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ABSTRACT

Recently, Raina and Srivastava [2] and Srivastava and Hussain [7] have provided closed-form expressions for a number of a Eulerian integral about
the multivariable H-functions.The present paper is evaluated a new Eulerian integral associated with the product of two modified multivariable I-
functions defined by Prasad [1], a generalized Lauricella function an the classes of multivariable polynomials with general arguments . We shall
study the case concerning the Srivastava-Daoust polynomial [4] and we shall give few remarks..
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1. Introduction

The well-known Eulerian Beta integral
b
/ (z—a)* Yb—t)?"tdt = (b— a)*"P 1 B(a, B)(Re(a) > 0, Re(B) > 0,b > a) (1.1)

is a basic result for evaluation of numerous other potentially useful integrals involving various special functions and
polynomials. The authors Raina and Srivastava [2], Saigo and Saxena [3], Srivastava and Hussain [7], Srivastava and
Garg [6] and other have studied the Eulerian integral. In this paper, we consider a general class of Eulerian integral
concerning the product of two multivariable I-functions, defined by Prasad [1], the generalized hypergeometric function
and the classes of multivariable polynomials.

The generalized polynomials of multivariables defined by Srivastava [4], is given in the following manner :

Ny/O, N, /9,
S Mgy 1 | i: ]_._[ z/: D (N, - (=No)om, K,
Ny, ,N, Y1, yYv| = K]' K,,,!
K1=0 K., =0
ANy K Ny, Ky Jyp o -y (L.1)
where 01, , - - - , 91, are arbitrary positive integers and the coefficients A[Ny, Ki;--- ; Ny, K] are arbitrary constants,

real or complex. Srivastava and Garg [6] introduced and defined a general class of multivariable polynomials as
follows

hiRi+-hy R, <L ZRl SR
by ha B B . R F
‘SLI [217"' 7Zu]— Z ( L)h1R1+"'+huRuB(L’R17 ’RU)RllRu' (12)
Ry, Ry =0
The coefficients are B[F; Ry, ..., R,] arbitrary constants, real or complex.
—N _N’U ,
We shall note a,, =( BELIV SN )EmuKUA[Nl,Kl; -+ 1Ny, K] and
K;! K,!
—L B(L;Rq,--- , R,
b, — (=L)niRy+-+ho r, B(L; Ba ) (1.3)

R~ Ry
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The multivariable I-function of r-variables defined by Prasad [1] is an extension of the multivariable H-function defined
by Srivastava and Panda [8,9]. It is defined in term of multiple Mellin-Barnes type integral :

z1 ol " . .
(8255 0%, 5 )1,pa3
0.1m0:0.13:---:0.1 :m(l) n(l).“,.m(r) n(’”)
IZZ“‘Z=I’2’73’7’T ) 37T 5
( 1,2, 9 T) p2’q2’p37q3;...;pT,’q,’,,:p(l)’q(l);..-;p(7')7q(7‘)
. ! 1 . .
7 (ij’62j7ﬁ2j)17QQ"” ’
T
L@ o) () (1) . () ()
(arj7arj 2y (g )Lpr : (aj » O )1,p<1)7 T a(aj )y O )1,p(’f')

(1.8)
(brj;@(n;)a - 5(T)) L : (b_g-l),ﬁ.gl)h,q(n;'“ ;(b,§r),ﬁ,§r))1,q<a

1 : ’
:W/L /L (81, ’S’“)H 0;(s;)z;'dsy - - - ds, (1.9)
1 r i=1

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largz;| < Eﬂﬂr, where

n(® m(® " e
QI‘ZZO&;(J')— Z a’)+Zﬁkz) Z Bk < 2 2}3_ Z aé?)"’"'_‘_
k=1

k=n(d41 k=m() 41 k=1 k=ns+1

(ZO‘ Z 2) (Zﬁzlﬁz/ﬁg -+§;ﬂ£§3> (1.10)

k=n,+1
wherei =1, ---,r

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

I(Zla T ’ZT) = 0( |Z1|a1 )

).maz(|z],- |z]) = 0

I(z1,- - 20) = 0([za|™ oo 2l ) min( |21, 2] ) = 00

where k =1,--- ,r:a) = min[Re(bg-k)/ﬁék))],j =1,---,m% and
Bi, = maz[Re((a{” —1)/a{)),j =1, ,n®

Condider a second multivariable I-function defined by Prasad [1]
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/
Z /(1) /(2)

1 . .
(a2g’ Qo )l,p’Qa"' )

/) _ 70,n5;0,nf; 0, :m/ ) p/ M/ (9) /()

12,25, ...z
(21,22, o2 P, @h Pl s Plal (1) g/ (D5 sp/(9) g/ (o)

~

: 1) 2
" ( j’ﬁ/( 76’()) Lals s

(a0 0l )y (@D ol

{(a)), 0/)

G0 ) s 1 /(o)

(1.11)

(b,sj;ﬂl(l) . 5/ (s)) - (b;(l),ﬁ_;(l))m,(l); L ;(b;‘(s)76§'(s))l,q’(5)

S

/ w ty, - ts)H &i(t;)2bdty - - - dt, (1.12)
(2mw)s / Pl

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
where |argzi| < iﬁgﬂ

/@ ) @ 7@ )
/! /(2 1 (2 /(2 / / / ]
CE LIS SR RS SE TS SR TR b o Ae
k=1 k=n/()+1 k=1 k=m(D)+1 k=na+1

P

n’ A b qs
dooet Za’ @ Z - ;Bék“)+;B§k“>+~--+;5;k(“ (1.13)

wherei =1,---,s

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

/
S

,z’l)—>0

S

I(z,- 20) = 0( |24 oo 2L ) maa(|24]

I(z),---,20) = 0( |2},

/
S

©).min( |z - |z ) = 00

S

wherek = 1,--+ ,2:a) = min[Re(b;(k)/B;(k))],j =1, ,m'® and
B¢ = maz[Re((a)" — 1) /), j = 1,--- .0/ ®
If ng = --- = ng = 0, we shall I this function.

2 Rquired result
Lemma

ISSN: 2231-5373 http://www.ijmttjournal.org Page 119



International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 60 Number 2 - August 2018


ISSN: 2231-5373                              http://www.ijmttjournal.org                                     Page 119



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 60 Number 2 - August 2018

b k k
/ (t—a)*” H (fit+g;)7dt= (b—a)*T"1B(a H (af; +g95)%
a j=1 =1
(k) (b—a)fr (b— a)fk}
xF Q, =01, ", — O+ Py ——F———, -, — 2.1
b { ' * g afi + g afe + gk @1
where a,b € R(a < b),«, 3, fi,gi,0; € C,(i =1,--- k) ; min(Re(a), Re(8)) > 0 and
{ (b—a)fi }
max 1
1<k || afi + gi
FI(Dk) is a Lauricella's function of k-variables, see Srivastava and Manocha ([8], page 60)
k
The formula (2.2) can be establish by expanding H(f it +97)” by means of the formula :
Jj=1
= (),
(1—2) ZO T (2l < 1) (2.2)

integrating term by term with the help of the integral given by Saigo and Saxena [3, page 93, eq.(3.2)] and applying the
definition of the Lauricella function FL()k) [4, page 454].

2. Eulerian integral

X =nW, m® o 0™ ) /@ 'Oy ) 1 0: 51,051,050 51,0

G.1)
l k
=qW pMs. g pM). gD G M. g8 )01 :0,1;0,1;--- ;0,1
3.2)
l k
Y = q2,P2," yqr—1,Pr—1 aqéapéa 7q‘/9717p/571 (33)
1 2 1 2 1) /(1 /(2)
A= (1 *b2k§ﬁék)vﬁék))l,q2§"' ;(1 *b(r—l)k;ﬁ((r)—l)k?ﬁ((r)—l)k"“ >ﬁ(: 1)k)1 Qr—1 a( 2ka 2(19)7 2(k )1,(1;;"' ;
/(1 /(2 /(s—1 _ /(1) oo g g,
(1 (s— 1)k’6 ) k’ﬁ((s—)l)k:’“. ’ﬁ((s 1)36)1 7 ( brknﬁ ﬁfrk;v 7ﬁ7’k aoa a0507 aoaov ?0)17(1,«’
s l k
(1_bsk7 y " 06;(]37 ;ka"'wBskv 7"'70707"'70)1,%7 (]-_Aj§07"'70,]-,"';1)1,P
T l k r+s+k l
A=1—=dV 60 s (1=d 607 g0 5 (= d 60 s 5 (1= d 618 s
0,1);---;(0,1);(0,1);---5(0,1
(7)7v5(’)5(a)a 7(a) (44)

= (l_a_ZRiai_Zan,g, Qg5 b1y a,u'Tv,u/lf" a,u;ahlv"' ahlalv"' 7131}17"' 7Ul)a

].—A';O,"',O,].,"',]. ,y(1=5—= Rib; — G; 1b;7 sy Py /7'”7 ;707"'7077-7"'7777
(1-4; 0L Ji.p: (1= ; ;n abEPL PP p o )
r+s+
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———
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B*:(l—Q_B_ZRZ(G;1+b Z +b Kl7/j’1+p17"'7MT+p7‘a,u/1+p/17"'7:u"/r+10;‘a

=1 i=1
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—— —_——— —— —— ——

k T s k l
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P A i @ WESCO (s) ... I !
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- - k
1 2 1 2 r—1 1 2)
B= (1 — azk;@ék)uagk))lmz; Ty (1 — a(rfl)ldagr),l)w E") k" ET 1;}€) L,pr—1 7( Qka ;(16)7 ;(k )l,qé;
Lo 1(2) 1(s—1) . . onQ) (2) (r)
(1 - al(sfl)k’a(sfl)k’ a(sfl)k’ e ’a(ssfl)k)lvp;,l’ (1 — Qrk; Oé,,,k 7ark [ 7a7~k 707 e 70707 e 70707 e 70)1,pr7
s l k
(1—al;0,---,0 ’g(kl)’ ;(:),... /3(1:)»0 10,0, ,0)1p. (1= Bj;0,--,0,1,--+ 1)1 g
\“,_/ \“,_/ —— —— ——
r l k r+s+k l
1 T 1 s s
B=(1—-c" A 050 =AM s =0 al) a5 (1= o)) s
1,0);---5(1,0); (1.0);--- ; (1.0
(1,0):++: (1,0)s (LO): -+ £ (L0) o
l k
h
Pr=(b-a)* ST (afs +95)° (3.8)
Jj=1
h
Bu,v = (b — a)zi:l(ai+bi)Ki+Zi:1(ai+b7")R7" H af] +gy Yo MK =300 A R 3.9
j=1
We have the general Eulerian integral.
Theorem.
—A;/(l)

2 (t — a)® (b — ) Ty (fit + ;)
b k .
/ (t—a)* 1(b—t)l? H(fjt+g])"7S L sh

o _yw)
zli(t — a)® (b — t) TT5_, (fit +g;)
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My, My
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PR | (A)3 (By)i = Y wilt = ) (b

21(t — a) = (b — 1)

zr(t —a) Fr(b—t)""

2 (t —a) ™3 (b~
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Z/”(t _
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k
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)

(r)

/(1)
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[N1/0n, ] [Ny /Mo] hiRi+hyR,<L u v
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We obtain the I-function of » + s + k + [ variables.
Provided that
(A) avb € R(a < b)7/~l/l:/~l';:pup;aAgl)vAll(u)vhv S R+ s fivgj:Tvaaj7)‘v eC (Z = 1a' o 7T;j = 17' o aka

u=1,--,s50=1--,1),a; b, N/ <“<i>eR+ (=1, u;j=1,--- k)
ab’X”)g”’)ew(i 1L, ,v5=1,--- k)

17 )

®) @i b, € C(i= Lo rij =L pik =L g0l b eC
(7::17...77";.]':17...’p(i);kzl’...7q(i))
;77 zk?eC(Z_l ]:1771);’]9:177(1@) /(l) b;(k)ae(c

(2217 ,7',]:1, 7pll)7k;:1a 7q/(L))

gf)a <)ER+((Z_1 'arvjzlv"'7piak:17"'ar);a;i)7 Z(Z) €R+(i:15"'ar;jzla"'vpi)
I(k)ﬁ k)€R+((IL—]‘ 5]:]-7ap;ak:17 ) @ /(Z>€R+(Z_l j:17ap;)
(b_a)fi h.
S~ e 1 . _ J
© fé%c{ o < b {lmb-at]) <1

r ) s /(t)
@ 1) STy @ —1
(D) Re (O‘ + ZK @i + ZR i ) B ;Mt 1<ken® R ( ol? ) ;ut 1<ken® fe ( a) ) >0

i=1
r a,(:) _1 s a;c(t) _1
/ _ k- _ / k=
and Re ﬂ+ZKb —l-;R 3b; ;p%g%gi(i) Re 0 ;p 1<II:137::</“) Re ;c(t) >0
(E) Re (OA + ZKZCL; + ZR,‘G;Z‘ + Zﬂisi + Ztmé) >0
i=1 i=1 i=1 i=1
e <ﬁ + Z K}b; + Z R;b; + Zvisi + Ztip;> >0
i=1 i=1 i=1 i=1
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i=1 i=1 i=1 i=1
e <—aj +3 KNS RO 43500 4 Zm;(i)) >0 =1, ,k);
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0] @ (@) q®

S TR SRCES SETRID S T S
k=1 k=n'() 41 k=1 k=m@ 41
@ @ ‘ as _ k _ ! _
_ZO/ () _ Zgék(z) +Zﬁék(t) +...+25;k(%) —ph =gl _Z)\;,(z) _Zg(@ >0 (i=1,---,s)
k=1 k=1 k=1 =1 1=1
—>\(f") VAC]
’ 1 k ’ 1
(G) |arg 21H fit +9;) <§Qkﬂ', arg Z’H fit + g5) <§Q;€7T,(a<t<b;i=1,~--,r)
j=1 j=1
(G) P < @Q + 1. The equality holds, when , in addition,
1
k o-F
either P > @ and |z; H fit+9;)" A <1 (a<t<))
k
or P < Qand max 4 [t +95) NN <1 (a<t<h)
1<i<k il
Proof
To prove (3.14), first, we express in serie the class of multivariable polynomials i Ni.- ]\9,3 o [.] with the help of (1.1),

the class of multivariable polynomials Sgl’ b [] in serie with the help of (1.2) and we interchange the order of

summations and t-integral (which is permissible under the conditions stated). Expressing the I-functions of r-variables
and s-variables defined by Prasad [1] in terms of Mellin-Barnes type contour integral with the help of (1.9) and (1.12)
respectively and interchange the order of integrations which is justifiable due to absolute convergence of the integral
involved in the process . Now collect the power of (f;t+ g;) with j =1,--- ,k. Changing the order of integrations
and summations (which is easily seen to be justified due to the absolute convergence of the integral and the summations
involved in the process) , using the lemma and interpreting (r + s + k + [)—Mellin-barnes integrals contour in
modified multivariable -function I defined by Prasad. [1], we obtain the desired result (3.10).

4. Srivastava-Daoust polynomial

A B B
Hj:l(a')nglJr 4Ry 9(’“> Hj:l(bl')R1¢ H ( j )Ru(i)(»u)
b)If B(L: Ry, ,Ry) = —o s @.1)
Hj:l(CJ)le 4 tR, ¢(“) HJ 1( )Rlé’ H (dj )Ruo‘;}”
then the general class of multivariable polynomial 521 oo [21,+ -+, 2, reduces to generalized Lauricella function

defined by Srivastava and Daoust [5], it’s a particular case of generalized hypergeometric function defined by
Srivastava and Panda [9,10].

Z1

B (-LRi, - R, [(@); 0, 0] < [(0): 9T+ 5 [(00); 0]
Fépty...pw ) : 4.2)

()i’ ] [(d): ') 5 (@) 6]
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We have the following integral.

Corollary.
b l k
/ (tia)a—l(bft)ﬂ—ll_[[l*T] t—a H f]t+g]
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@

z1(t —a) " (b— )= [Ty (it + ;)™

I
_ _. k ()
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’ ./ 1(s)
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Ay

z [15_y (afi+g5)"
(b—a)“/l+p/l

AL (1)
2 TT—y (afi+g)™

(b,a)u;ﬂ)’s

0,l+k+2:X s : @3)
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(b—a)f1
afi+g1

(b=a) fi
afrk+gr
ug (b—a)71tY1

TT%_ (af;+9,) -
B, B*B

wy(b—a)T T

k C(-l)
[T7-(afj+g;)

under the same conditions and notations that (3.10)

(=L)n Ry 4t hr, B(L; Ry, -+ Ry)
Ri!---R,!

where b, = ,B[L;R1,...,Ry] is defined by (4.1)

Remarks:

By the following similar procedure, the results of this document can be extented to product of any finite number of
multivariable I-functions defined by Prasad [1], classes of multivariable polynomials defined by Srivastava and Garg
[5] and class of multivariable polynomials defined by Srivastava [4].

We have similar integrals concerning other multivariables special functions.

5. Conclusion.

In this paper we have evaluated a generalized Eulerian integral involving the product of two multivariable I-functions
defined by Prasad [1], a class of multivariable polynomials defined by Srivastava and Garg [5] and a class of
multivariable polynomials defined by Srivastava [3] with general arguments. The formulae established in this paper is
very general nature. Thus, the results established in this research work would serve as a key formula from which, upon
specializing the parameters, as many as desired results involving the special functions of one and several variables can
be obtained.
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