for every soft set F contained in X, ¢ is
called the trivial C'ech soft closure operator on X.

we extend the notions of a soft subspace, a soft sum and a product to
C'ech soft closure spaces.
One may easily verify the following theorem.



Theorem 3.15. Let (X,¢, E) be Clech soft closure space and let Y be an
arbitrary subset of X. The operator ¢y : S(Y,E) — S(Y,E) defined by
¢y(Fg) =YNE(Fg) is a Cech soft closure operator on'Y'.

Definition 3.16. Let (X, ¢ E) be Cech soft closure space and let Y be an
arbitrary subset of X. The Cech soft closure operator ¢y (defined above) is
called the relative C'ech soft closure operator on Y induced by ¢. The triple
(Y, éy, E) is said to be a Cech soft closure subspace of (X, ¢, E), it is a soft
closed(resp. soft open) subspace if 6(Y) =Y (resp. 4(X —=Y)=X Y.

If (X,¢ F) is a soft topological space under its closure operator, the
definition of a Cech soft closure subspace is reduced to the corresponding
definition of a subspace. It is well known that if (X, ¢, F) is a soft toplogi-
cal space under its Ceech soft closure operator, then the two soft topologies
defined on a subset Y of X, viz., the soft relative topology (7(¢))y on Y
induced by 7(¢) and the soft topology 7(¢y) are identical. But in general, we
have only the following result.

Theorem 3.17. Let Y be an arbitrary subset of a Cech soft closure space
(X, ¢, E). The relative soft topology (7(¢))y on Y induced by 7(¢) is coarser
than the soft topology T(Cy).

Proof. Let Fg be a (7(¢))y-soft closed set over Y. Then F = YAF for some

7(&)-soft closed set in Fy over X. But FpCFp implies that ¢FpCéFp = Fp
Hence, 5y(FE) = }N/ﬁEFEéyﬁFF = FE CODSunthly Ey(FE) = FE and FE
in 7(¢y )-soft closed. O
Theorem 3.18. Let {(X;, ¢, E;) : i € I} be a family of pairwise disjoint
Cech soft closure spaces. If X = UX,; and E = UE;, then the operator
®& - S(X,E) — S(X, E) defined by, ®¢(Fg) = U&(X;NFg), is a Cech soft
closure operator on X.

Proof. (Cl) EBCz(@ = Oéi<Xiﬁ¢) = U(¢) = ¢.
(@ ) = (Uéi(

(éi(

N

Definition 3.19. Let S = {(X;, ¢, E;) : i € I} be a family of pairwise
disjoint C'ech soft closure spaces. The C'ech soft closure operator ®¢; (defined
above) is called the sum C'ech soft closure operator on X = UX; and the triple
(X, ®é, E), where E = UE; is the sum Cech soft closure space of the family

3.



Remark 3.20. If {(X;,7(¢), E;) : © € I} are soft topological spaces under
their C'ech soft closure operators, the definition of the sum C'ech soft closure
space s reduced to the corresponding definition of sum soft space.

Remark 3.21. One may notice that in a sum C'ech soft closure space (X, ®¢, E),
r € ®¢(Fg) if and only if x € ¢;(X;NFg) for a unique i.

We shall define the product Cech soft closure space. Given a cartesian
product of sets X = 7w X; and the parameter set £ = nFE;, let p; : X — X,
and ¢; : E — E; be projection maps in classical meaning. Then the soft map
Dg - S(X, E) — S(X;, E;) is called soft projection map, where p,,(Fg) = Fg,
for F over w.Xj.

Theorem 3.22. Let {(X;,&,FE) : i € I} be a family of Cech soft closure
spaces and let X = wX;. Define an operator ®¢; : S(X,E) — S(X,E) as
follows:

For a soft subset Fr over X and x € X; x € ®¢(Fg) if the following
condition s satisfied:

Fp= FEloFEQO...OFEn(FEjCX) implies there is j such that x; € ¢;(py,(FE,))
for all i. The operator @¢; is a C'ech soft closure operator on X.

Proof. (C1) Clearly ®¢;(¢) = ¢.

(C2) Let € Fy = Fp,UFg,0..0Fg,, (Fg,CX). There is j such that
r € Fg,. Thus z; € py,(Fg,)C¢(py(Fg,)) for all i. By definition,

(C3) Clearly, if FrCGg(Fg, FsCX), then ®&(Fg)C ® ¢(Gg). Thus we
need only show that ®¢;(FrUGE)C ® ¢;(Frp)U ® ¢(Gg). Let = ¢
®¢;(Fg)U ® ¢;(Gg). Then there exist covering Fg,,...Fg, of Fg and
Fg, +1,...Fg, of G together with incies iy, ..., 4, such that x; ¢ ¢;(p;(Fg,))
for j = 4, where & = 1,..n. Since Fg,,... Fg, covers FrUGE;

]

Definition 3.23. Let & = {(X;,&,E) : i € J} be a family of Cech soft
closure spaces. The soft closure operator ¢; on X = wX;, defined above, is
called the product Cech soft closure operator on X. The triplet (X, ®¢;, E)
is said to be the product Cech soft closure space of the family 3.



4 Soft continuous

Definition 4.1. Let (X, ¢, E) and (Y, cz, Ex) be two Cech soft closure spaces.
A soft mapping oy (X,¢, E) — (Y,d, Ex) is said to be soft continuous if
©p(E(Fa))Cd(py(Fa)), for every soft subset F4CX.

Theorem 4.2. (X, ¢, E) and (Y, d, Ex%) be two Cech soft closure spaces. @y, :
(X,¢, E) — (Y,d, Ex) is soft continuous, then é(goqzl(FB))ggplzl(d(FB)) for
every soft subset FgCY .

Proof. Let FBQY/. Then w;l(FB)é)N(. Since ¢y, is soft continuous, we have
sow(é(j%l(FB)))Qd(W(%I(FB)})Qd(lfB). Therefore, ;" (py (e(py' (Fi)))) S
¢y (d(Fp)). Hence &y (Fg))Cwy ' (d(Fp)). O

Clearly, if @, : (X, ¢ E) — (Y, d, E%) is soft continuous, then go;l(Fp) is
a soft closed subset of (X, ¢, E) for every soft closed subst Fr of (Y, d, Ex).
The following statement is evident.

Theorem 4.3. Let (X,¢, E) and (Y, d, Ex) be Cech soft closure spaces. If
vy (X, E) — (Y.d, Ex) is soft continuous, then go;l(Fg) is a soft open
subset of (X, ¢ E) for every soft open subset Fg of (Y,d, Ex).

Theorem 4.4. Let (X,¢, E), (Y, d, Ex) and (Z,&, Exx) be Clech soft closure
spaces. If oy 1 (X, ¢, E) — (Y. d,Ex) and v5 : (Y,d, Ex) — (Z,€, E % x) are
soft continuous, then Y500y : (X, ¢ E) — (Z,€, E * x) is soft continuous.

Proof. Let F4CX. Since Y590y (E(Fa)) = 75(py((Fa))) and @y is soft
continuous , Ys(@y(¢(Fa)))Cys(d(y(Fa))). As 75 soft continuous, we get

75(d(£y(Fa))) CE(v5( 2w (Fa))). Consequently, 758y (6(Fa)) SE(7s(y(Fa))).
Hence 50, is soft continuous. O]

Definition 4.5. Let (X, ¢, E) and (Y, d, Ex) be Cech soft closure spaces. A
soft mapping py 1 (X, ¢, E) — (Y,d, Ex) is said to be soft closed (resp. soft
open) if g, (Fr) is a soft closed (resp. soft open) subset of (Y, d, Ex) whenever

Fr is soft closed (resp. soft open) subset of (X, ¢, F).

Theorem 4.6. A soft mapping ¢y : (X,¢ E) — (Y,d, Ex) is soft closed
if and only if , for each soft subset Fg of Y and each soft open subset Fg
of (X,¢, E) containing golzl(FB), there is a soft open subset Fy of (Y,d, Ex)
such that FyCFy and gpil(FU)éFg.
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Proof. Suppose that ¢, is soft closed let Fig be a soft subset of Y and Fg be
a soft open subset of (X, ¢, E) such that @_I(FB)CFG Then ¢, (X — Fg) is
a soft, closed subset of (Y, d, Ex). Let FU =Y — c,%(X Fg). Then Fy is
a soft open subset of (Y, d, E*) and ¢, 'y = " WY —op(X — Fg)) = X —
©y (gpw(X F))CX — (X — Fg) = Fg. Therefore, Fy is a soft open subset
of (Y, d, Ex) containing Fp such that o '(Fy)CFg. Conversely, suppose that
Fr is a soft closed subset of (X, ¢, E). Then ¢ Y — pyp(Fr)CX — Fp and
X — Fp is a soft open subset of (X,¢, E). By hypothesis, there is a soft
open subset Fy of (Y,d, E*) such that Y — <,0¢(FF)CFU and @, Y Fy)CX —
Fp. Therefore FrCX — ©y Y(Fy). Consequently, Y — FU§¢¢(FF)§gow(X—
@;1(FU))§}7 — Fy, which implies that ¢, (Fr) =Y — Fy . Thus, @, (Fr) is
a soft closed subset of (Y, d, Ex). Hence ¢y is soft closed. O

Theorem 4.7. Let (X, ¢, E), (Y d, Ex) and (Z,¢, Exx) be Cech soft closure
spaces. Let gy 2 (X, ¢ E) — (Y,d,Ex) and v5 : (Y,d, Ex) — (Z, €, Ex%) soft
mappings. Then

1. If oy and s are soft closed, then v50py.

2. If 7500y is soft closed and py is soft continuous and surjection, then
vs s soft closed.

3. If 7500y 1s soft closed and 5 is soft continuous and injection, then ¢y,
is soft closed.

Proof. (i)Let Fr be a soft closed subset of (X, ¢, E). Since ¢y, is soft closed,
oy (Fp) is soft closed in (Y, d, Ex). Hence v5(py(Fg)) is soft closed in (Z, &, Ex
*). Thus 755y is soft closed .

(ii) Let Fr be a soft closed subset of (Y,d, Ex). Since @y is a soft contin-
uous map, cp;l(F 7) is soft closed in (X, ¢, E). Since 750y, is soft closed ,
fy(;égpw(gplzl(FG)) = ”}Qs(gO,z,((plZl(Fg))) is soft closed in (Z,€, E * x). But ¢,
is surjection, so that ’}/56(,01/,(()0;1(Fg>) = ’}/5(@1/}(901;1(176'))) = 75(Fg). Hence,
vs(Fg) soft closed in (Z, é, E x x). Therefore ~s is soft closed.

(iii) Let Fp be a soft closed subset of (X, ¢, E). Since 750y is soft closed,
Y5 (py(Fr) is soft closed in (Z, €, Exx). As 75 is soft continuous,y; ' (vs(¢y (Fr)))
is soft closed in (Y,d, Ex). But s is injective, so that v; ' (75(pu(Fr))) =
@y (Fp) is soft closed in (Y, d, Ex). Therefore, @, is soft closed. O

Theorem 4.8. The product Cech soft closure space is the largest C'ech soft
closure space for which every soft projection is soft continuous.
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Proof. Let & = {(Xi,é,F;) : i € I} be a family of Cech soft closure
spaces and let (X, ®¢;, E) be the product Cech soft closure space of .
The Cech soft continuity of each soft projection follows from Definitions
and. Now, given any Cech soft closure operator ¢ for which each soft
projection is Clech soft continuous, consider any point z € &F,) and let
Fy = Fy,0F,,0F,,0..0F,, (Fs,CX). By (C3), there exists j such that z €
&(Fa,). Since each py, is Cech soft continuous, it follows that py, (c(Fa, ))& (pg, (Fa,))
for all 7. This implies that © € ®¢;(Fa,)C ® &(Fa). O

Conclusion 4.9. In this paper, we have studied Cech soft closure operators
which are defined in the set of all soft sets over a non-empty set and a fixed
set of parameters. The notions of soft closed set, soft open set, soft interior
points, soft neighbourhood of a soft point are also studied. Then we have
studied for each Cech soft closure space there exists an underlying soft topo-
logical space that can be defined in a natural way. We have defined sum C'ech
soft closure space and product Cech soft closure space from a family of Cech
soft closure spaces. Finally, we have defined Cech soft continuous function
and studied some of its properties.
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