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ABSTRACT
The main of the present paper is to evaluate a general Eulerian integral involving a product of two multivariable Gimel-function. By specializing the
involved functions in this general Eulerian integral, we derived many Eulerian integrals.

KEYWORDS : Multivariable Gimel-function, multiple integral contours, Eulerian integral.

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20

1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.
Also Ny = N U {0}. We define a generalized transcendental function of several complex variables.
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The contour Ly is in the si(k = 1,--- ,7)- plane and run from 0 — 100 to o + ico where o if is a real nurnber with
loop, if necessary to ensure that the poles of 427 [ 1 — ay; + Z ag’;)sk (G=1,---,ny), [ (1 — az; + Z a3] Sk
k=1 k=1

;i (k) .
(j=1,---,ng),--- DA <1arj+Za£fj) G=1,-- ), T (1—C§-k)+’}/](»k)8k) G=1,-,n")(k=1,--- r)to
=1

the right of the contour Ly, and the poles of I'2;” (d§~k> - 5§k)sk) G=1,---,mF)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < iAgk)w where

e () ¢ (
(k) _ (k) ¢(k) (k) (k) (k) ¢(k) (k) (k)
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Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(z1, oo 20) = 0( 2™ - |2e|)  maz( [, - - s 2] ) = 0

N(zg,--- ,zr):0(|z1|61,--~ ,|zr|5’“),min(|z1|,--- ,|zr| ) = 00 where 4 = 1,--- ,r:

(%) ( )
- 0 [ % () 1
a; = min Re D and B; = max Re 0 -
1<i<m® (5( 5@ 1<5<n® ,yj(Z)
Remark 1.

Ifng=--=np_1=piy =qi, ="+ =Di,_, = ¢,_, = 0and Ayj = Agji, = Byji, =--- =A,j = Apji, = Brji, =1
Arj = Arji, = Brji, =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

Remark 2.

fno==n,=pj,=¢q,==pj,=¢q, =0andr, = =7, =7,0) = =7,y =Ry =+ =R, =RV =
.= R =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[6].

Remark 3.

IfAQJ Azm Bajiy = -+ =Ap; = Apji, = By, =land 7y, = -+~ =7, =70y =+ =Ty = Rg =+ = R, = RY

= R(") = 1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [5].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the multivariable H-function defined by Srivastava and Panda [9,10].

In your investigation, we shall use the following notations.
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2. Required results.

In this section, we give several results. In the next section, we shall use these formulae.

Lemma 1.
Lo _ L(@)I'(B)

. a—1¢1 _ 1\B—1 _
B(a,ﬁ)—/o R @.1)
provided Re(a), Re() > 0
Lemma 2.

b
) b )t = (b — q)erA-1 LT O)

/a(t D b=t e = (o - ) 22)
provided Re(a), Re(f) > 0,a # b.
Lemma 3.
(ut + v)7 = (au+v)”mzzjo (_TZ!)"L [— (Zu_ f)vu] 2.3)

g [ (=
provide aut o

] < 1,t € [a,b)

Lemma 4. ([7], p.301 (2.2.6)).
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/b(t —a)* b=t (ut + v)dt = (b—a)* TP (au + U)VMQE o, =y, a+ B — (b= au (2.4)

Ta+p) aw+v
bu +v
a9 au + v

The fractional derivative of a function f(z) of complex order  is defined by

Provided Re(c), Re(B) > 0,a # b,

Lemma 5. ([4], p.49 and [3] p. 181)
e [i(x—y)7 " f(y)dy; Re(pn) < 0,a € R

oDy [f(2)] = : (2.5)
%aDg_m[f(m)];O < Re(p) <m,m e N

The special cases of the fractional derivarive operator D when oo = 0 will be written as D%.

In this present paper we shall derive several Eulerian integrals involving the product of two generalized multivariable
Gimel-function which will be represented as above. In your investigation, we shall adopt the contracted notations cited
above.

3. Main integrals.
In this section, we shall see several general Eulerian integrals

Theorem 1.
b
/ (t —a)* (b — )P (ut +v) (yt + 2)° Iz (ut + ), -, 20 (ut +v)%)

(@i (B)m

Tz (yt 4 2)%, - zg(yt + 2)°)dt = (b — a)* P~ B(a, B)(au + v) " (by + 2)° Z @t D)ol

l,m=0

Z1<au+v)a1 Aa (_’Y;alf" 7a7’;1)7A:A

{(b - a)uy { (b— a)y} " on 1y

au + v - by + 2 X5pip+1,qi, +1,70,  RetY . .
zr(au+v)* | B;B, (—=y +l;a1,--- ,a,51) : B

71 (by + 2) A (=001, bs; 1), AT A
U’;O,ni,-l—l:V/ . .
JX’;p;TJrl,q;TJrl,Ti’r:R’T:Y’ . . (3]—)
7s(by + 2)% | B'; B’ (=0 +m;by,--- ,bg;1) : B
provided

a; >0;5=1,---,r,b; >0 =1,---,s);min{Re(a), Re(B)} > 0;b # a ;

max{ ,‘(b‘@y}q

by + z
s @) d’_(i) r
_ . 1(3 j 1. . ;
Re (6) + Zl bi min Re |D; (6/(1,))1 > —1;Re(y)+ ;al 1<Ijnglrrylz(i> Re

1<j<m/™) :
J

(b—a)u
au + v

gD
(i) J .
Dj (6(7))] > —1
J

1
larg (zi(au +v)*) | < §A§k)7r where Agk) is defined by (1.4).

1
larg (zi(by + 2)¥) | < 5,4;“% where A" is defined by (1.4).
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Proof

To prove the theorem 1, expressing the two multivariable Gimel-functions in multiple integrals contour with the help of
(1.1), interchanging the order of integrations in (3.1) which is justifiable due to the absolute convergence of the integrals
involved in the process. Now collecting the power of (au + v) and (by + z), using the lemmae 3 and 2 respectvely and
interpreting the resulting multiple integrals contour with the help of (1.1) about the gimel-function and r-variables and s-
variables, we obtain the desired theorem 1.

Taking @ — —a and y — —y, we obtain

Theorem 2.

b
/ (t4a)2 1(b — )P~ (ut +v) (2 — ty)® Izy (ut + ), -, zp(ut + v)%)

—a

/ 1 s _ [ -1 vy - (Oé ﬁ)m
T(a(z—yt)br, - z5(z — yt)bo)dt = (b+ a)* P B(a, B) (bu + v) " (ay + 2)° Z W

l,m=0

zi(bu+v)™ | Aj(=viar, - a51),AA

l m
_(b+a)u _(b+a>y JU;O,HT-&-l:V
bu + v ay + z X5piy+1,qi, +1,75, : RpY

z.(bu+v)* | B;B,(—y+1;a1, - ,a,;1) : B

71 (ay + z)b A5 (=05by,--- ,bs; 1), A" 2 A
U’;O,n;Jrl:V’ . .
jX’;p;T-i-l,qu-i-l,Tl’r:R;:Y’ . . (31)
zs(ay + 2)% | B'; B’ (=3 +m;by, -+ ,bs;1) : B
provided

a; >0;i=1,---,7r,b; >0(j=1,---,s);min{Re(a), Re(B)} > 0;0+a #0;

max{H(Ha)“ : }<1

bu + v
@ d/.(i) r
/(2 ¥ .
D; <5;(i)>] > —1;Re(y)+ ;ai 1521{1”(0 Re

(b+a)y
ay + z

1<j<m/

Re (6) + Z b; min Re
i=1

[ dP
(@) [ 23
D; (5@)] > -1
J
a INE (®) < dofi
larg (z;(bu +v)*)| < §Ai m where A;" is defined by (1.4).

1
larg (z;(ay + 2)") | < EA;(]C)’IT where A" is defined by (1.4).

Now, consider the theorems 1 and 2 and replacing a;,b; by —a;, —b; respectively, we get the following results.

Theorem 3.

b
/ (t—a)* 1 (b — )P (ut +v) (yt + 2)° I(z1 (ut +0) ™%, - | 2 (ut +v)7)

! —b1 —bs _ « — ¥ = (Oé) (ﬂ)m
Tlealyt+2) sz 2) = (0= @) B f)au o) by +2)° 3 S

l,m=0

zi(au+v)"" | A;(1+v—1Lar, - ,ar51),A: A

[(b - a)u} ! { (b— a)y} mJU;O,Mw

au + v by + z Xipip+1,qi, +1,7, : RetY . .
zr(au + v) 7o B;B,(1+7;a1, - ,ar;1): B
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z1(by +2)70 | A (145 —ms;by,--- b 1), Al 0 A
U/;O,n;,Jrl:V' . .
:[X’;p;r—i-l,qir—i-l,‘ri/r:R;:Y’ . . (31)
Zs(by+z)_b5 B/;Blv(l_&bh"' 7bs§1):B/
provided

a; >0;i=1,---,7,b; >0(j=1,---,5);min{Re(a), Re(B)} > 0;0 # a;

b—
max{ ,‘( )y }<1
/(1)

by + z
R(d)—ib» min Re |D/@ (% >—1-R()—Zr:- min R
‘ e TGO ey Y Game

; 7(i)
1<j<m ; pae

(b—a)u
au + v

1

gD
(@) [ Zg
J
1
larg (z;(au +v)~%) | < §A§k)7r where A" is defined by (1.4).
1
larg (z;(by +2) ") | < EA;(k)TF where A" is defined by (1.4).
Theorem 4.
b
/ (t+ @) (b= )P (ut +v) (= — ty)® Wz (ut +v) ", -+ , 20 (ut +0)~")

/ —by —bs . « —1 o7 - (arﬁ’m
Tz =yt ™ 20z = yt)")dt = (b+ @)™ Bla, f)(bu+ v) (ay +2)° 3 %

l,m=0

Zl(bu+v)_al A;(1+7_l;a17"'7a7‘;1)7A:A

l
C(b+au] [ O+ a)y]"vom 1y
bu + v ay + z X5piy+1,qi, +1,7, : RpY

z(bu +v) 7o B;B,(1+~v;a1, - ,a,;1): B

zi(ay +2)70 | A (145 —myby,--- ,bg; 1), A/ 0 A
U’;0,n,+1:V’ . .
jX’;pZ-}-l,qu-i-l,Tl’r:R;:Y’ . X (31)
zs(ay + 2) 70 BB, (1—06;b1, - ,bs;1): B’
provided

a; >0;i=1,---,7r,b; >0(j=1,---,s);min{Re(a), Re(B)} > 0;0+a #0;

max{H(Ha)“ : }<1

bu 4+ v
/(1) d/'(i) -
D; <5f(i)>] > —1:Re(y)— Zai min Re
j i=1

1<G<m®
J

(b+a)y
ay + z

Re (9) — Zbi min Re
i=1

1<j<m/

(4D
(@) [ 23
J
1
larg (z;(bu+v)~%) | < iAEk)W where Al(-k) is defined by (1.4).

1
larg (z;(ay + 2)7") | < §A;(k)7r where A" is defined by (1.4).

Remark 6.
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If my=ng=---=mp_1=np1=pi, =qi, ="+ =pi,_, = qi,_, = 0and Azj; = Baj = Agji, = Baji, =+ =
Ayj =Byj = Ay, = Byj;, =1, then we can obtain the same Eulerian integrals formulae in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1])

Remark 7.
fmy=mng=-=my=n, =pi, =G, = =pi, = ¢, =0and 7y, = - =7, =Tj0) = = T;;) = Ry =
=...=R,=RM =... = R0 =1, then we can obtain the same Eulerian integrals formulae in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [6]).

Remark 8.
IfAy; = Boj = Agji, = Boji, =+ =A;j =Brj = Ayji, =Bpjs, =land 7, = =7;, = T;0) =+ = Tyn = Ra
—.=R.,=RW =... = R0 =1, then we can obtain the same Eulerian integrals formulae in generalized of

multivariable I-function (extension of multivariable I-function defined by Prasad [5]).

Remark 9.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [9,10]
and then we can obtain the same Eulerian integrals formulae, see Shrivastava [8] for more details.

4. Conclusion.

The Eulerian integral formulae involving in this paper are double fold generality in term of variables. By specializing
the various parameters and variables involved, these formulae can suitably be applied to derive the corresponding
results involving wide variety of useful functions (or product of several such functions) which can be expressed in terms
of E, F, G, H, 1, Aleph-function of one and several variables and simpler special functions of one and several variables.
Hence the formulae derived in this paper are most general in character and may prove to be useful in several intersting
cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.

REFERENCES.

[1] F. Ayant, An integral associated with the Aleph-functions of several variables. International Journal of
Mathematics Trends and Technology (IJMTT), 31(3) (2016), 142-154.

[2] B.L.J. Braaksma, Asymptotics expansions and analytic continuations for a class of Barnes-integrals, Compositio
Math. 15 (1962-1964), 239-341.

[3] A. Erdelyi, W. Magnus, F. Oberrhettinge and F.G. Tricomi, . Tables of integral transforms Vol I and II, McGraw-Hill,
New York (1954).

[4] K.B. Oldham and J. Spanier, The fractional calculus, Acadelic Press, new York, (1974).
[5] Y.N. Prasad, Multivariable I-function , Vijnana Parishad Anusandhan Patrika 29 (1986) , 231-237.

[6] J. Prathima, V. Nambisan and S.K. Kurumujji, A Study of I-function of Several Complex Variables, International
Journal of Engineering Mathematics Vol (2014), 1-12.

[7] A.P. Prudnikov, Y.A. Brychkov and O.I Marichev, Integrals and series of elementary functions (in Russian), Nauka,
Moscow (1981).

[8] H.S.P. Shrivastava, Eulerian integrals of multivariable generalized hypergeometric functions Vijnana Parishad
Anusandhan Patrika, 41(4) (1998), 233-250.

[9] H.M. Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables. Comment. Math. Univ. St. Paul. 24 (1975),119-137.

[10] H.M. Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables II. Comment. Math. Univ. St. Paul. 25 (1976), 167-197.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 8


Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 60 Number 1 - August 2018


ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 8





