International Journal of Mathematics Trends and Technology ( IJIMTT ) — Volume 60 Number 2 - August 2018

Smarandache Anti Q-Fuzzy Semigroups

S.Suganya
Assistant professor in Department of Mathematics
RA College for women, Thiruvarur, India.

Abstract
In this paper we introduce the concept of Smarandache anti Q-fuzzy semigroups, Smarandache anti Q-fuzzy
normal semigroups and some of their properties are discussed.
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I. INTRODUCTION

In 1965, L.A.Zadeh[10] introduced the concept of fuzzy subset. In 1971, A.Rosenfeld[7] introduced the
notion of fuzzy group. R.Biswas[2] introduced the concept of anti fuzzy groups of in 1990. Padilla Raul[5]
introduced the notion of Smarandache semigroup in the year 1998. Smarandache fuzzy semigroups were studied in
2003 by W.B.Vasantha kandasamy[9]. In 2008, A.Solairaju and R.Nagarajan[8] introduced a new algebraic
structure namely Q-fuzzy groups. R.Arul doss and S.Suganya [1] introduced the idea of Smarandache Q-fuzzy
semigroups and Smarandache Q-fuzzy normal semigroups in 2016. In this paper Smarandache anti Q-fuzzy
semigroups, Smarandache anti Q-fuzzy normal semigroups are defined and some of their properties are discussed.

I1l. PRELIMINARIES
Definition 2.1. Let X be a non empty set. A fuzzy subset p of the set
X is a function p : X— [0, 1].

Definition 2.2. Let H be a Semigroup. H is said to be Smarandache semigroup(S-semigroup) if H has
a proper subset G such that G is a Group under the operation of H.

Definition 2.3. Let X and Q be non empty sets. A Q-fuzzy subset A of X is a function
A:X xQ—[0,1]

Definition 2.4. Let G be a group and Q be any non empty set. A Q-fuzzy subset A of G is said to be
Anti Q-fuzzy group of G if

() Alxy, Q)smax{A(x, ), A(y, 9)}
(i) AX? q)=A(x q), forallx,yeGandqeQ
Definition 2.5. Let G be a group and Q be any non empty subset. For any

a e G, apa ‘is an Anti Q-fuzzy middle coset of G, if  (apa *)(x, q) = p(a *xa), forall xe Gand q e
Q.

I11. SMARANDACHE ANTI Q-FUZZY SEMIGROUPS

Definition 3.1. Let S be an S-semigroup. A Q-fuzzy subset A of S is said to be a Smarandache anti Q-fuzzy
semigroup if A : SxQ— [0, 1] is such that A is restricted to at least one proper subset G of S which is a group and
the restriction map Ag : GXQ— [0, 1] is an anti Q-fuzzy group,
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that is for all x, yeG and qeQ, As(xy, q) < max{Ag(X, 0), As(y, 9)} and Ag(x, 9)=As(X *, q).

Example 3.2. Consider an S-semigroup Z, under multiplication modulo 4.

Let Q={1}.

Let A : Z,xQ— [0, 1] be defined by,
0.4 if x =(0,1)

AX) = 4 05 ifx=(1,1),31

0.6 otherwise

Clearly A is a Q-fuzzy subset of Z,.

Consider P = {1, 3} which is a proper subset of Z, and is also a group in

Zy.

It can be easily verified that Ap : PxQ— [0, 1] is an anti Q-fuzzy group.

Therefore A is a Smarandache anti Q-fuzzy semigroup.
Remark 3.3. Throughout this paper we mention Smarandache Anti Q-Fuzzy Semigroup as S-AQFS.
Proposition 3.4. If A'is an S-AQFS of an S-semigroup S relative to a group G and Q is a non empty set, then

(i) Agle, Q)< Ag(X, q), where e is the identity element of G.
(i) As(x™, Q)< A(x, q) forall x € G and g €Q.

Proof. Let A be an S-AQFS of an S-semigroup S. Then A is restricted to at least one proper subset G of S which is a
group and Ag : GxQ— [0, 1] is an anti Q-fuzzy group.
Therefore As(X, ) = A(X, 0),VxeG and qeQ

(i) LeteeG, where e is the identity element of G. Now,

AG(e, q) = AG(XX_ll q)
< max{As(X, 9), Ac(x ,q)}
= max{Ac(X, q), As(x, 9)}
= AG(X! q)
Therefore Ag(e, q) < As(X, ).

(i) As(x q)=As(ex ", q)
max{As(e, q), As(x ", q)}

AN

max{Ac(e, ), As(x,q)}
Ac(x, q)( by (i)

AG(X719 q)S AG(X1 q)

Therefore Ag(x *, q) <Ag(X, Q).
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Theorem 3.5. Let S be an S-semigroup, Q any nonempty set and let G be a proper subset of S which is a group in S.
i SxQ— [0, 1] is an S-AQFS relative to G if and only if pg(xy™, q)<max{uc(X, q), Hs(y, @)}, for all x, yeG and

geQ.

Proof. Assume that p:SxQ—[0,1] is an S-AQFS relative to G. Then p
is restricted to G and g : GXQ— [0, 1] is an anti Q-fuzzy group. Then

He(X, q) = p(X, q),yxe Gand g € Q.
Let x, y *eG and qeQ.

Then ps(xy %, q) < max{ps(x, 9), He(y ", 0)}
= max{Hs(X, 9), He(Y, 0)

Therefore, o(xy ', q) < max{ns(X, G), He(y, )}
Conversely, assume that

Ho(xy ', @)<max {pus(X, 0), ey, @)} (i)

for all x, yeG and geQ

Puty =xin (i).
Then uG(XX?l, q) < max{pG(X! q)l HG(XI q)}
Ha(e, = pa(X, 0) (i)
iii)Now,
Ha(y %, 0) = He(ey , q)
< max{puc(€, 0), K(y, )} (by (i)
Ha(y %, @< pely, a)( by(ii))
Also,

Ha(y, @) = He(e(y )™, q)

= max{Hs(e, 9), Mo(y ', @)} by (i)
He(y, @)= ne(y *, 9) (by (ii))

Therefore pa(y, q) = He(y ™, )
iv)
Ha(xy, ) = Ha(xy) ", q)

He(y "X, g)
max{Hs(y *, a), Ho(X %, 0)}

IA 1

IN

max{Hc(y. a), Ho(x, a)}(by (i))
HG(XV' q) SmaX{HG(X: q)! U-G(y’ q)}
From (iii) and (iv) W is an S-AQFS relative to a group G. [

Theorem 3.6. The union of two S-AQFS of an S-semigroup S relative to a group G is also an S-AQFS of S.
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Proof. Let A and B be any two S-AQFS of an S-semigroup S relative to a group G.
Then Ag : GXQ— [0, 1] and Bg : GXQ— [0, 1] are anti Q-fuzzy groups.

Let x, yeG and ge Q.

(1) (AcUBG)(xy, q) = max{Ac(xy, 0), Bs(xy, 0)}

max {max{Ac(X, 9), Ac(y, 9)}, max{Bc(x, q), Be(y, 0)}}
max{max{Ac(x, ), Ba(x, a)}, max{Ac(y, 9), Be(y, a)}}

max{(AcUBGg)(X, 0), (AcUBG)(y, 0)}

I IA

(AcUBG)(xy, q) <max{(AgUBg)(X, 0), (AcUBg)(Y, a)}
(i) (AcUBG)(X ™, q) = max{As(x %, a), Bo(X *, 0)}

B = max{(Ac(X, 9), Bs(X, 0)}
(AcUBG)(x 7, g) = (AcUBg)(X, q)

From (i) and (ii), the union of two S-AQFS is also an S-AQFS of S relative a group G.
O

Theorem 3.7. The union of a family of S-AQFS of an S-semigroup S relative to a group G is an S-AQFS.
Proof. Let {A}ic: be a family of S-anti Q fuzzy semigroups of S relative to a group G.

Thatis, A= U 4;

Then for x, ye G and e Q,

A(xy, g) = sup Ali(xy, q)
1€
sup max{Ai(x, q), Ai(y, )}

IA

i€l

maX{SUp Ai(xv q)v Sup Ai(yl q)}
max{A(x, q), Ay, a)}

A(xy, q) = max{A(x, ), A(y, 9)}Vx,y € Gand g € Q. 0]
A(X_l! q) = Sup Ai(x_l! q)
i€l
< sup Ai(x, q)
i€l
= Ax, q)
AXH<AX)VXE Gandge€ Q. (ii)
From (i) & (ii) the union of family of S-AQFS is an S-AQFS. [

Theorem 3.8. Let p be an S-AQFS relative to a group GcS, where S is an S-semigroup. If pg(xy *, g)= 0, then
Ha(X, 4) = Ha(Y, q) for all x, y€ G and g€ Q.
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Proof. Let p be an S-AQFS relative to a group GcS, where S is an S-semigroup. Then the restriction
map pe: G x Q —[0, 1] is an anti Q-fuzzy group.

Let x, ye G and qe Q.

Ha(X, 0) = Me(xy "'y, 0)
< max{us(xy %, q), Ha(y, q)}( since p is an S— AQFS) = max {0,
Ha(y, )
= He(y, )
Ha(X, Q)< pe(y, 0) 0]
Hs(Y, 9) = He(y %, q)( By the definition of S —AQFS)

= us(X Xy, q)
< max{ps(x ', q), He(xy ", a)}
= max{pa(x ", q), 0}
= (X ', Q) =
Ha(X, 0)
Ha(y, @< pe(X, G) (ii)

From (i) and (ii), if ps(xy , g)= 0, then pg(x, q) = Ha(Y, ) for all X, y€ G and g€ Q. C
|

1V. SMARANDACHE ANTI Q-FUZZY NORMAL SEMIGROUPS
Definition 4.1. Let A be an S-AQFS of an S-semigroup S relative to a group G. Then A is called Smarandache anti
Q-fuzzy normal semigroups (S-AQFNS) if Ag(xy, q) =Ac(yx, q), that is Ag(x, q) =As(yxy *, q) for all x, ye GcS
and ge Q.

Theorem 4.2. If A is an S-AQFNS of an S-semigroup S relative to a group G, then Ag(xy, ) = As(yx, q) if and
only if Ag(x, q) = As(y *xy, q) for every x, yEG.

Proof. Let A be an S-AQFNS of an S-semigroup S relative to a group G.
Let x, ye G.
Assume that Ag(xy, q) = Ag(yX, Q).
We have Ag(y xy, q) = As(y 'yX, q)
= Ag(ex, q)
= AG(Xv q)
Therefore Ag(y Xy, ) = As(X, Q)

Conversely, assume that Ag(x, q) = Ag(y Xy, q).

Ac(xy, ) = Ag(xyxx ")
= Ag(yx, q) (by assumption)

Ac(xy, q) = As(yx, Q)V X,y € G.
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[
Theorem 4.3. The union of two S-AQFNS of an S-semigroup S relative to a group G is also an S-AQFNS of S.

Proof. Let A and p be two S-AQFNS of an S-semigroup S relative to a same group G in S.

Then the restriction maps Ag : GXQ— [0, 1] and pg : GXQ— [0, 1] are anti Q-fuzzy groups. AU Hg is an S-AQFS of
H relative to G.

For all x, ye G, we have
(AU He)(xyx ', q) = max {As(xyX *, q), Ha(xyx ", 0)}

max {Ac(Y, 9), He(Y, 9)}
(AU e)(Y, 0)

Therefore (AeU He)(XyX ", q) = (AU Ho)(y. q) Hence (AeU Ho)

is an S-AQFNS of S relative to G. O

Theorem 4.4. Let A be an S-AQFNS of an S-semigroup S relative to a group G in S and Q be any non-empty set.
Define a set Sac={x€ G|Ag(X, q) = Ag(e, q), e is the identity of G and q € Q}. Then Sxg is a normal subgroup of G.

Proof. Let A be an S-AQFNS of an S-semigroup S relative to a group G in S. Therefore A is restricted to G such
that Agis an anti-Q fuzzy group. Define Sag={X€ G|As(X, q) = Ac(e, q)}. Clearly e€ Sxg.

Therefore S is a non empty subset of G.
Let x, Y€ Sag and ge Q.

Now Ag(xy %, q) < max{As(x, q), As(y, 9)}
= max{Ag(e, ), Ac(e, q)}
= AG(e!q)
Therefore Ag(xy >, q) < Ag(e, Q)
Also, Ag(xy * , 0)>Ag(e, Q)

Therefore Ag(xy ', q) = Ag(e, Q)
By the definition of Sag, (xy , q) € Sac. (i)
Therefore Spc is a subgroup of G.

Now let x€ Sag and ye G. Then Ag(X, q) = Ag(e, Q).
Since A is an S-fuzzy normal semigroup of G,

AG(y_le! q) = AG(X! q)
=Ae (e, Q)

Therefore Ag(y *xy, q) = As(e, q)

(Y 'xy, 0) €Sac (ii)
From (i) and (ii) Sac is a normal subgroup of G. |
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Theorem 4.5. If A is an S-AQFNS of an S-semigroup S relative to a group G and Q is any non-empty set, then
gAg lis also an S-AQFNS.

Proof. Let A be an S-AQFNS of an S-semigroup S relative to a group G and Q be any non-empty set. Therefore the
restriction map Ag : GxQ— [0, 1] is an anti Q-fuzzy group.

(1]
[2]
[3]
(4]

[5]
[6]
[7]
(8]

[9]

(9Ag H(xyx ", q) = A(g *(xyx ", g)g) (by definition 2.5)

A(xyx %, g)( since A is an S-AQFNS)

A(Y, a)

A(gyg ™, q) forsome g € G
(9Ag )(xyx ", q) = gAg ()

Therefore gAg * is an S-AQFNS.

V. CONCLUSION

In this paper, the concept of Smarandache anti Q-fuzzy semigroups and Smarandache
anti Q-fuzzy normal semigroups are defined and some of their properties are discussed.

REFERENCES

R.Aruldoss and S.Suganya, “Smarandache Q-fuzzy semigroups”, Advances in fuzzy mathematics, Vol.11 (1), 89-97, 2016.

R.Biswas, “Fuzzy Subgroups and Anti fuzzy Subgroups”, Fuzzy Sets and Systems, Vol.35, 121-124, 1990.

P.S.Das, “Fuzzy groups and level subgroups”, J.Math.Anal. Appl, 84, 264-269, 1981.

A.S.Mashour, M. H. Ghanim and F. 1. Sidky , “Normal Fuzzy Subgroups”, Univ.u Novom Sadu Zb.Rad.Prirod.-Mat.Fak.Ser.Mat., 20(2) ,
53-59, 1990.

Padilla Raul, “Smarandache algebraic structures”, Bull.of pure and Appl.sci., Vol.17E, 119-121, 1998.

Prabir Bhattacharya, “Fuzzy Subgroups: Some Characterizations”, J.Math. Anal. Appl.,128, 241 252, 1987.

A.Rosenfeld, “Fuzzy groups”, J.Math.Anal.Appl.,35, 512-517, 1971.

A.Solairaju and R. Nagarajan, “A New Structure and Construction of Q-Fuzzy Groups”, Advances in Fuzzy mathematics,Vol 4 (1), pp.23-
29, 2009.

W.B.Vasantha Kandasamy, “Smarandache fuzzy algebra”, American Research press,Rehoboth, NM, (2003).

[10] L.A.Zadeh, “Fuzzy sets and systems”, Information Control 8, 338-353, 1965.

ISSN: 2231 — 5373 http://www.ijmttjournal.org Page 116




