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ABSTRACT

The object of the paper is to evaluate firstly six finite integrals involving the product of Jacobi polynomials and the generalized multivariable Gimel-
function. We derive six expansion formulae for the generalized multivariable Gimel-function in series involving Jacobi polynomials. We also derive
some interesting expansions for different functions.
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1. Introduction and preliminaries.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = N U {0}.
We define a generalized transcendental function of several complex variables.
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Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :
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Remark 1.
If my=ng=---=mp_1=np1=pi, =qi, ="+ =pi,_, = qi,_, = 0and Azj = Baj = Agji, = Baji, =+ =

Arj = Brj = Arji, = Byji, =1, then the generalized multivariable Gimel-function reduces in the generalized
multivariable Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1]).

Remark 2.
fmy=ng==my=n, =pj, =i, = =pi, =, =0and 1y, = =75, =710 =+ =T,) = R =
=...=R,=RW =... = R") = 1, then the generalized multivariable Gimel-function reduces in a generalized

multivariable I-function (extension of multivariable I-function defined by Prathima et al. [4]).

Remark 3.
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=Ry

—-=R,=RW =... = R") =1, then the generalized multivariable Gimel-function reduces in generahzed of

multivariable I-function (extension of multivariable I-function defined by Prasad [3].

Remark 4.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [7,8].

In your investigation, we shall use the following notations.
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2. Required results.

We shall require following integrals due to author [6] for the development of the present work :
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3. Main integrals.

In this section, we shall prove the following six finite integrals involving product of Jacobi polynomials and generalized
multivariable Gimel-function.

Theorem 1.
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Proof
To prove (2.1), on the left hand side of (2.1), expressing the generalized multivariable Gimel-function as Mellin-
Barnes multiple integrals contour with the the help of (1.1), interchanging the order of summation and integration
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which is justified under the conditions mentioned above, evaluating the inner integral with the help of the lemma 1 and
finally interpreting the Mellin-Barnes multiple integrals contour in terms of the generalized multivariable Gimel-
function, we get the desired result (3.1).

Theorem 2.
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ai,bi>0(i:1,--- ,T),R@(l"‘rﬂ) >0

T by, i d(z)
+Zb IIllIl Re (ZZBh]BhJ, Dk)(;?’i) >O’

1<k<m; ]
i=1 1< j<m® h=2h'=1 k

b d(l)
Re(l—a+k+p) +Zaz mm Re(ZZB;BIZJ,JrDS)é() >0

k<m; B
1<g<m<) h=2h'=1

b ld(l)
e(1+p) —|—Za2 mm Re(ZZBhJB};j,+D()5(l)>>O

k<m; -
1<J<m(1) h=2h'=1
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lk m where AE’“) is defined by (1.4).

‘arg (zz(l —x)%(1+ m)b")

Theorem 5.

1 90+p+1
/ (1—2)P(1+2)° PP ()] ((l=2)" (1 +2)", -zl —2)(1+2)")de = "
-1 .

oo
ZF(—a—ﬂ n+k) ]U Myt2,m43:V
k! X3pip+5,qi,+4,7i,  RpY

k=0
20 Fbi LA (B—0 —k;by, -+ b 1), A (=1 —p—a;ay + b1, ,ap + b 1),

2(1,,»+b,‘zr B; ('1_/)70-;@1 +b17"' 7ar+br§1)7(7ﬁ*n+k7p;ala"' 7ar§1)7

(_ﬁ_n+k_p;a1a"' 70,7.;1)7(—1—71_[7_0';041+b1,"' aa7'+b7';1):A
’ (3.5)
(-14k-p—o;a1 + b1, -+ ,ar, +0,51),B,(1+a+B+n—k—o0;by,--- ,b;1): B

provided

a;,b; >0@=1,---,r),Re(l1+a+p) >0,Re(—a— 5 —2n) >0,Re(—a— B —n+k)>0

T h %)
b, (Z)dk
Re(1+n+p) +Zaz | min Re(ZZBh]ﬁh, + Dy, G >0

=1 o h=2h'/=1
- by | pio ;.
Re(l—i—a)—I—Zbi 1<m1<r1n Re ZZB +Dk 5 >0
=1 o h=2h'=1 k
T bh )d(z)
Re(—l—l—k—p—a)—Z(a,’—&—bi) min Re ZZB hJ, ,; Z.) >0
i=1 tShsmi h=2h'=1 /3 O
! 1<i<m®
by, d(i)
Re(l-p+k+o0) +Zb mln Re ZZB’” hJ,JrD(Z) 5 >0
= Lsksm h=2 h'=1 Bhj oy,
1<i<m@®
bn )d(l)
=S re (330w 0P o
1<]<m(j) h=2h/=1 619

1
‘arg (z(1—2)"(1+ x)bi) < §Agk)7r where Az(-k) is defined by (1.4).

Theorem 6.
1 (_)n2o’+p+l
/ (1—2)?(1+2)7 PP ()T (21(1 = &) (14 2)", -, 2 (1 = 2) (1 + 2)™ ) do =—————
—1 n.
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00

20«1+b121 A7 ('H'U; b17 e ’b‘rﬁ 1)7 (_/J7 A1, Qp; 1)7 (/3 - k — P01, 0y 1)7 A7
Z F —0— ﬂ Tl-|—k) :[U;mT+2,nT+3:V . .
=0

X5pip+5,qi, +4,7 . RpY ) '
2a7‘+b7'z/r B; (—n—o; bi, -+ by 1), (71 +k+ p— 0301+ bi, -+ ,ap + by 1)’B

(-1-p—0;a1+b17--' 7&,.+b7»;1),(—ﬁ—n+k‘—0;b1,"' 7bra1)A
: 3.6)
(-ln-p—ojaibr. - ,ar +b:31),(1+a+B+n—k—piar,--,ar;1): B

provided

a;,b; >0 =1,--+,r),Re(l+a+ ) >0,Re(—a— —2n) >0,Re(—a— B —n+k) >0

bs )du)
1) By, — k
0+ Y i Re(zz w00 ) >0,

1<]<m(” h=2h'=1

r (7)
b iy d
Re(—p—a—l+k)+§ (a; +b;) 1<I£lin Re(% E By, B}ZJ, k)§éci)>>0
k

<my;
. XV T I
i=1 1< <m® h=2h'=1

(4)
—n —o) Zb Kriugr?ln Re(ZZB bh]—i—D(zZ >>0

(i
1< Em® h=2h'=1 k

bhj (ld(i)
Re(1-B+p+k) +Zaz Jnin Re(ZZBaﬂh*D g >0

1<k<m;
1<i<m® h=2h'=1

b d)
Re(1+0+n) +Zb _min Re(ZZB B’;j,+D” (l)>>0

i=1 ksm h=2h'—1
1<g<m()

1
larg (z:(1 — 2)™ (1 +2)")| < §Agk)7r where A" is defined by (1.4)

To prove the theorems 2 to 6, we use the similar lines to the formula (3.1) by using the formulae (2.2), to (2.6)
respectively, instead of result (2.1).

4. Expansion formulae.

In this section, we shall derive six expansion formulae.

Theorem?7.

(1-2)(1+2)T (1 —2)" 1+ 2)", -,z (l—2)"(1+2)") =

o0

27t (14 a+n+k)(1+a+ 8+ 2n)I(1+a+8+n)
ETQ+a+n)I(1+8+n)

P a)
n,k=0
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201tb1 5 A; (-n-o;b1,--- b 1), (k+n—p—o0o;a1 + b1, ,a, + b3 1),

Usmpy+2,n,+3:V
X5pip+5,qi,+4,70, RytY

20 brz | By (-n-f+ o3br, o b 1), (Kt —p—oyar — b, ap = by 1)

(-n-k-a — pyay, -+ ,an; 1), A, (k+n—p—05a1 +b1,-- 0, +b31), (k=B -0 —pjay + by, ,a, +b,51) - A

4.1)
B,(-l-()é*ﬂ*[)*()’*n;a1+bh~~- ar+bT71)( —a— p7a17"'7a7”;1):B
provided
a;,b; >00@=1,---,r),Re(l4+a)>0,Re(1+a+3) >0
Re(k—l—n—p—a)—i(a‘—i—b-) min Re ZZBh bh]—&—D)d >0
, Yk my Y 5@ ,
i=1 L m® h=2h/=1 O
g b pods)
—n —o0) Zb 1532171 Re Z,Zthﬂhl + D, 5(1) >0
Li<m® h=2 h/=1
bn; uﬂm
Re(l+p+a) —&—Zaz mm Re ZZB’” h,+D B >0
] sksm s Ph 5k
i= 1< <m@®
b, Bay 2 4 plO d;
Re(l1+n+pB+0)— Z \ml\rim Re ZIZ jﬁh/ £ S0 >0
Ljm® h=2h/=1 k
1
larg (z:(1 — 2)* (1 + 2)")| < iAgk)ﬂ' where A% is defined by (1.4).
Proof
Let
(1= )1+ )73 (51— ) (4 )2 (L = ) (142" ZA P @2)

The above equation is valid since the expression on the left-hand side is continuous and bounded variation in the
interval (—1, 1). Multiplying both sides of (4.2) by (1 — #)®(1 4 2)? P{*#) (1) and integrating with respect to z from +
to 1. On the left hand side using the theorem 1 and on the righthand side, changing the order of summations and
integrations which is justified under the conditions mentioned above, and then using the orthogonality property of
jacobi polynomials ([5], p. 258), we get

o (e @]

_ ¥ tatpramltatftn) ZF 1+a+n+k)3* (2utbigy ... gartbey) 43
IF'l+a+n)I(1+8+n) —

where J* (2“1+b121, cee ,2ar+b" Zr) is a generalized multivariable Gimel-function defined on the right hand side of

(4.1). Substituting (4.3) in (4.2) , we obtain the theorem 1.
Theorem 8.

(1 — :E)p(l + 33)0:1 (21(1 — ;L-)al(l + :L.)ln’ .. ,Zr(l _ :E)a"(l + :E)b"') _
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i 20,1+ a+B+2n)T(1+B+n+ k(1 +a+ B +n) P8 () U+ 2+

— ET(1+a+n)I(1+ B +n) Xipir £5:0i T4 Tip RriY

20 by | A (-p = Biby, e by 1), (—p—a—mnjar, - a3 1), (—n—k—a—piai,- ar;1), A,

20r by 1 B (-n-qar, - yam 1), (k+n—p—oja1 + b1, a+ b 1), B, (—n — Bib1, by 1),

(I+8+n+k—pjar, - ,a31),(k—a—oc—pjar +by,--- ,a. —b+m;1): A
’ 4.4)
(4B +03by,--,bp31), B (-l —a=B—p—o—nja1+by,-,ar+br;1): B

provided
a;,b; >0 =1,---,r), Re(l14+ ) >0,Re(1+5) >0

T (4)
. b ) d
Re(k—l—n—p—a)—g (@i +b;)  Jain Re(E E Bh]ﬁ’;lj’+ k) k'>>0,

- T 5(1)
i=1 1<j<m® h=2h’=1 k

r r h
. bny 0 dy)
Re(fnfafp)f;az | Jnin Re(ZZB’”ﬁh' + D, 5() >0

1< i am® h=2 h'=1
- b dy’

Rt ensae o+ So e (33 m e op ) g
i=1 1;;;% i P O,

r (i)
by,
Re(1+B+0)+ ) bi | min RP(E E:Bﬂﬁlhj’+D()5)>>0

— My
=1 1< <m® h=2h'=1

larg (z:(1 — z)™ (1 +2)™)| < A( )7t where A is defined by (1.4).
Theorem 9.

1-2)"1+=x)°1 (21(1 —2)"(142)", 2 (1—z) (1 + x)br) =

o0

27tP(1+a+ B+ 2n)I(1+a+n+k)(1+a+3+n)
EN(14+a+n)I'(1+8+n)

PE(a)
n,k=0

2al—H)lZl A7 (_o-_/a);blv"' 7b7‘;1)7(_a_p;a’17"' 7(1,T;1),(—77/_ k—/)—;(lh"' 7(J’T;1)7

Usmyp,n+4:V
Xipip+4,qi, +3,7,  RY

2ar+brz7' B7B7 (-n-a —piar, - 7a7‘;1)7(_1 —]{7—0{—,3 —p—0ja1 +b17"' 5, Qrp +b771)7

(-k-o;b1, - ,br31),A: A
) 4.5)
(_1-a_ﬂ_n_k_p;b17”' 7ab;1):B
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provided

a;,b; >0 =1,---,7r), Re(l14+ ) >0,Re(1+5) >0

bnj  po d;
Re(1+a+p) —&—Zaz \mln Re(ZZB’U + D, 5@ >0

i=1 k<m h=2h'=1 k
- 1<i<m®

. - bh] (2) dgcl)
e(l+8+0 +Zb 1522% Re(ZZB’U + Dy, 50 >0

’
=l Ciem® h=2h'=1 k

r (1)
. bhy (i) A,

R€(1+I€+U)+Zbi  Join Re(ZZBhJ +D’“E >0

=1 oo h=2 h/=1 k

IIxm
1

larg (z:(1 — 2)* (1 +2)")| < §A§.k)7r where A" is defined by (1.4).
Theorem 10.

(1-2)(1+2)T (1 —2)" 1+ 2)", 2z (l—2)"(1+2)") =

oo

2P (1+a+B8+2n)F(1+B8+n+kI(1+a+5+n)
ETQ+a+n)I(1+8+n)

P
n,k=0

jU My np+4+:V
7])zr+4 Qip +3, Tip: R,Y

20 Fbr B; B, (-n-f —o03b1,- -+ ,bp31), (-1 —n—03—p;ay,---

(n_k_ﬁ_a—;bla"' 7bT;1)7A tA

(—l—k—a—ﬂ—p—a;alv—l—b,-u ,ar+b;1): B
provided
a;,b; >0 =1,---,r), Re(l1+ a),Re(1+ ) >0

(7)
b d,
Re(1+a+p) —&—Z:az mln Re(ZZB B};J,+D()5(Z)>>O’

k<m; ]
1<g<7n(’) h=2n'=1

b dy)
Re(1+ B+ 0) +Zb Jnin (ZZBhJB];LJ,+D()5(Z)>>O
1 \

1<]<m(> h=2h'=1

larg (2;(1 — z)™ (1 + z)") ) where A is defined by (1.4).

Theorem 11.

(1—2)"1+2)°T(21(1 — )" (1 + ),z (l—2) (1 +a)) =

ISSN: 2231 - 5373 http://www.ijmttjournal.org

20 tbiy | Ay (-B—a3b1, - b 1), (k= prar, - ,an 1), (—p—azaq, - -

y Qs 1)7

:ar§1)a

(4.6)
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i 2P (1 +a+B+2n) (1 +a+B+n)(—a—p—n+k)

plep)
KT(1+a+n)D(L+ 5+ n) n (@)

n,k=0

2a1+b121

JU B3V A; (—Il-(l —p;ai, - 7(17';1)7(7[7) 7U§b17’ o 7b7';1):(7o— - k7 blv" . abﬁl)aAv
7plr+5 er+4 Tip* R,Y . te

gortbr, | BiCp—a—mniar,-osanl), (-1t k—a—f—p—oiar+by, 0 +br31), B

(la=pB—p—0oja1+by, - ,ar +b51),(~a—=B—p—n+kar,-,a;1): A
’ 4.7)
((la=B—-p—0oja1+br-,a,+b1),(1+a—+n—k—o;b,--- ,b51): B

provided

a;,b; >06@=1,---,r), Rel+a+8+n)>0,Re(—a—p—n+k)>0

d;,
Re(—a—n—o)— Eb mln Re<§ E th;};L{+Dl) ()>>0
o

fsmi h=2h'—1
1<J<m( i)

r (4)
br, ld
Re(—l—k—i—a—ﬁ—p—a)—g (a; + b;) <mln (E E thﬁihj/ (4) k,>>0,

k<m;
. \ ~ T r_
i=1 L <iem® h=2h'=1

r r h
b dy,
R€(1+5+U+Tb)+zbi 1<I}§i<1}n_ Re (ZZBMB}ZJ/ +D()§(1)> >0

- o=
=1 h=2h/=1

- . th )d
Re(1-B+a+k+p)+ > a 1<hm, Re(zthﬂ + Dy >0

— , 5
=1 Ciam® h=2h'=1 k

bnj )dgci)
Re(l+p+a) —&—Zaz \m1<n Re(ZZthﬁh, 5 >0

k<mi ’ (S(l
i=1 1< <m® h=2h'=1 k

1
larg (z:(1 — 2)% (1 + 2)%)| < §A§’“>7r where A" is defined by (1.4).
Theorem 12.

(1-2)1+2)I(a(1—2)" 1 +2)", -zl —2)"(1+2)") =

oo

20t (=)"14+a+f+2n)T(1+a+B+n)(1+a+ B —n+k) Pasd) () Uime t2m 43V

it KT(1+a+n)(1+8+n) XiPip £5:8ir +4, iy i RriY

20 Hbiz LA (-p—asar, a5 1), (=B —0—niby, - b 1), (B—a—k—pia,--,ar;1), A,

20rtbry | By (-lea—n—o3b1, - by 1),(-1—a—B+k—p—o;a1 +b1, - ,a, +b;1),B
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(lra=B—p—osa1+b, - ,a,+b51), (=28 —n+k—o3by, - ,b;1): A
’ (4.8)
((la=B—-—n—p—oja1+0by, - ,a, +b; ) QA+ B+n—k—p;as,--- ,ar;1) : B

provided
ai,bi > O(Z e 1,"' ,7"),

b d,,
Re(a+p+1) +Zal IIllD RG(ZZBjﬁ};],+DI(€1)6(Z)>>O

1<k<m; ;
1< <m @ h=2h'=1

r . b Zd(z)
Re(-1—a—-B+k—p—0)= (a;—b) | nin Re(E E BJBZJ k)(sé)>>0
i=1 1<J<mm 2h/=1 k

r (%)
. b d
Re(—n—ﬁ—a)—i—z:ai | Juin Re(ZZBh]B’;LJ,+Dk)5Z)>>O
. KXV 7 k

=1 1< <m(®) h=2h'=1
r r h b d
Re(l+o+4+n+p)— Zb’ rmrin e(ZZBh]5}g+D(2)§(l)>>O
= lsksm h=2h'=1
1<j<m®
Re(1—fB4+a+k+p) —&—Z:az mln Re ZZBhﬂ h,+D ( >0
i=1 1<kJ<\T:l(i) P S oy

1
larg (zi(1 —2)%(1+ x)b"')| < §A§k)7r where Agk) is defined by (1.4) and

Re(—a—p—n+k)>0,Re(l+a+5)>0

To prove the theorems 8 to 12, we use the similar lines to the theorem 7 by using the theorems 2 to 6 respectively,
instead of theorem 1.

Remark 6.

If my=no=":=Mp_1 =Np_1 =Piy =qiy, = =DPi,_, =qGi,_, =0and Agj = Boj = Agji, = Boji, =+ =
Ay,j = Byj = Ayji, = Byji, =1, then we can obtain the same expansion formulae in the generalized multivariable
Aleph- function ( extension of multivariable Aleph-function defined by Ayant [1])

Remark 7.
Ifmz—nz =My =Ny =Piy =qi, =" =pi, = ¢, =0and 7, = =7, =T,0) =+ =Tin = Ry =
= =R, = R(1 = ... =R =1, then we can obtain the same expansion formulae in a generalized multivariable

I- functlon (extension of rnultivariable I-function defined by Prathima et al. [4]).

Remark 8.
IfAQJ = sz = A2]l2 Bgﬂz = —A,] = B,] A?jlr = Bmzr =land 75, = =T, =T;) = =Ty = Ro
=R, =RW = R(T) =1, then we can obtain the same expansion formulae in generalized of

multlvanable I- functlon (extensmn of multivariable I-function defined by Prasad [3]).

Remark 9.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the generalized multivariable H-function (extension of multivariable H-function defined by Srivastava and Panda [7,8]
and then we can obtain the same expansion formulae.
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5. Conclusion.

The importance of our results lie in their manifold generality. Firstly, in view of Jacobi polynomials making use of
special cases, they can be reduced to a large number of formulae involving simpler special functions ( ultraspherical
-Gegenbauer, Legendre, Tchebyshev, Bateman’s, Hermite, Laguerre polynomials and others). Secondly, by specialising
the various parameters as well as variables in the generalized multivariable Gimel-function, we get a several formulae
involving remarkably wide variety of useful functions ( or product of such functions) which are expressible in terms of
E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of one and several variables.
Hence the formulae derived in this paper are most general in character and may prove to be useful in several intersting
cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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