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Abstract
In this paper we introduce a set of new paranormed sequence spaces |0O (p,A), c(p,A)and Co (p, A) which are generated by an
infinite lower uni triangular matrix A =S " where S = (Snk) is an infinite matrix given by,
L 0<k<n
S= (Snk ) = A.
0; k>n
as defined in [6] . We also compute the basis for the spaces C(p,ﬂ,) and Co(p,ﬂ.), obtain B — dual for all these spaces and
characterize the matrix classes (1., (P, A), |w) (1,.(p.A), C) and (1,,(p,A).¢, ) .
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I. INTRODUCTION

By @ we mean the space of all complex valued sequences. A vector subspace of @ is called a sequence space. We shall write
|, .cand C, for the spaces of all bounded, convergent and null sequence respectively. A linear topological space X over the
field R is said to be a paramormed space if there is a subadditive function g: X — Rsuch that g(68)=0, g(x)=g(—X)
and scalar multiplication is continuous i.e. |c, —ot|— 0and g(X, —X) — 0 imply g(a, X, —aX) =0 for all o’s in R
and all x’s in X, where 6 is the zero vector in the linear space X . If p = (P, ) be a bounded sequence of strictly positive real
numbers, 1.J. Maddox [1,2] defined the sequence spaces | (p), c(p)and C,(p) as follows:

Im(p)z{x =(%,) € w:sup|x |* < oo}

k

C(|0)={x=(xk) cw:lim|x ~1|* =0, for some | eD}

Co(p)z{X=(Xk)ew:Lm|Xk|pk =O}.

The space C,(p)is a complete paranormed space paranormed by h(X)=Sup|Xk|M and the spaces | (p)and c(p)are
k

complete paranormed spaces paranormed by h(X) ifand onlyif inf p, >0 .

Let X and Y be any two sequence spaces and A=(a,, );N,K € N be infinite matrix of complex numbers a,, . Then we say

that A defines a matrix mapping X into Y ;and it is denoted by writing A: X —Y if for every sequence X=(x,)e X ,
the sequence ((Ax), ) isin Y , where

(AXx), =§;1ankxk ; nell (1.2)

By (X,Y)we denote the class of all matrices A such that A:X —Y . Thus, A€ (X,Y) if and only if the series on right
side of (1.1) converges for each n e[] and every X€ X ; and we write, AX={(AX)n}neL eY forall xe X .
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The matrix domain X , of an infinite matrix Ain a sequence space X is defined by
X,={x=(x)ew:Axe X} 1.2)
which is a sequence space.

We now introduce new sequence spaces X (p, A)

for X €{l_,c,c,}as,
X(p,/l)z{Xz(Xk):/lXe X(p)} where

n-k+1; n>k
A=(h)=8"={ " |
0; otherwise (13)
1 0<k<n
d S=(s,)= )
an ( nk) {O, k -n

X (p,A)is now the set of all sequences {uk}whose A =S"- transforms are in the sequence space X €{l_,c,C,} where
the sequence

{uk}:{iik;l(k—i+1)xi} (14)

Using the notation as in (1.2) we can represent X (p, 1) as

X(p,A)=[X(p)],-

We shall now establish some propositions.
Proposition 1 : Sequence space Co(p, A) is linear metric space paranormed by g, defined by

g(X)=Sup|AX|V,Where M =max(L,sup p,)
k k

W
= SL:p|uk| :
Proof: From the definition of g it is clear that g(X) =0<> X =0and g(—X)=g(X) for all X €C,(p,A). To show linearity

of C,(P, A)with respect to coordinate-wise addition and scalar multiplication, let us take any two sequences X, Y € C,(p,4)

and scalars a, 8 €[] . Since A is linear operator by [8] ,we note that

g(aX+ﬁy)=SL:p|/1(aX+ﬁy)|M

< max{L|e[}sup |/’Lx|V +max{L | B[} sup |/ly|v
k k

= max{L|af}g(x) + max{L Bl g(y)
This follows the sub additivity of g i.e.
g(x+y)<g(x)+g(y) (15)
Now it remained to show the continuity of scalar multiplication in C,(p, ) . For it, let {X"} be any sequence of the points in

C, (P, A) such that

g(x" —x) — Oand{c, } be sequence of real scalars such that &, — & . Now by using (1.5), we have

g(x")<g(x)+g(x" —x)
Further,

Pe
M

g (e, X" —ozx)=sup|}»(oznxn —aX)
k
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Py Py
<o, —a|m g(x") +|a, —a[m g(x" —x)) <o
(foralln)
(1.6)

Since {g(x")}is bounded, we find from (1.6) that

g(a,X"—ax)<owforall nell .

That is, the scalar multiplication for g is continuous and therefore g is a paranorm on the sequence space C, (p,A).

It can easily be verified that g is the paranorm for the spaces |_(p,A) and c(p,A) if and only if inf p, >0 .

Proposition 2 :The sequence spaces X (p,A) for X €{l_,c,c,} are complete metric spaces paranormed by g, defined as in
proposition 1.

Proof: We prove this proposition for C,(, 4). Take a Cauchy sequence{X"}in the space C,(p,4), where

X" =, x™, xM, LY

Now for given & > 0, there exists a positive integer N, (&) such that,

g(x"—=x")<egforall mnxn (g).

Also, from the definition of g for each fixed k e I , we have
P
X"} —{AxXTY, |

< sup|{lx”}k _{lxm}k |%

< 8k

forall m,n>n (g) .

Now , this implies that, {(1x"),,(AX"),,(AX%),,...}isa

Cauchy sequence in [J for each fixedk € [ . Since [J is complete, the sequence {),X”}k converges and let
X"}, > {Axtasn—> oo .

For each fixed k €[] , m —ooand n>n (&), itis clear that

P
{AX" ~{Axk | s% @)
since X" ={x"}ec,(p,A), we have
P
{ax" v s% 1.8)

for each fixedk e[ .
Combining (1.7) and (1.8), we obtain that

x|
< |{1Xn}k _{Ax}k|% +|{}“Xn}k |%
<¢g

forall n>n,(g).
Hence , the sequence {AX} € C,(p) . Since {X"}was an arbitrary Cauchy sequence in C,(p, A), we conclude that the space
Co (P, A)is complete. It completes the proof.

Proposition 3: The sequence spaces X (P, 4) for X €{l_,c,c,} are linearly isomorphic to the respective spaces X.

Proof: For each X € X (P, A), we have AX € X(p), where X as defined in (1.3) . It is easy to verify that A is linear and
bijective. Also the matrix A has an inverse given by,
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1 k=n,n>3 and k<n-2
u=(u,)=40;, k>nn>4 and k<n-3 (1.9)
-2; n>2 andk<n-1
Thus, the sequence spaces X (P, A) is linearly isomorphic to X (p) .
Proposition 4: Let &, =(AX), and 0< p, SSLljp p, <oofor all K€ N . We define the sequence " ={yn(k)}net for

every fixedK € N as in (1.9). Then,
(i) the sequence {yn(k) }nE[ is the basis for the sequence space Co( p,A) and any X € Co( P, A) has a unique representation

x=3 ¢u™ and
k=t
(ii) the set {v, 1™ }is a basis for the space ¢(p, A)and any X € ¢(p, A) has a unique representation in the form
x=lo+ 3 (g, ~Hu®
k=1

where | =I|(im (Ax), and 0" =(1,3,0,0,...)
Il. DUALS

In this section we find the /3 -dual of the sequence space |_ (P, A). If X be a sequence space , we define 3 —dual of X as:
X7 ={a=(ak): > a,X, isconvergent foreachx e X }
k=1

Theorem 2.1: Let p, >0 forevery k e N. Then 17 (p,1)=M_(p, A) where

M_(p,4) =Nﬁ {az(ak):kfj|A2ak|N " <oo}and A’a, =Aa, —Aa,,, .

=2 =1

Proof: Let aeM_(p,4) and xel_(p,A) .We choose an integer N > max(l,sup|uk|pk) . Then we have ,
k

m m k
‘Z a, X, =‘Z (Aa, —Aa,)u,| ; whereu, = > (K—i+1)x
k=1 k=1 i=1
T A2
= EIA a U,

< §|A2ak||uk|
k=1

§§3|A2ak|Npk
k1
<o,
Hence, M_(p,A)c 1’ (p,A).

On the other hand , let a1/ (p, A) but ag M_(p,A). Then there exists an integer N>1 such that
1

2|A2ak|Np7 — 0.

k=1

Then.{A*a,}¢ 1. (p)=M..(p).

Hence , there exists a sequence Y ={y,} <€l _(p)such that > A’a y, does not converge. Although if we define the
k=1

sequence t ={u, }by
My =Y = 2Yy + Yy with y; =0for j<O,
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then €l _(p,A)and therefore, Y a,p, = Azak Y, - Hence it follows that the series " @, 1, does not converge ; which
k=1 k=1 k=1
is contradiction to our assumption that a € 1_” (p, A) .Hence we must have,
1
D |A2ak |N P < oo
k=1
This shows that |_” (p,A) = M_ (p, 1) . It completes the proof.
Theorem 2.2: Let p, > Ofor every k € N . Then ¢,” (p, 1) =M, (p, 1) where

_L
Mo(p,2)= U {a= (ak):k§1|A2ak|N P < o0},

Proof: Let a € M,(p, A)and X € C,(p, ). Then
1

> |A2ak|N P < oo for some N>1 and
k=1

P
Juy|™

Z|akxk|=Z|A2akuk|
k=1 k=1
< i|A2ak||uk|
k=1
0 _i
< Z|A2ak|N P
k=1

<o

Hence, M,(p,A) = ¢,” (p, ).

1
< Wfor all sufficiently large k ; whence for such k ,

On the other hand, let a € ¢,” (p, A)but a & M,(p,A). Then convergence of i a,x, for all X € c,(p, A)implies that
k=L
aeM,(p, ). For otherwise , as in the proof of theorem 2.1, we can easily construct a sequence i € C,(p, A)such that

> a, i, does not converge; which becomes contradiction.
k=L

Hence, ¢,” (p, A1) = My (p, A).
This completes the proof.
Corollary: Let p, > Oforevery k e[] . Then ¢’ (p,1)=M,(p,A) Ncs

I1l. MATRIX TRANSFORMATIONS

In this section we characterize the classes (1, (p, 4),1..), (I, (p,4),c) and (I_(p, 1),C,) .

Theorem 3.1 :Let p, > Oforevery k €[] . Then Ae (I (p,A),1,) ifand only if
1

N P« < oo for every integer N>1.

- 2
supy_ |A a,
n k=l
Proof:Let the condition holds. Then we have,

1
NP <o,

0

supy_ |A2ank

N k=1

Take X €l_(p,A). Then Ax el_(p)and hence sup|/1x P < o0 So there exists an integer N > 1such that
k
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1

Ax| < NP
0 0 Kk
Then, Zankxk = ZAzankuk where U, = Z (k —i+1)x
kL P} =
<Y [Aay|uy
=1
o 1
< supZ|A2ank N P
i
<o,

Hence it follows that Z:ankxk converges foreach nel] and AX el .
k=L
On the other hand , let Ae (I_(p,4),l,) . Asacontrary let us assume that there exists an integer N = 1 such that
1

N P =00,

0

sup Z |A2ank

n
Then the matrix (A’a,, ) & (I (p),1,), as in theorem 3 [3]and so there exists a Y = (Y, ) €, (p) with sup|yk| =1such
k

that
ZAzank Y #0()
k
Although if we define the sequence 1 ={u, }by
Hy =Y = 2Yq + Y withy; =0 for j<O, then
wel, (p,A)and therefore

o0 o0 2
Elankuk =I§1A an Yy -

It follows that the sequence {A, (1)} |, ; which is contradiction to our assumption.
1

N P¢ < coand it completes the proof.

Thus, SUp i |A2ank
=1

n k=
Theorem 3.2 : Let p, > Oforevery kK € N. Then Ae (I, (p, 4),C)if and only if

© 1
(i) Y| ey
k=1

vy |t 2 2 .
(i) limA®a,, =A°e, for some fixed k.

n—oo

N P« converges uniformly in n for all integers N>1.

Proof: Let the conditions (i) and (ii) hold. Then from corollary of theorem 3 [3] the matrix
(A%a,) e (L.(p).c).

By using kilank X = éAzankuk’ (3.1
we have, (A, (X)) e (l,,(p,A),c)forevery nell .

Hence, Ae (I_(p,A),C).

On the other hand let A< (I (p, 4),C) . Thenfrom (3.1) it follows that

(A%a,) e (L.(p).c).

Hence from corollary of theorem 3 [3], we arrive at the result that the conditions (i) and (ii) hold.
Using the same arguments as in the theorems (3.1) and (3.2), it is straight forward matter to prove the theorem:
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Theorem 3.3: Let p, >Oforevery k € N. Then Ae(l_(p,1),c,)ifand only if

M) Y |Aay
k=1

(i) limA%a,, =A’q, withey, =0 forall k €[]

n—oo

1
N P converges uniformly in n for all integers N>1

IVV. CONCLUSIONS

We conclude that, the new sequence spaces |, (p,4), c(p,A) and c,(p,A) have been constructed and studied as a
generalization of the sequence spaces| (), c(p)andc,(p) respectively by infinite matrix S” = 4 as the generator. The

sequence b = (b,) ={(1,0,0,...),(—2,1,0,0,...),(1, —2,1,0,0,...),...} zl (p) but Abel (p).
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