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1.INTRODUCTION

In 1976, Jungck [5] investigated an inter-
dependence between commuting mappings and
fixed points .Singh [13] further generalized the
above result and proved unique common fixed
point theorem two continuous and commuting
mappings S and T from a complete metric space
(X,d) .Ranganathan [12] has further generalized

the result of Jungck [5] which gives criteria for the
existence of a fixed point.Fisher[3] also proved
the unique common fixed point theorem for two
commuting mapping.Some common fixed point
theorem of three and four commuting mapping
were proved by Fisher[4],Khan and Imdad[8] and
Lohani and Badshah[10] kang and kim[9].

In 1982 Sessa[14] defined weak commutativity in
the theorem of Jungck[5] and its various
generalizations by introducing the weak
commutativity.Jungck[6] introduced again more
generalized  commutativity,the  so  called
compatibility,which is more general than that of
weak commutativity.After that Jungck[7] coined
the term of compatible mappings in order to
generalize the concept of weak
commutativity.compatible  mapping  received
much attention in recent years(see 1,2,11,15,16 ).

The main purpose of this paper is to present fixed
point results for four self maps satisfying a new
contractive condition by using the concept of
compatible maps in a complete metric space.
Which is generalization of the result of
Badshah,Chauhan and Sharma[l] by using
another type of rational expression. To illustrate
our main theorems, an example is also given.

2. Definition 2.1: If Sand T are mappings from a
metric space ( X, d ) into itself, are called
commuting on X, if

d(STx,TSx)=0 forall xin X,
Definition 2.2: According to Sessa [14] two self
maps S and T defined on metric space (X,d) are
said to be weakly commuting maps if and only if
d(STx,TSx)<d(Sx,Tx), forall X € X.
Definition 2.3: If Sand T are mappings from a
metric space ( X, d ) into itself, are called
compatible on X, if

lim d(STx,,,TSx,,) = 0 ,whenever {x}is a

m-—o0

sequence in X such that lim Sx,, = lim Tx,, = x for

m—o0 m—o0

some point X in X.
Clearly, S and T are compatible mappings onX,

then d(STx,TSx) =0,when d(Sx,Tx) =0 for
some point X in X.
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Note that weakly commuting mappings are
compatible, but the converse is not necessarily
true.

3. Lemma 3.1[6]: Let S and T be compatible
mappings from a metric space (X, d) into itself.
Suppose that lim Sx, = limTx, =x for some

m—o0 m—o0

point x in X.

Then lim TSx,, = Sx, if S is continuous.

Now, let P,Q, S and T be mappings from a
complete metric space (X, d) into itself satisfying
the conditions

S(X) = Q(X), T(X) = P(X) ..(3.1)

and
d(5x,Ty) =

¢ a{[d(Px,5x)]% + [d(Qy. Ty ]}
[d(Px,5x)1% + [d(@y. Ty)]?

B{[d(Px,@v)]* + [d(Px.T¥)]*}
[2d(Px, Qy) + 3d (Px,Ty)]
yld(Px, Sx) + d(Px, Tyl]

; if Dy £0,D, %0

: if D, = 0,0, =0
...(3.2)
Where D, =[d(Px, Sx)]* +[d(Qy,Ty)]* and
D, =[2d(Px,Qy) +3d(Px, Ty)]

For all X,y € X where a, B,y >0and
a+2fB+y< 1. Then for an arbitrary point
X, € X ,by (3.1) we choose a point x,in X such
that Qx, = Sx,and for this point x,,there exists a

point X,in X such that Px, =Txand so on.

Proceeding in the similar manner, we can define a
sequence {y, }in X such that

Yoma = QX2m+1 = Ssz and Yom = PXZm :TXZm—l
...(3.3)

Lemma 3.2[7]: Let P, Q, S and T be mappings
from a metric space (X, d) into itself satisfying the

conditions (3.1) and (3.2).Then the sequence
{y,, {defined by (3.3) is a Cauchy sequence in X.

4. Main Result:

Theorem 4. 1: Let P, Q, S and T be mappings
from a metric space (X, d) into itself satisfying the
conditions (3.1) and (3.2) and suppose that

One of P, Q, S and T is continuous, ..(4.1.1)

Pairs (S, P) and( T, Q) are compatible on X
...(4.1.2)

Then P, Q, Sand T have a unigucommon fixed
point in X.
Proof: Let {y, }be the sequence in X defined by

(3.3) .By lemma 3.2, {y, }is a Cauchy sequence

and hence converges to some point u in X.
Consequently ,the subsequences

{%om 1 {PXom 2 {TXom s fand - {QX,,,,, fOF sequence
{y,, }also converges to u.

Now suppose that P is continuous. Since S and P
are compatible on X, lemmas 3.1 gives that

p*X,,and Spx,, — pu as m— oo

Consider ...(3.2)

d(SPX,, T, 1) <
o{[d (P* Xy, SPX, )1 +[d Qo TXp I}
[d (P2X2m , SPX,p, )1 +[d (QXZm—l’TXZm—l)]2
N LA (P X0, Q% )P +[A(P* Xy, TXp 1)1}
[2d (P?X,,,, QX1 )]+ [3d (P Xy, TXyp 4 )]
+y[d(P*X,,,, SPX,, ) + d(P*X,,, TX, 1)]

Letting m — coand using above results we get

d(Pu,u) < a[d(Pu, Pu) +d(u,u)]
+ A[d(Pu,u)]+d(Pu,u)]
+y[d(Pu, Pu)]+d(Pu,u)]
d(Pu,u) <24d(Pu,u) + d(Pu,u)

@1-2p—-y)d(Pu,u) <0 so that Pu=u.

Again consider
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d(Su,Tx,,, ;) <
a{[d (Pu, SU)P +[d(QxX,p 4 TXpp I}
[d(Pu, Su)]? +[d(QxXyp 1, T )T

N AL (Pu, QX ,)1” +1d (Pu, Ty, 4)]°}
[2d (Pu, QX,p, 1)1+ [3d (P, TX,, )]
+ y[d(Pu, Su) + d(Pu,Tx,,, ;)]
< afd(Pu, Su) +d(QXzn 1, TXpm-1)]
+ Ald (Pu, QX ;) +d (PU, Ty, )]
+y1d(Pu, Su) + d(Pu,Tx,,, ;)]
Letting m — coand using above results we get

d(Su,u) < efd(u,Su) +d(u,u)]
+pld(u,u)]+d(u,u)]
+y[d(u, Su)]+d(u,u)]

d(Su,u) < ead(u, Su) + d(u, Su)

@—a—-y)d(u,Su) <0 so that Su=u.

Since S(X) < Q(X) and hence there exist a
point v in X , such that

u=Su=Qv.

d(u,Tv) =d(Su,Tv)
< ao{[d(Pu, Su)J® +[d(Qv,TV)]*}
~ [d(Pu,Su))? +[d(Qv,TV)]?
N A{ld(Pu,Qv)]* +[d(Pu,Tv)]*}
[2d (Pu,Qv)]+[3d (Pu,Tv)]
+ 7[d(Pu, Su) +d (Pu, Tv)]
_ oAldu,u)l’ +[d(u, TV)I}
~ [d(u,u))? +[d(u, Tv))?
. Ald (u,W)I* +[du,Tv)I*}
[2d (u,u)]+[3d(u,TV)]

+y[d(u,u) +d(u,Tv)]
d(u,Tv) <ead(u,Tv) +%,Bd(u,Tv) + 7 (u,Tv)

l-a —g—y/)d(u,Tv) <0

So that u=Tv.

Since T and Q are compatible on X and
Qv=Tv=uand d(QTv,TQv) =0and  hence
Qu=QTv=TQv=Tu.
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Moreover by (3.2) ,we obtain

d(u,Qu) =d(Su,Tu)

< o{[d(Pu, Su)]® +[d(Qu, Tuw)]’}
~ [d(Pu,Su)]* +[d(Qu,Tu)]?
N A{[d(Pu,Qu)]* +[d(Pu,Tu)]’}
[2d (Pu,Qu)]+[3d(Pu,Tu)]
+ y[d(Pu, Su) + d(Pu,Tu)]
L A[d (u,u)]’ +[d(Qu,Qu)I’}
[d(u,u)]* +[d(Qu,Qu)]?
. Al (u,Qu)]* +[d(u,Qu)I’}
[2d (u,Qu)] +[3d (u,Qu)]
+y[d(u,u) +d(u,Qu)]
d(u,Qu) < B[d(u,Qu) +d(u,Qu)] + »d (u,Qu)
d(u,Qu) < 2/5d(u,Qu) +d(u,Qu)

(1-24—-y)d(u,Qu) <0 So that Qu =u.

Therefore uis a common fixed point of P, Q, S
and T.

Similarly, we can also complete the proof, when
Q is continuous. Since S and P are compatible on
X, it follows from lemma 3.1 that

2
S°X,,and PSx,, —Su as m— .

By (3.2),we have

d (S 2X2m ’TX2m—‘1) S
a{[d(PSX,, S X )1 + [ QX s, TXo o )I°}
[d(PSX,, S *Xom)]? + [ QX1 s T 1 )]

L AA(PSXop, Qo 1)1 + [ (PSXo0y, TXo 1)1}
[2d (PSX1, Q%o 1)1+ [3d (PSX 1, T, 4]

+ /1A (PS50, S "Xy ) + d (PSXy, Xy, 4)]

d (S 2X2m ’TXZm—”l) <
a[d (PSXZm ' S 2X2m) + d (QXZm—l 'TXZm—l)]

+ B[d (PSX,,, QX)) + d(PSX,, TXo )]
+y[d(PSX,,,,S?X,, ) + d(PSX,, , TX,, ;).

Letting m — coand using above results we get
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d(Su,u) < afd(Su, Su) +d(u,u)]
+ A[d(Su,u)]+d(Su,u) ]
+y[d(Su, Su)]+d(Su,u)]
d(u,Su) <24d(Su,u) +d(Su,u)
@—-2p-y)d(Su,u) <0 so that Su=u.

Hence by (3.1), there exists a point win X , such
that u = Su = Qw.

d(S?x,,,,Tw) <
o{[d (PSX,,, S *X,, )1’ +[d (Qw, TW)T’}
[d(PSX,, S *X,p,)]1° +[d (Qw, TW)]®
N S{Id (PSX,,, QW)I* +[d (PSX,,,, TW]*}
[2d (PSx,,,, Qw)]+ [3d (PSX,,,, Tw)]
+7[d(PSX,,,,S*X,, ) + d(PSX,,., TW)]

d(S?X,,,, Tw) < a[d(PSX,,,,S*X,,,) +d(Qw,Tw)]
+ ALd (PSX,,,, Qw) + d (PSx,,,, Tw)]
+y[d(PSX,,,,S*X,, ) + d(PSX,,,, TW)]

Letting m — coand using above results we get
d(Su,Tw) < e[d(Su, Su) +d(u, Tw)] +

Ald(Su,u) +d(Su,Tw)]

+ y[d(Su, Su) +d(Su,Tw)].
d(Su,Tw) < ad (u, Tw) + Ad (u, Tw) + »d (u, Tw)
@l—a—-p—-y)d(u,Tw) <0 so that u =Tw.
Since T and Q are compatible on X and
Qw=Tw=u d(QTw,TQw)=0 and hence
Qw=QTw=TQw=Tu.

Moreover by (3.2),we have

d(sx, Tuy< A4 (Pxo, SX,0)I° +[d(Qu.TU)}
) [d (PX,yy, K, )] +1d (Qu, TW)T?
N AId (PX,, QU)I* +[d (PX,,,, TU)]’}
[2d (PX,p,, Qu)]1+[3d (PXyp, , TU)]
+71d(PXzy, SXop ) +d (PXp,, TU)]
< a[d(PX,,,, SX,,, ) +d(Qu,Tu)]
+ Bld (PX,y,, Qu) +d (P, Tu)l
+ 71d (PXzp, SXop, ) + A (PXgp,, TU)].
Letting m — coand using above results we get

d(u,Tu) < o[d(u,u) +d(Qu,Tu)]
+ pld(u,Qu)+d(u,Tu)]

+ y[d(u,u) +d(u,Tu)].
d(u,Tu) < ad(Qu,Qu) +24d(u,Tu) + yd(u, Tu) .
@-2p8-y)d(u,Tu) <0so that u=Tu.

Since T(X) < P(X),there exists a point zin X
such that u =Tu = Pz.

d(Sz,u) =d(Sz,Tu)
< o{[d(Pz,S2)]° +[d(Qu, Tu)]’}
~ [d(Pz,S2)]? +[d(Qu,Tu)]?
N A{ld(Pz,Qu)]* +[d(Pz,Tu)]’}
[2d (Pz,Qu)] +[3d(Pz,Tu)]
+y[d(Pz,Sz) + d(Pz,Tu)] _

< af[d(u,Sz) +d(Qu,Tu)]

+ p[d(u,Qu) +d(u, Tu)]
+ y[d(u,Sz) +d(u,Tu)]

d(Sz,u) £ o[d(u,Sz)+d(u,u)]
+ Ald(u,u) +d(u,u)]
+y[d(u, Sz) +d(u,u)].
d(Sz,u) £ eod(u,Sz) + d(u, Sz)
(1—a—»)d(Sz,u)<0. sothat Sz=u.

Since S and P are compatible on X and Sz= Pz =
u, d(PSz,SPz) =0and hence

Pu = PSz = SPz = Su. Therefore, u is a common
fixed point of P ,Q ,S and T. Similarly,we can
complete the proof, when T is continuous.

Finally in order to prove the uniqueness of u,
suppose u and z, u # z,are common fixed points

of P,Q,Sand T.
Then by (3.2) ,we obtain
d(u,z) =d(Su,Tz)
< o{[d(Pu, Su)J® +[d(Qz, T2’}
~ [d(Pu,Su)]? +[d(Qz,T2)]?
N A{Id(Pu,Q2)]* +[d(Pu,T2)]’}
[2d (Pu,Qz)] +[3d(Pu,Tz)]
+ y7[d(Pu, Su) +d(Pu,Tz)]l
< aofd(u,u) +d(z,2)]
+ pld(u,z) +d(u, z)]
+ y[d(u,u) +d(u, 2)].
@-28-y)d(u,z) <0.s0 that u=z.Therefore, u

is a common fixed pointof P ,Q ,Sand T.
The following corollary follows from theorem 4.1.
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Corollary 4.1: Let P ,Q ,S and T be mappings
from a complete metric space (X,d) into itself
satisfying the conditions (3.1) and (3.2).Then P ,Q
,Sand T have a uniqgue common fixed point in X.

Theorem 4.2: Let P ,Q ,S and T be mappings
from a complete metric space (X,d) into itself
satisfying the condition (4.1.1),for some positive
integers s ,t, p and q, following condition are as
follows:

$*(X) = QU(X), T (X) = P*(X)
..(4.2.1)

and
d(S°x,T'y) =

[ af[d I:pr,.fx:l]s+[d Iqu}-,Tr}':l]s}
[a(PPx,5" )+ [a(@ ¥y T )]
B{[a(PP ¥y +[a(PPx1" )]
[2d (PP 20730 +3a (PF 2, 0% ]

; if D,=0,D,=0

(4.2.2)

Where D, =[d(P"x,S°x)]* +[d(Q%y,T'y)]* and
D, =[2d(P°x,Q%y) +3d(P"x,T'y)]
For all x,y € X where «, 8,7 >0and

a+2f+y< 1Suppose that S and T are

commuting with P and Q resepetively.Then P
,Q,S and T have a common fixed point in X.

Now, we give the example to justify our results.

Example: Let X = [0, 1) ,with d(x,y) =|x—Y|

y[d(PPx,5%x)+ d(PPx,T*y)] ; if D;#0,D,+#0

Px=Qx={%—x ;X €[02)
1

Tx = Sx={— ;X €[02)
10

In fact that SP(0) :% = PS(0) so that SP x = PSx

on [0,1).

. 1 1 1 1
Similarl T0)= =——=—and TO(0) = —
y QT(0) =710 " 10 Q(0) 10

so that QTx=TQx on [0,1).

Which shows that the pair (S,P) and (T,Q)are
weakly compatible.

Let xn=(i— lj be a sequence in X
10 10"

converges to % as n—oo.Hence , for such

X, sequences Sx,,TX,, Px,,Qx,converges to %

as N —oo.
1 1
PSx, - —,SPx, > -—as n— .
10 10
Therefore ,

limd(sPx ,Psx )=d| =, L ]=0
o 10'10

Showing that the pair (S,P) and (T,Q) are
compatible. We can easily seen that condition
(3.1),(3.2) and all the condition of theorem 4.1 is
satisfied, then from above exam@l2.it)is clear that

L is a fixed point.
10

Remark: In the above example ,the mappings
S,T,P and Q are continuous and the pair (S,P) and
(T,Q) , compatible and weakly compatible.
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