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1. INTRODUCTION

In 1970, Levine [8] first introduced
the concept of generalized closed (briefly, g-
closed) sets were defined and investigated.
Later on N. Palaniappan [15] studied the
concept of regular generalized closed
(briefly, rg-closed) in a topological space. In
2000, M.K.R.S.Veerakumar [17] introduced
the concept of g -closed set and in 2001, S.
Bhattacharya [5] studied the concept of
generalized regular closed sets (briefly, gr-
closed) in a topological space. In this paper,
the concept of generalised regular star
closed sets is to be introduced and studied
some of their properties.

2. PRELIMINARIES

Throughout this paper, (X,1) (or X)
represent a topological space on which no
separation axioms are assumed unless
otherwise mentioned. For a subset A of a
space X, cl(A) and int(A) denote the closure
of A and the interior of A, respectively.

Definition 2.1. A subset A of a topological
space (X,1) is called

1) a pre-open set [12] if A < int (cl(A))
and a pre-closed set if cl(int(A)) € A.

2) a semi-open set [7] if A < cl (int(A))
and a semi-closed set if int(cl(A)) <
A.

3) a semi-preopen set [1] if A <
cl(int(cl(A))) and a semi-pre-closed
set [2] if (int(cl(A))) € A.

4) a regular-open set [16] if A =
int(cl(A)) and a regular-closed set if
A = cl(int(A)).

Definition 2.2. [3] For any subset A of
(X,t), rcl(A)=N{B:B2A, B is a regular
closed subset of X}.

Definition 2.3. A subset A of a topological
space (X,1) is called

1) a generalized closed set (briefly g-
closed) [8] if cl(A) € U whenever A
€ U and U is open in (X,7).

2) a generalized semi-closed set (briefly
gs-closed) [2] if scl(A) < U whenever
A € U and U is open in (X,1).

3) a semi generalized closed set (briefly
sg-closed) [5] if scl(A) € U whenever
A € U and U is semi-open in (X,7).
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4) an generalized a-closed set (briefly
ga-closed) [10] if ocl(A) € U
whenever A € U and U is a-open in
(x,7).

5) an a-generalized closed set (briefly
ag-closed) [9] if acl(A) €& U
whenever A € U and U is open in
(x,7).

6) a generalized semi-preclosed set
(briefly gsp-closed) [6] if spcl(A) <
U whenever A € U and U is open in
(X,1).

7) a generalized preclosed set (briefly
gp-closed) [11] if pcl(A) < U
whenever A € U and U is open in
(X,1).

8) a generalized closed set (briefly g'-
closed) [17] if cl(A) € U whenever A
C U and U is g-open in (X,1).

9) a regular generalized closed set
(briefly rg-closed) [15] if cl(A) € U
whenever A € U and U is regular
open in (X,T).

10) a generalized regular closed set

(briefly gr-closed) [5] if rcl(A) € U

whenever A€ U and U
is open in (X,1).

3.gr'-CLOSED SET

Definition 3.1. A subset A of a topological
space (X,t) is called a generalized regular
star closed  set [ briefly gr-closed ] if
Rcl(A)cU whenever ACU and U is g-open
subset of X.

Theorem 3.2. ¢ and X are generalized
regular star closed subset of X.

Theorem 3.3. Every closed set in X is gr -
closed in X.

Proof: Let A be a closed setin X. Let U be a
g-open such that ACU. Since A is closed,
that is  cl(A)=A, cl(A)cU. But

cl(A)SRcl(A)SU. Therefore
Hence A is gr -closed set in (X,1).

Rel(A)cU.

Theorem 3.4. Every r-closed set in X is gr -
closed in X.

Proof: Let A be r-closed set in X. Let U be
g-open such that ACU. Since A is r closed,
we have Rcl(A) = AcCU. Hence A is gr -
closed set in (X,1).

Example 3.5. The converses of the above
need not be true as seen from the following
example.

Consider the topological space X={a,b,c,d}
with the topology t© = {d¢, {d}, {b,c},
{b,c,d},X}. Let A={a,c,d}. Then A is gr -
closed set but not closed set and r-closed set.

Theorem 3.6. For a topological space (X,7),
the following conditions are hold.

(i) Every gr'-closed set is gs-closed set.

(i) Every gr -closed set is sg-closed set.

(iii) Every gr -closed set is gp-closed set.

(iv) Every gr -closed set is gsp-closed set.
(v) Every gr'-closed set is rg-closed set.

(vi) Every gr -closed set is gpr-closed set.
(vii) Every gr -closed set is ag-closed set.
(viii) Every gr'-closed set is g-closed set.
Proof: i) Let A be gr -closed set in X. Let U
be open set such that ACU. Since every
open set is g-open and A is gr -closed, we
have scl(A)crcl(A)SU. Therefore A is gs-
closed set in X.

ii) Let A be gr-closed set in X. Let U be a
semi-open such that ACU. Since every
semi-open set is g-open and A is gr -closed.
We have scl(A) Crcl(A)SU. Therefore A is
sg-closed set in X.

iii) Let A be gr'-closed set in X. Let U be a
open set such that ACU. Since every open
set is g-open and A is gr -closed. We have
pcl(A) Crcl(A)<cU. Therefore A is gp-closed
set in X.
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iv) Let A be gr-closed set in X. Let U be a
open set such that ACU. Since every open
set is g-open and A is gr -closed. We have
spcl(A) crcl(A)cU. Therefore A is gsp-
closed set in X.
v) Let A be gr-closed set in X. Let U be ar-
open set such that ACU. Since every r-open
set is g-open and A is gr-closed. We have
cl(A) crcl(A)SU. Therefore A is rg-closed
set in X.
vi) Let A be gr'-closed set in X. Let U be a
r-open set such that ACU. Since every r-
open set is s-open and A is gr -closed. We
have pcl(A) crcl(A)SU. Therefore A is gpr-
closed set in X.
vii) Let A be gr'-closed set in X. Let U be a
open set such that ACU. Since every open
set is g-open and A is gr'-closed. We have
acl(A) crcl(A)<U. Therefore A is ag-closed
set in X.
viii) It is obvious.

The converses of the above need not
be true as seen from the following example.

Example3.7.Consider the topological space
X={a,b,c,d} with topology
={b,{c}{d}.{c,d}{b,c,d} X} Let A={b}
is g-closed, gs-closed, sg-closed, gp-closed,
gsp-closed, rg-closed, gpr-closed and og-
closed set but not gr'-closed set in (X,7).

Theorem 3.8. Every gr-closed set is gr-
closed set but not converserly.

Prove: Let A be gr-closed set in X. Let U
be a open set such that ACU. Since every
open set is g-open and A is gr -closed. We
have cl(A) < rcl(A) € U. Therefore A is gr-
closed set in X.

Example 3.9. Consider the topological
space X={a,b,c,d} with topology

={¢,{a,b},{c,d},X}. Let A= {a} is or-
closed but not gr'-closed set in (X,1).

Remark 3.10. gr -closed sets and ga-closed
sets are independent of each other. It is
shown by following example.

Example 3.11. In Example: 3.5, The subset
{b} is ga-closed*but not gr -closed and the
subset {a,d} is gr -closed but not ga-closed.

Remark 3.12. gr-closed sets and g's-
closed sets are independent of each other. It
is shown by following example.

Example 3.13. In Example: 3.7, The subset
{a, c, d} is gr'-closed set but not g s-closed
set and the subset {b} is g's-closed but not
gr -closed set.

Theorem 3.14. Let A be a g-open subset of
(X, 7). Then A is r-closed set if A is gr -
closed set.

Theorem 3.15. A subset A of (X,1) is a
generalized regular star closed set if it is a
regular

closed set.

Remark 3.16. The converse of the above
theorem need not be true which follows
from the example 3.5. Let A={a}. Then A'is
generalized regular star closed set but not a
regular closed set.

Theorem 3.17. The finite union of the gr -
closed sets is gr -closed.

Proof: Let A and B be gr'-closed sets in X.
Let U be a g-open in X such that AUBCU.
Then AcCU and BCU. Since A and B are
gr-closed set closed, rcl(A)SU and
rcl(B)<U. Hence rcl(AUB) = rcl(A) U rcl(B)
C U. Therefore AUB is g r-closed.

Theorem 3.18. The finite intersection of
two gr -closed sets is gr -closed.
Proof: The proof is obvious.
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Theorem 3.19. The intersection of a
generalized regular star closed set and a
closed set is a generalized closed set.

Proof: Let A be a generalized regular star
closed subset of X and F is a closed set. If U
is an g-open subset of X with ANFCU then
ACUU(X\F). So, Rcl(A)SUU(X\F). Then
cl(ANF) = cl(A)Ncl(F) € Rcl(A)Ncl(F) =
Rcl(A)NF <€ U. So ANF is a generalized
closed set.

Remark 3.20. The intersection of a
generalized regular star closed set and a
regular closed set is a generalized regular
star closed set i.e, the intersection of two
regular closed set is a generalized regular
star closed set.

Theorem 3.21. Let ACBCRCcl(A) and Ais a
generalized regular star closed subset of
(X,7) then B is also a generalized regular star
closed subset of (X,1).

Proof: Since A is a generalized regular star
closed subset of (X,r). So, Rcl(A)CU,
whenever ACU, U being an g-open subset
of X. Let AcBCRcl(A).i.e Rcl(A)=Rcl(B).
Let if possible, there exists an open subset V
of X such that BSV. So, ACV and B being
generalized regular star closed subset of X,
Rcl(A)CV i.e Rcl(B)SV. Hence B is also a
gr -closed subset of X.

Theorem 3.22. Let AcBCSX, where A is g-
open in X. If A is gr -closed in X, then A is
gr -closed in B.

Proof: Let ACU, where U is g-open set of
X. Since U=VNB for some g-open set V of
X and B is g-open in X. Using assumption A
if gr'-closed in X. We have Rcl(A) €U and
so Rcl(A)=cl(A)NBSUNBCU. Hence A is
gr -closed in B.

Theorem 3.23. Let ACBCSX, where B is g-
open and gr -closed in X. If A is gr'-closed
in B then A is gr -closed in X.

Proof: Let U be a g-open set of X such that
AcU. Since ACUNB, where UNB is g-open
in B and A is gr'-closed in B, Rcl(A)SUNB
holds. we have Rcl(A)NBCSUNB. Since
ACB we have Rcl(A)<SRcl(B). Since B is g-
open and gr -closed in X, by Theorem 3.14
B is r-closed. Therefore Rcl(B)=B. Thus
Rcl(A)cB implies
Rcl(A)=Rcl(A)NBSUNBCU. Hence A is
gr-closed in X.

Theorem 3.24. A subset A of X is
generalized regular star closed sets iff
Rcl(A)NA® contain the non-zero closed set
in X.

Proof: Let A be a gr'-closed subset of X.
Also if possible let M be a closed subset of
X such that MESRcl(A)NA® i.e, MSRcl(A)
and MCA". Since M is a closed subset of X,
M° is an open subset of XSA. A being gr -
open subset of X, Rcl(A)cSM®. But
McRcl(A). So, we get a contradiction,
which leads to the conclusion that M=¢. So
the condition is true. Conversely, Let ACN,
N being an open subset of X. Then N°CA,
N° is a closed subset of X. Let if possible
Rcl(A)EN, Then Rcl(A)NN® is a non-zero
closed subset of RCI(A)NAS, which is a
contradiction. Hence A is a gr -closed subset
of X.

Theorem 3.25. A subset A of X is gr-
closed set in X iff Rcl(A)-A contains no
non-empty g-closed set in X.

Proof: Suppose that F is a non-empty g-
closed subset if Rcl(A)-A. Now FSRcl(A)-
A. Then FCcRcl(A)NAS.  Therefore
FCRcl(A) and FEA®. Since F°© is g-open set
and A is gr-closed, Rcl(A)SF. That is
FCRcl(A)". Since F° is g-open set and A is

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 145




International Journal of Mathematics Trends and Technology — Volume 6 — February 2014

gr-closed, RCclI(A)SF®. ie FCcRcl(A)
Hence FCSRCI(A)N[Rcl(A)]°=¢. i.e F= ¢.
Thus Rcl(A)-A contains no non-empty g-
closed set. Conversely, assume that Rcl(A)-
A contains no non-empty g-closed set. Let
AcCU, U is g-open. Suppose that Rcl(A) is
not contained in U. Then Rcl(A)NU° is a
non-empty g-closed set and contained in
Rcl(A)-A  which is a contradiction.
Therefore Rcl(A)SU and hence A is gr -
closed set.

Theorem 3.26. For each xeX, either {x} is
g-closed or {x}°is gr -closed in X.

Proof: If {x} is not g-closed, then the only
g-open set containing {x}° is X. Thus
Rcl(x°) is contained in X and hence {x}° is
gr'-closed in X.

Theorem 3.27. In a partition space, every
gr -closed is g-closed set.

Proof: Let A be a gr-closed and AcU,
where U is open. Since every open set is a g-
open set and U is g-open. By hypothesis A is
gr -closed set. Hence we have Rcl(A)cU. In
partition space every closed set is open.
Hence the class of r-closed sets coincides
with the class of closed sets. Therefore we
have cl(A)SRcl(A)SU. Thus we have A is
g-closed.

Theorem 3.28. In a partition space, every
gr -closed is rg-closed set.

Proof: Let A be a gr-closed and AcU,
where U is r-open. In partition space every
closed set, the class of r-closed sets
coincides with the class of closed sets (open
sets) and the class of r-open sets also
coincides with the class of closed sets (open
sets). Therefore we have (
X,1)=RO(X,1)=RC(X,1). Hence we also get
in a partition space every r-open set is a g
open set. So we have U is a g —open set with

AcCU. By hypothesis A is gr'-closed. Hence
we have Rcl(A)SU. Thus we have A is rg-
closed.

Theorem 3.29. A subset A of a topological
space (X,t) is gr-closed if and only if
Rcl(A)<g kernel of A.

Proof: Necessity: Suppose that A is gr -
closed in X. Suppose x € Rcl(A) but x ¢g
kernel of A. Then there exists a g-open set
G2A, such that x¢ G. But Rcl(A)<SG, since
A is gr-closed and G is g-open containing
A. Hence xeRcl(A) and x¢G is a
contradiction. Therefore Rcl(A)Sg kernel
of A.

Sufficiency: Let Rcl(A)<g kernel of A. Let
ACU where U is g-open. Then g kernel of
AcU, implies Rcl(A)SU. Hence A is gr'-
closed.

4. gr'-OPEN SETS

Definition 4.1. A subset A of a topological
space X is called gr -open set if A®is gr -
closed.

Theorem 4.2. A subset A of a topological
space ( X,t) is gr-open if and only if
BCRint(A) where B is g closed in X and
BCA.

Proof: Necessity:  Suppose BCRint(A)
where B is g-closed in ( X,t) and BSA. Let
A® € M, where M is g-open. Hence M® CA,
where M€ is g-closed. Hence by assumption
M cRint(A), which implies [Rint(A)]°SM.
Therefore Rcl(A)SM. Thus A° is gr-
closed, implies A is gr -open.

Sufficiency: Let A is gr-open in X with
NCSA, where N is g-closed. We have A® is
gr -closed with A° €N® where N is g-open.
Then we have Rcl(A9)SN® implies NSX-
Rcl(A%)=Rint(X-A%)=Rint(A). Hence
proved.
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Theorem 4.3. Every r-open set is gr -open
set.

Proof: Let A be a r-open set. Then X-A'is r-
closed. By Theorem 2.4, X-A is gr -closed.
Hence A is gr -open set.

Theorem 4.4. If Rint(A)SBCA and A is a
generalized regular star open subset of (X,7)
then B is also a generalized regular star open
subset of (X,1).

Proof: Rint(A)SBCA implies
ACCBCcRcl(A%). Given A® is gr-closed.
By Theorem 3.21 B is gr -closed. Therefore
B is gr -open.

Theorem 4.5. If a subset A of a topological
space (X, 1) is gr-open in X then F=X,
whenever F is g-open and Rint(A)SA°CF.
Proof: Let A be a gr-open and F be g-open,
Rint(A)UA°CF.  This gives F°c(X-
Rint(A))NA=Rcl(A“)NA=Rcl(A®) - A°.
Since F° is g-closed and A® is gr -open by
Theorem 3.25 we have F°=@. Thus F=X.

Theorem 4.6. If a subset A of a topological
space (X,7) is gr - closed, then Rcl(A)-A is
gr'- open.

Proof: Let AcX be a gr-closed and let F
be g-closed such that FERcI(A)-A. Then by
Theorem 3.25 F=@. So @=FcRint(Rcl(A)-
A). This shows that A is gr -open set.

Theorem 4.7. If AxB is a gr -open subset of
(XxY, 1x0), iff A is a gr-open subset
in(X,t) and B is a gr -open subset in (Y,0).

Proof: Let if possible AxB is a gr-open
subset of (XxY, txo0). Let H be a closed
subset of (X,7) and G be a closed subset of
(Y,0) such that HCA, GEB. Then HxG is
closed in (XxY, t%o) such that HXGS AXB.
By assumption AxB is a gr -open subset of
(XxY, TXG) and SO
HxGCRint(AxB)<CRint(A)xRint(B). I.e

HCRint(A), GSRint(B) and hence A is a
gr-open subset in (X,7) and B is a gr -open
subset in (Y,5). Conversely, Let F be a
closed subset of (XxY, txo) such that FC
AXB. For each (X,y)<F,
cl(X)xcl(Y)<cl(F)=F< AxB. Then the two
closed sets cl(X) and cl(Y) are contained in
A and B respectively. By assumption
cl(X)SR int A and cl(Y)<R int B hold. This
implies that for each (Xy)SF, (XYy)ER
int(AxB). AxB is a gr-open subset of
(XxY, 1%5). Hence the theorem.
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