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Abstract
We prove the generalized Hyers-Ulam Stability of the Quadratic functional equation

f(2xlix2ix3ix4)= f(xliXSix4)+f(xlix2ix3)+ f(xlixzix4)+f(ix1)—f(ixz)—f(ixs)—f(ix4)

in non-Archimedean Banach Spaces using Direct Method and Fixed Point Method.
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I. INTRODUCTION

The functional equation

f(x+ y)+ f(x—y):2f (x)+2f (y)

(1.1)
is called the quadratic functional equation. In particular, every solution of the quadratic functional equation is
said to be quadratic mapping. In 1996, Isac and Rassias [8] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By using fixed point
methods, the stability problems of several functional equations have been extensively investigated by a number
of authors (see [1],[4],[5],[11] - [16]). Recently, Brzdek et al.,[2] and Dong Yun Shin et al.,[7] gave a survey on
the fixed point method and the direct method to prove the Hyers-Ulam stability of functional equations and
functional inequalities. In this paper, we introduce the following quadratic functional equation

f(2x1+x2+x3+x4)= f(xl+x3+x4)+ f(x1+x2+x3)+f(xl+x2+x4)+ f(xl)— f(xz)— f(xs)— f(x4) (1-2)
F(axg = xg = xg =g ) = T =xg =0y ) £ (g =g = xg ) £ (0 = xg =g o £ (o) = £ (g ) = 1 (=g ) = £ (%) (1.3)
f(leixzixsix4)= f(xlix31x4)+f(xlix2ix3)+ f(xlixzix4)+f(ixl)—f(ixz)— f(ixs)—f(ix4) (1-4)

in non-Archimedean Banach Spaces using Direct Method and Fixed Point Method.
All over this paper, we assume that the base field is a non-Archimedean field,hence call it simply a field.

Definition 1.1[9] Let X be a vector space over a field K with a non-Archimedean valuation |.|. A function
|-|: x > 0. is said to be a non-Archimedean norm (valuation) if it satisfies the following conditions:
i) |[x|| = o ifand only if x = o;
ii) lex]| = |r[[|x]| forall rek,xex ;
iii) The strong triangle inequality
Jbe+ v < masc [l [y [}
forall x,y e x .Then (x || ||) is called a non-Archimedean normed space.

We recall a fundamental result in fixed point theory.
Theorem 1.2 ([3],[6]) Let (x.d) be a complete generalized metric space and let 5 : x — x be a strictly
contractive mapping with Lipschitz constant L>1. Then for each given element xe< x , either

d (J "%, ”+1x) = » forall non negative integers n or there exists a positive integer n such that

- 1
I) d(Jnx,Jn+x)<oo, vyn=>n.;
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ii) The sequence {3 " x} converges to a fixed point y" ofJ;

* n
iii) y is the unique fixed point of J in the set v ={ye ><|d(J 0x,y)<oo};

V) d(v.y ) d(y.ay) forall yev .
1-1L

Throughout this paper, assume that X is a non-Archimedean normed space and that Y is a non-Archimedean
Banach Space.

Il. GENERAL SOLUTION OF THE QUADRATIC FUNCTIONAL EQUATION

In this section, we find out the general solution of the Quadratic functional equation .
Theorem 2.1 If a mapping f : x — Y satisfies the functional equation (1.1) for all x,y € x , iff the function

f : X — v satisfies the functional equation (1.2) forall x,y ¢ x .
Proof. Setting (x,y) by (0,0) in (1.1),we get f (0) = o . Again replacing (x,y) by (o0,x) in (1.1), we have
f(-x)=f(x),forall xe x .Replacing (x,y) by (x,x) and (2x,x) in (1.1), we obtain f (2x) = 4x and

f(3x)=9f(x) , xe X . ively. itive i Y iv
for all respectively. In general for an ositive integer a e receive

f (ax) = a’f (x),forall x e x . Replacing x = x, and y = x, in (1.1), we get

4
f(x3+x4)+f(xg—x4):2f(x3)+2f(x4) (2.1)
for all Xy, X, € X It follows from (2.1), we have
f(x3+x4)+f(xl+x2+x3—(xl+x2+x4))=2f(x3)+2f(x4) (2.2)
forall x ,x, x5, x, € X . Adding f(x1+ Xy + Xy + (X %, + x4)) on both sides in (2.2), we arrive

f(x3+x4)+ f(x1+x2+x3—(xl+x2+x4))+f(x1+x2+x3+(xl+x2+x4))
:Zf(x3)+2f(x4)+f(x1+x2+x3+(xl+x2+x4)) (2.3)

forall x..x,.x,.x,  x . Using (1.1) in (2.3), we get

f(x3+x4)+2f(x1+x2+x3)+2f(xl+x2+x4)=2f(x3)+2f(x4)+f(2x1+x2+x3+x4+x2) (2.4)

forall x . x,.x;.x, e x . Itfollows from (2.4), we have

2'73' 74

f(x1+x3+x4—xl)+2f(x1+x2+x3)+2f(xl+x2+x4):2f(x3)+2f(x4)+f(2x1+x2+x3+x4+x2) (2.5)

for all X[ Xy Xg X, € X . Adding f (x1 Xy X xl) on both sides in (2.5), we arrive

f(x + X +x4—xl)+f(x + X +x4+x1)+2f(x1+x2+x3)+2f(x1+x2+x4)

1 3 1 3
=2f(x3)+2f(x4)+ f(2x1+x2+x3+x4+x2)+ f(x1+x3+x4+xl) (2.6)
forall x .x, . x;. x, e x . Using (1.1) in (2.6), we obtain

2f(x1+x3+x4)+2f(x1)+2f(x1+x2+x3)+2f(xl+x2+x4)

:Zf(x3)+2f(x4)+f(2x + X, + X +x4+x2)+f(2xl+x3+x4)

17 % g 2.7)
for all Xp Xy Xgi X, € X . It follows from (2.7), we have
2f(x1+x3+x4)+2f(x1)+2f(x1+x2+x3)+2f(xl+x2+x4)

=2f(x3)+2f(x4)+ f(2x1+x2+x3+x4+x2)+ f(2x1+x2+x3+x4—x2) (2.8)
for all Xp Xy Xgu X, € X . Using (1.1) in (2.8), we get
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2f(2x1+x2+x3+x4)-2f(x +x3+x4)+2f(x )+2f(x +x2+x3)+2f(x +x2+x4)—2f(xz)—Zf(x3)—2f(x4) (2.9)

forall x .x, x5 x, e x . Dividing 2 on both sides of (2.9), we receive (1.2)

Conversely, let f : x — v satisfies the functional equation (1.2). Setting (x x4) by (0,0,0,0), we get

1'% %3

f (0)=0. Replacing (xl, x2,x3,x4) by (x,-x,x,-x)in (1.2) we obtain f(-x)=f(x). Hence f is even. Again

setting (x, . x, Xy, ) by (x,0,0,0) in (1.2), we get f (2x) =4t (x)forall xe x . Replace (xl,xz,x3,x4)
by (x,x,O O) , (x X, X, 0) and (x,x,x,x) in (1.2), we arrive f(3x):9f(x) , f(4x):16f(x) and
f(5x)=25f(x), for all xe x , respectively. In general for any positive integer “a”, we have
f(ax):azf(x) Put x, = 0 in (1.2) we get,

f(x2 +x3+x4): f(x3+x4)+ f(x2 +x3)+ f (x2 +x4)— f (XZ)_ f (x3)— f (x4) (2.10)
forall x, x,,x, e x . Adding f (x, + Xy - x, ) on both sides in (2.10), we have

2f(x2+x3)+2f(x4): f(x +X )+f(x2 ) (x +x4) f(xz)—f(x3)—f(x4)+f(x2+x3—x4) (2.11)
forall x, . x;.x, e X .Put x, = x, x; =0 and x, =y in(2.11), we get our desired result (1.1).

Theorem 2.2 If a mapping f : x — vy satisfies the functional equation (1.1) for all x, y ¢ x , iff the function
f : X — v satisfies the functional equation (1.3) forall x,y ¢ X .
Theorem 2.3 If a mapping f : x — Y satisfies the functional equation (1.1) for all x,y e x , iff the function
f: X — v satisfies the functional equation (1.4) forall x,y ¢ x .

1. STABILITY OF THE QUADRATIC FUNCTIONAL EQUATION (1.4) -DIRECT METHOD

In this section, we investigate the stability of the Quadratic functional equation (1.4) in Non-Archimedean
Banach Space using Direct Method.
Theorem 3.1 Let G is an quadratic semi group and X is a complete non-Archimedean space. Assume that

® et [0, +) be afunction such that
go(Sn x1,5nx2,5nx3,5nx4)
lim =0 (3.1)

n— o 2n
bl

for all X Xy Xg X e G.Letforall xe G

2'73'74
j k k k k
ga(S x,5 x,5 x,5 x)

7K kel u{O}l (3.2)
{ i

exists. Suppose that f : G — X be a mapping satisfying the inequality
“ 2x +x + X +x4) f(x +x3+x4)+ f(xltx2+x3)+ f(xltx2+x4)+ f(txl)—f(ixz)—f(ix3)—f(ix4)”

S(p(xl,xz,xs,x4) (3.3)

@ (x)= Sup, .o

for all X[ Xy Xy, X, €6 . Then the limit

f (Sn x)
Q(x):= nIl)mOO 20
existforall xe G and Q : G — X is an quadratic mapping satisfying
||f<x>o<x>||<|:5|<b(x> (3.4)
for all x e c . More over, if
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k k k k
gz;(S X,5 x,5 x,5 x)
lim lim max ;J<k<n+ jr=0

jo>onos>wo t |5|2k J

Then Q is the unique mapping satisfying (3.4).
Proof. Setting (xl, x2,x3,x4) by (x, x,x,x) in(3.3), we have
f (Sx)

2 f (X)

5

|¢(x,x,x,x) (3.5)

X |25

forall x < 6 . Replacing x by 5" x in (3.5), we obtain

(") r(s") )

n n n n
‘ 52(n+1) - 52n H < |5|2(n+1) (p(S x,5 x,5 x,5 x) (3.6)
X
f (Sn x)
It follows from (3.1) and (3.6) that the sequence T is a Cauchy sequence. Since X is complete, so
L 5 Jn:]_
f (5n x)
T is convergent. Set
l 5 Jn:l
f 5nx)
Q(X):: n[)moo 52n
Using induction, we see that
f(5nx) 1 (p(Skx,Skx,Skx,Skx)
—f(x) < ——max ;0<k<n (3.7)
52n | |2 | |2k
x B ; J

Indeed, (3.7) holds for n = 1 by (3.5). Let (3.7) holds for n, so by (3.6), we have

(s""x) ((s"x) r(s"x)
52(“7“)7 ) ‘ (2(0+1) * 2 t(x) (3.8)
X X
Smaxj ((s"x) 1 (s"x) ‘f(snx)_ " l
t 52(n+1) £2n Hx ‘ 52N xJ

k k k k
1 (p(Snx,Snx,Snx,snx) tp(S X,5 x,5 x,5 x)
<72 max ,max ;0<k <n

| 5[ | 5[ /|

ko k_ _k__k
1 J(p(S x,5 x,5 x,5 x)
T2 mex 2k
o i J
Soforall neo andall x « g, (3.7) holds. By taking n to approach infinity in (3.8), one obtain (3.4). If R is
another mapping satisfies (3.4), then for x < G , we get

Q(5kx) R(5kx)
o G=rall = im ==

kK — oo

ls
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Therefore Q = R. This completes the proof.
Corollary 3.2 Let f : G —» X is a mapping satisfying the inequality

“f(2x11x21x31x4): f(xlixstx4)+f(xltxztx3)+f(xltxztx4)+f(txl)—f(ixz)—f(ixs)—f(ix4)“

35(77(X1)+77(X2 )+77(x3 )+77(X4‘)) (3.9)
n
for all X[ Xy Xy, X, €6 . Then the limit @ (x) = Iim e exists for all xec and Q:G —» X is a
n— o
unique quadratic mapping such that
256 X
”f(x)—Q(x)”s ’7(” ”)

2

3

for all xe G .

IV. STABILITY OF THE QUADRATIC FUNCTIONAL EQUATION (1.4) - FIXED POINT METHOD
In this section, we establish the stability of the Quadratic functional equation (1.4) in Non-

Archimedean Banach Space using Fixed Point Method.

Theorem 4.1 Let ¢ : G M [0,%) be afunction such that there exists and L <1 with

"o ) 4.1)

S — e X, X, X5, X .

|25| 172773 "4

for all X[ Xy Xg. X, €G . Let fiX Y be a mapping satisfying f(o)=o0 and (3.3) for all

Xl )(2 X3 X4
Pl T T T
5 5 5 5

TN
~_

X, %, %5, x, € G . Then there exists a unique quadratic mapping Q : G — x such that

L

sm(p(x,x,x,x) (4.2)

It () -e(x)
for all xeG.
Proof. Setting (xl,xz,x3,x4) by (x.x, x,x) in(3.3), we have
7 (sx) =251 ()] < 0 (x.x % %) (4.3)
for all x e ¢ . Now, consider the set s := {h :X = Y,h(0)= o} and introduced the generalized metric on S:
d(g.h)=inf{uecn, :”g(x)—h(x)”g uo (X, %6, x,x) ¥xe G},

where, as usual, inf ¢ = +w. It is easy to show that (s,d) is complete. Now we consider the linear mapping
J:s — s such that
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i)

for all x <G .Let g,hes begivensuchthat d (g,h)=c.Then

”g (x)- h(X)”S ep (X, %, %, x)

({3}

< [es]«

for all x e G . Hence

”.Jg(x)—.]h(x)”:

X X X X
|25|5(p T T

555 5
(x,x,x,x)ng(p(x,x,x,x)
m
for all xeG.S0d(g,h)=c impliesthat d (1g,3h) < Le . This means that

d(Jg.,Jh) < Ld(g,h)

forall g,h e s . It follows from (4.3) that

)

for all xeg . So d(f, )<

L
<4***q<uxu)

5 5 5 5 |25|

| | By Theorem 1.2, there exists a mapping Q : G —» x satisfying the
25

following:
(1) Qs a fixed point of J,
: X
i.e., Q(x)=25Q [J (4.4)
5
forall x e c . The mapping Q is a unique fixed point of J in the set
M :{QESZd(f,g)<oo}.

This implies that Q is a unique mapping satisfying (4.4) such that there exists a x < (0, ) satisfying
”f (x)— Q (x)” < /,z(ﬂ(x, X, X, x)

forallx e G ;

(2) d (J' f ,Q) — 0 as | > « . This implies the equality

lim 52" f [Xn]_ Q (x)
|- 5

forallx e G ;

(3) d(f.Q)<

d (f,3f), which implies
1-L

L
It () - () < mw(X'X'H)
for all x e 6 . It follows from (4.1) and (3.3) that

“Q 20 0, g 1%, ) = Q (% #xg £ Xy )= Q (X £ Xy 2 x5 )= Q (3 £ xy £ 3, )= Q (3 )+ Q (%, )+ Q (x5 )+ (”4)“

(2x+x21x3ix4\ (x+x+ \ (x+x + X

2\4( )
IS G e e

= lim |5|
n— o

for all X[ Xy Xg. X, €6 . So
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”Q(leixzix3ix4)—Q(x1ix3ix4)—Q(x1tx2ix3)—Q(x1tx21rx4)—Q(1rx1)+Q(ix2)+Q(ix3)+Q(ix4)”—o

for all x,.x,.x;.x, G . By Theorem 2.3, the mapping Q : G — X is quadratic.

2" 73"
Corollary 4.2 Let r <5 and 2 be non negative real numbers and let f : X — Y be a mapping satisfying

f(0)=o0 and
“f(ZXlixziXSix4)= f(xlix3tx4)+f(xlixzix3)+f(xltxzix4)+f(ixl)—f(ixz)—f(ixa)—f(ix4)“

< ' r) (4.5)

r
+

r

X +

1 +

X

2 X

3 X

4

for all X[ Xy Xg, X, € G . Then there exists a unique quadratic mapping Q : G — X such that
255 ()
[r(x)-e o« —
3

forallx e .

. r r r r

Proof. The proof follows from Theorem 4.1 by taking ¢(x1,x2,x3,x4) = /1( x|+ x, ‘ sl % ‘ )

2— .
for all x, . x,. Xy.%, €G . Then we can choose L = |5| " and we get the required result.
V. CONCLUSION

Throughout this paper, we introduced the following results:

(M In the section I1, we established the general solution for the functional equation (1.4)

(i) In section Ill, we investigated the stability of the Quadratic functional equation (1.4) in Non-
Archimedean Banach Space using Direct Method and also the output of the stability results exposed in
Corollary 3.2.

(iii) In the section 1V, we estimated the stability of the Quadratic functional equation (1.4) in Non-
Archimedean Banach Space using fixed Method and also the output of the stability results exposed in
Corollary 4.2.
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