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In this manuscript,the existence of the generalized a-@-Penta-Contractive
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I. INTRODUCTION

Let A and B two nonvoid subsets of metric spaces (X, d).Fact that a non self
mapping T : A — B does not necessarily have a fixed point.It is of considerable
significance to explore the existence of an element x that is close to Tx as pos-
sible.Best proximity point analysis has been developed in this direction. The
Best proximity points of T are the points x €A satisfying d(z, Tx) = d(A, B).
Recently Mohamed Ladh Ayari([5]) introduced a novel class of contractive map-
pings called a-( contractive type mappings.They provide some interesting re-
sults to obtain existence of fixed points for self mappings.

The main objective of this paper is to generalize the results of Mohamed
Ladh Ayari([5]) by introducing the proximal a-¢-penta -contractive mappings on
metric spaces involving 8 comparison functions.we have dervied some theorems
on best proximity points for a specific class of proximal a-¢-penta -contractive
mappings .The present result generalize the theorem of Mohamed Ladh Ayari
and many results existing in the literature
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II. PRELIMINARIES AND DEFINITIONS

Let (A,B) be pair of nonvoid subsets of a metric space(X,d).We adopt the fol-
lowing notations:

d(A, B) =inf{d(a,b) : a € A,b € B}
Ag={a€ A:3be B>d(a,b) =d(A,B)};
By ={be B:3a€ A>d(a,b) =d(A,B)}

Definition 2.1. ([12])Let T : A — B be a mapping. An element z* is said to
be a best proxzimity point of T if d(z*,Tx*) = d(A, B)

Definition 2.2. ([/13]) Let 5 € (0,+00). A B-comparsion function is a map

@ : [0,400) = [0, +00) fulfilling the following properties:

(1) ¢ is increasing;

(2)limy, 00 ¢5(t) = 0 for all t > 0 where ¢ denotes the nth iterate of ¢g and
ba(t)=(51)

(3)there exists s € (0,+00) such that £52, ¢j3(s) < co.

The set of all 5 -comparsion functions ¢ satisfying (1)-(3) will be denoted by ¢g

Remark : Let o, 8 € (0, +00) If @ < 8 ,then ®5 C P,

Lemma 2.1. ([18])Let 8 € (0,+0) and ¢ € ®g.Then
(1)¢gs is increasing;

(2)pa(t) <t for all t>0.;

(3)E521 ¢5(t) < oo for all t>0.

Definition 2.3. ([7])Let (A,B) be a pair of nonvoid subsets of a metric space
(X,d) such that Ay is nonvoid. Then the pair (A,B) is said to have the P-property
iff d(x1,y1) = d(xe,y2) = d(A, B) = d(x1,22) = d(y1,y2) where r1,29 € A
and y1,y2 € B.

Definition 2.4. ([9])Let T : A — B and o : A x A — [0,+00). We say
that T is a-prozimal admissible if a(x1,22) > 1 and d(u1, Tx1) = d(ug, Txa) =
d(A, B) = a(u1,uz) > 1 for all x1,x9,u1,us € A

Definition 2.5. (/9])A non-self mapping T : A — B is said to be a gener-
alized o — -proxzimal contraction ,where o : A x A — [0,400) and ¢ is a
(c)-comparison function if

a(z,y)d(Tz, Ty) < (M(z,y)) Vo,y € A where

M (z,y) =maz{d(z, y), ~[d(z, Tz) + d(y, Ty)] — d(A, B), %[d(y, Tx) + d(z, Ty)] — d(A, B)}

75[
Definition 2.6. (/9]) A non-self -mapping T : A — Bis said to be («,d)

reqular,where o : Ax A — [0, 400) if for all (x,y) such that 0 < a(z,y) < lthere
exists ug € Ay such that

a(z,up) > 1 and a(y,up) > 1
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Definition 2.7. ([5])Let (X,d) be a metric space and (A,B) be a pair of nonempty
subsets of X.Let 8 € (0,400)..A non-self mapping T : A — B is said to be a
generalized o — B-Proximal quasi-contractive,where o : A x A — [0,400) iff
there exists ¢ € ®g and positive numbers og, ai, ....aq such that

a(z,y)d(Tz,Ty) < o(Mr(x,y)) Yo,y € A
where

MT(:Er y) = maz{ozod(:c, y)v al[d(xv TZC) - d(Av B)L o) [d(yv Ty) -
d(A’ B)]a as [d(ya Tx) - d(Av B)L (o1 [d(xa Ty) - d(A7 B)]}

III. MAIN RESULTS

In this section we define generalized a — ¢-proximal-penta contractive and state
our main results.

Definition 3.1. Let (X,d) be a metric space and (A,B) be a pair of nonvoid
subsets of X.Let B € (0,+00).A non-self mapping T : A — B is said to be a
generalized o — ¢-Proximal penta-contractive,where o : A x A — [0,400) iff
there exists ¢ € ®g and positive numbers g, A1, ...., A5 such that

alz,y)d(Tz,Ty) < ¢(Mg(z,y)) Vo,y € A

where

Mp(,9) = maz{od(r, ), 52 [d(z, T2) + d(y, Ty) — d(4, B), 2

~ d(A, B)] Xsldy, Ty) — d(A, B} s d(y, Ta) — (A, BY)

[d(y, Tz) + d(z, Ty)

A
* ld(a. Ty) - (A, B))
Theorem 3.1. Let T : A — B be a non self-mapping and o : Ax A — [0, +00)

satisfying the following conditions:

(1) T(Ao) C Bo

(2)T is a a-proxzimal admissible;

(8) there exist element xg,x1 € A such that d(xy, Txo)=d(A,B) and a(xg,x1) >

1;

then there exists a sequence {x,} C Ag such that d(x,+1,Txz,) = d(A, B) and

oz, Tpy1) > 1

such a sequence {x,} is a cauchy sequence.

Proof. By hypothesis of (3),there exist element xq, x1 € A such that d(z1,Tz¢)=d(A,B)
and a(zg, 1) > 1;

As T(Ap) C By there exists xo € Ap such that d(xzq, Tx1)=d(A,B).

As T is a-proximal admissible and using a(zg,z1) > 1

therefore d(x1,Txzo)= d(xq, Tz1)=d(A,B)

which implies a(z1,22) > 1

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 243



SSRG
Text Box
III. MAIN RESULTS


SSRG
Text Box

SSRG
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 60 Number 4  - August 2018

SSRG
Text Box
ISSN: 2231  - 5373              http://www.ijmttjournal.org           Page 243



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 60 Number 4 - August 2018

By proceeding in this fashion so by induction ,
we can build a sequence {x,,} C Ay such that

d(xpy1,Txy) =d(A,B) and a(xy,zny1) > 1 for every ne NU{0} (1)

To prove :The sequence {z,} is a Cauchy sequence
Using the P-property ,we deduce from (1) that

d(xp, nt1) = dTxp-1,Tx,) for all n€ N (2)

Since T is generalized « — ¢ proximal penta-contractive ,there exists a function
¢ € P such that

(X1, X)) d(TTp—1,T2y) < (Mr(Tn-1,2,)) Yn € N (3)

Using the equations (1) ,(2) and the triangular inequality,we get

Mg(xp—1,2,) = max{Agd(xp_1,Ty), %[d(wn,l, Txp_1)+d(z,, Tz,) — d(A, B)],

%[d(mn, Txp_1)+d(xp_1,Tz,) — d(A, B)], As[d(xn, Tx,) — d(A, B)],
%[d(mn, Tan 1) — d(A, B)), %[d(mn,l, Ta,) — d(A, B)]}

< max{Aod(xp—1,Ty), %[d(azn_l, Tr,—1)+d(xn, Txy) + d(xper, Txy) — d(A, B)],

A

?Q[d(a:n, Tan_1) + d(@n_1,Tx,) + d(zps1, Txn) — d(A, B)],

Asld(zy, Txy) + d(zpy1, Tan) — d(A, B)], %[d(xn, Txp—1)+ d(xp—1,Tz,) — d(A, B)],
A

g[d(a:n_l, Tn) + d(zn, Tan_1) — d(A, B)]}

A A

= maz{Mod(in-1,20), 5 [A@n1,20) + d(@n, Tnp1)], T [A@n1, 20s0)),
A A

G @1, 200, S @1, 2]}

A
S max{)\od(wnfh xn)v )\1[d<$n, $n+1)]a ?2 [d(xnfla an) + d(mny anrl)]a

A4 A

) ?[d(xnfla Ty) + d(Tn, Tpi1)], ;[d(mn,l, Tp) + d(Tn, Tny1)]}

>‘3[d<xn7 $n+1)]

>‘3[d<$m $n+1)]
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< max{Aod(Tn_1,%n), M[d(@n, Tni1)], N2[d(Tn, Try1)],
>\3 [d(xna xn+l)]7 )\4 [d(l‘n, l’n+1)], )\5 [d(iﬂn, xn—l—l)]}

< Bmax{d(rp_1,2n), d(@n, Tpi1)}
Hence,

Mp(xn-1,2n) < fmaz{d(zn—1,%n), d(Tn, Tni1)}

where 8 > mazo<kp<s{\x}
Using the inequalities (2),(3)and(4) we get,
Since ¢ is increasing,

d(xn-&-la xn) S QS(BmaI{d(xn—l; In)a d(xnv xn+1)})
= ¢pgmaz{d(Tn—1,2n), d(Tn, Tnt+1)}

Suppose that for some n, we have d(x,—1,zy,) < d(Xn, Tpi1)

It follows that d(zp41,2n) < ¢pd(Tnt1,Tn) < d(Trnt1, Tn)

which is a contradiction.

Therefore ,¥n > 0 we have necessary the inequality d(z,—1,2n) > d(Tpn, Tnt1)
it shows that

d(zps1,2n) < dpd(Tp_1,2n) Vne N (4)

By induction,we get

d(Tpy1,2n) < @pd(z1,70) VYn € N U {0} (5)

Using the triangular inequality and the above inequality (5), we obtain

wnymm :I;k:7xk+1

MS

k=n

m—1
< qbgd(xl,:ro) —0 asn, m —» 0o
k=n
Since the series Z ¢3(d(w1,20)) converges.

Thus, The Sequence {zn} is a Cauchy sequence in the metric space (X.d). O
Theorem 3.2. Let (A,B) be a pair of nonvoid closed subsets of a complete
metric space (X,d) such that Ay is nonvoid.Let o : Ax A — [0,4+00) and ¢ € Pg

.Consider a nonself mapping T : A — B satisfying the following assertions:
(1) T(Ag) C By and the pair (A,B) satisfies the P-property;
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(2)T is a a-prozimal admissible;

(3) there exist elements xg, 1 € A such that d(x1, Txo)=d(A,B) and oo, x1) >

1;

(4) if {xn} a sequence in A such that a(x,,xn+1) > land lim z, = z, € A
n—oo

then there exists a subsequence {x,, }of {x,} such that a(xn, ,x.) > 1 Vk

(5)there exists B > mazo<k<s{Ak} such that T is generalized o — ¢-prozimal

penta-contractive.

Moreover,suppose that one of the following conditions holds:

(1)¢ is continuous and
(Zl)ﬁ > max{)\l, Ao, As, )\5}
Then T ha a best proximity point x. € A such that d(z.,Tz,) = d(A, B).

Proof. By the hypothesis that (X,d) is complete and A is closed assures that
the sequence {x, } converges to some element x, € A

By the hypothesis of theorem (4),there exists a subsequence {x,, } of {z,} such
that a(xy, ,x.) > 1 for all k.

Since T is generalized a — ¢ -proximal penta -contractive ,then we have

< @ny, 2 )d(T (2, T )

where
A1
Mp(xn,, ) = max{Aod(Tn,, Ts), ?[d(xnk,T:cnk) +d(zy, Txy)
A
— d(A, B)], T d(x+, Tzy,) + d(zn, . Tx.)

- d(Av B)]? )‘3[d(1’*7 Tx*) - d(Av B)L %[d(l'*, Tmnk) - d(A’ B)]a

22 (d(an, T) — d(A, BY]} @

By the triangular inequality and (2)we have,

d(@s, Txe) < d(s, Tnyyy) +d(@ny ) T, ) + d(T2n, , T,
=d(xy,2Tn,,,) +d(A,B) +d(Tzy,,,Tx,)

Therefore,we obtain that
d(Txn,, Tx,) > d(x,, Tx,) — d(A, B) — d(z4, Tp, ) (8)
From(6)and (8),we get

d(x*v T’I*) - d(Av B) - d(x*ﬂ xnk+1) < QS(MR(mnkax*)) vk (9)
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By the triangular inequality and (2) on (7) we get
A
Mp(xn,, ) < max{rod(Tn,, Ts), %[d(xnk,xnﬂl) +d(xy, Txy)

A
- d(Av B)L ?Q[d(x*’ xnk+1) + d(Ink,TI*)

~ (A, B)) Noldlaa, T) — d(A, B, 5 s )

2 (2, ) — d(A, B)) (10)

As ¢ is increasing ,combining inequalities and (2)and (10),we get

d(x«, Txy) — d(A, B) — d(xy, Tp, )
A
< dp(maz{Xod(Tn,,, ), é[d(mnk,xnkﬂ) +d(zy, Tx)
A
— d(A, B)), 2[d(we 2,,,) + (i, To)
A4
—d(A, B)], A\s|d(z+, Tz.) — d(A, B)], ?[d(x*, Tyl
A
2 {d(ne, Tr) — d(A, B)]}) ()
Assume v = d(z,Tx.) —d(A,B) >0
we consider two separate cases as follows
If ¢ is continuous, as k — co we get
v < d(maz{Ai, A2, A3, As}7)
< o(B) <7,

which is a contradiction.

If 8 > max{\i, A2, A3, A5 },we claim that v = 0.

Suppose by contradiction that v > 0

Letting k — oo in(7),we get Mr(zn,,Ts) = max{A1, A2, Az, A5 }7.
Then there exists € > 0 and N > 0 such that

Mp(xn,, ) < (max{A1, A2, A3, A5} + )y

and 8 > maxz{A1, A2, A3, A5} + & Vn > N

Therefore,

d(w., Tw,) — d(A, B) — d(2s, 3n,.,,) < O(Mp(@n,,2.))

((maz{A1, A2, Az, As} +€)7)

— 45 max{A, /\257>\3, As}+ 57
AL, Ao, Ag, A

<max{ 1, 2{; 3 5}+57<

<
<

By the consequence, letting k — oco,we get
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mam{)\l,/\g,)\g,)\5}+€

7 < 7 <7
which is a contradiction .
Hence,y = 0.Thus,it shows that z, is a best proximity point of T that is

d(z,,Tz,) = d(A, B) (12)
O

Theorem 3.3. Let (A,B) be a pair of nonvoid closed subsets of a complete met-
ric space (X,d) such that Ay is nonvoid.Let o : A X A — [0,400) and ¢ € g
.Consider a nonself mapping T : A — B satisfying the following assertions:

(1) T(Ao) C By and the pair (A,B) satisfies the P-property;

(2)T is a-proximal admissible;

(3) there exist elements xg, 1 € A such that d(x1, Txo)=d(A,B) and oo, x1) >
1;

(4) if {xn} a sequence in A such that a(x,,xn+1) > land lim z, = z, € A

n—oo
then there exists a subsequence {x,, }of {x,} such that a(xy,,x.) > 1 Yk

(5)there exists B > mazo<p<s{ar} such that T is generalized o — ¢-prozimal
penta-contractive.

(6)suppose that one of the following conditions holds:

(1) ¢ is continuous and (i3)3 > max{2X1,3X2, A4, 2X5}.

Moreover,Suppose that T is a («, d) regular and Then T has a unique best proz-
imity point x. € A such that d(x., Tx,) = d(A, B).

Proof. Claim:T has a unique best proximity point

Suppose that x, and y, are two distinct best proximity points of T.
Let s = d(z«,y«) > 0. By the P-property , we obtain

d(Tzy, Ty.) = d(z«, ys) = s.We arise two cases

Case (i) If a(zs, y«) > 1

Since T is a generalized o — ¢-proximal penta-contractive,
therefore

d(s,yx) = 5 < (s, Y ) O(MR(T,Ys)), (13)

where

A
MR(x*vy*) = max{/\od(x*,y*), ?l[d(m*,T.’L‘*) + d(y*’Ty*) - d(A7 B)])

2 (dlye, Ta) + (e, Tya) — d(A, B)L Asld(y, Ty.) — d(A, B
M dye, Ta) — d(A, B), 2 ld(w, Ty.) — d(A, B} (14)

Using the triangular inequality in (14),we get

MR(x*vy*) < ma${A07A27A47)‘5}S (15)
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Combining the equations (13)and (15)and using the increasing property of the
function ¢,we get that

s < dp(s) <s,
Which is a contraction .So s = d(x.,y«) =0
Hence , we get . = y..
Case(ii) If oy, y.) <1
Since T is (a,d) regular,there exists ug € Ag such that a(x,,ug) > 1 and
Oé(y*,’u,o) >1
Since T'(Ap) C By,there exists u; € Agsuch that d(ui, Tug) = d(A, B).
we have d(z., Tx,) = d(uy, Tug) = d(4, B) and a(x.,up) > 1
Using the Fact that T is a-proximal admissible ,we geta(x,,uy) > 1
By induction we obtain that to find {u,} € Ay such that

d(tupt1,Tu,) = d(A, B)and
(T, up) > 1 Vn € N U {0} (16)

Using the P-property and (16),we have

d(tny1,Tx) = d(Tup, Txy) VYn € N U{0} (17)

As T is generalized o — ¢ penta-contractive ,then we get

(U1, T )A(TUp g1, Txs) < (Mg (Un, z4)) VYn € N U{0} (18)

Using (16)and (18),we get

a(tng1, T )d(un g1, 22) < (MR (un, ) vne NU{0}  (19)

Therefore ,from the equation (16),we get that

A(tunt1,T4) < Q(Mp(tn,zy)) VYn € N U{0} (20)

Now, let using that (12),Vn € N U {0} we obtain
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A

Mp = mazx{ ) od(un, x.), ?[d(un, Tuy) + d(zy, Tay) — d(A, B)],

%[d(m*, Tun) + d(un, Ts) — d(A, B)), As|d(zs, T,) — d(A, B)],
e, Tu) — d(A, BY), 2 fd(ua, T.) — d(4, B}

= mae Dod(un, 2.), ot Tun)), 2., Tn) + d(un, T

—d(A, B)], S d(w., Tug) — d(A, B)], {d(un, Te) — d(A, B)}  (21)

Using the triangular inequality and consider these equations(12),(17),(21) we get

A
MR(uru -T*) < max{A(]d(una "E*)v El[d(una Un+1) + d(unJrl» Tun)]7

A
Srld(@., Te.) + (T, Tun) + d(tn, tnsr) + d(tng, T

—d(A, B)], %[d(m*7 Tz,)+ d(Txs, Tu,) — d(A, B)],

As
2 [d(umun+1) + d(un+1,T:C*) - d(Av B)]a}

< Bmax{d(tn, Ty), d(tni1,T4)} (22)

Since a(tn+1, %) > 1,combining the equations(20)and(22),we get that

d(uny1,24) < pp(maz{d(un, 2.), d(untr, .)})  Yne NU{0}  (23)

where 8 > maz{2A1,3X2, Ay, 2X5}

Assume that,for some n,we haved(u,, z+) < d(tn11, )
we have from the equation (23),we obtain,that

Attn 11, 3.) < da(maz{d(unsr,.)}) < (s, 2.),
which is a contradiction

now, for every n > 0,we have d(up41, Tx) < d(Un, Tx)
from(23),we have d(up41,2+) < ¢g(d(un,z4)) for every n
By induction,we obtain

d(tn, 7)) < ¢5(d(ug, ) Yn € N U {0}

Thus,by letting n — oo in the above inequality,we obtain that {u,} converges
to x,.

Similarly ,we can prove that {u,} converges to y..

Therefore the uniqueness of limit,we conclude that z, = y.. O

Example Consider the complete Euclidian space X = R? with the metric
d((z1,22), (y1,92)) = 2(|z1 — @2 + [y1 — y2[) . Let A ={(p,0) : p € [0,1]}and
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B={(61):5€e[0,1]}.

Now,let T': A — B be defined by T'(p,0) = (§,1).Then it is easy to see that
d(A,B) =1 and Ay = A,By = B. To show that T is an « — ¢-proximal penta
contractive mapping with ¢(t) = %t ,a =1and 8 = % and \; = 2% for
n=0,1,2,3,4,5.

Let z,y € A ;,where z = (p1,0) and y = (p2,0).

_ P1 P2
d(Tz, Ty) = d((g, 0), (§7 0))

= o1 -l
—8P1 P2

= éd(%y)
1
g(;d(x’y))

7 1
< gmax{id(x, y)

A\

) i[d(l‘, Tx) + d(y’ Ty) - d(A’ B)]7 é[d(y’ T'T) + d(l‘, Ty) - d(A7 B)]>

Sy Ty) — d(A, B), 35[d(y, Ta) — (A, B), (e, Ty) — d(4, B}

—_
m)—‘

So, T is an « — B-proximal penta contractive mapping with a(z,y) = 1 for all
x,y € Aand ¢(t) = %t, 8= % and \; = 2”% for n=0,1,2,3,4,5.

Since ﬂ = % Z max0§k§5{)\k}.

It is easy to see that the pair (A B) satisfies the P-property.Since a(z,y) = 1
for all x,y € A, then the mapping T is a-admissible.Also the fact that § =
% > max{%, %, %, é =max{2A1, 3N, Ay, 2X5} 7:% and T is («, d) regular since
a = 1 assures the uniqueness of the proximity point of T. Therefore ,all the
conditions of theorem 3.2 and 3.3 are satisfied and so T has a unique proximity
point which is z, = (0,0) € A

d((0,0),T(0,0)=d((0,0),(0,1))=1=d(A,B).

IV. APPLICATIONS TO FIXED POINT RESULTS

Let us recall the following definitions

Definition 4.1. Let A be a nonempty set of a metric space (X,d).A self map-
ping T : A — A is called a generalized o — ¢ proximal- penta-contractive if there
exist two functions o : Ax A — [0,+00) and ¢ € g ,where 5 > 0,such that for
all x,y € A,we have

a(z,y)d(Tz, Ty) < p(Mg(z,y)) Vo,y € A
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where

Mg(z,y) =maz{lod(z,y), %[d(% Tz) +d(y, Ty)], %[d(y, Tz) + d(z, Ty)], As[d(y, Ty)],

A4

2 dty, 7)), (e To)])

with ag, > 0 for k=0,1,2,...5.

By considering the particular case ,A=B in Theorem 3.2 and 3.3,the fixed
point results were deduced as follows.

Corollary 4.1. Let A be a nonvoid closed subset of a complete metric space
(X,d).Consider a self mapping T : A — A be an o — ¢-penta-contractive map-
ping,where > maxo<k<s{ Ak} satisfying the following assertions:

(1)T is a a-prozimal admissible;

(2) there exist elements xg, 1 € A such that a(zg,x1) > 1;

(3) if {xn} a sequence in A such that a(zy,Zni1) > land lim x, = 2, € A

n— 00
then there exists a subsequence {x,, }of {xn} such that a(xy,,x.) > 1 Vk

Moreover,suppose that one of the following conditions holds:
(1)¢ is continuous and

(ZZ)B > max{/\l, A2, Ag, /\5}

Then T has a fixed point

Corollary 4.2. Let A be a nonvoid closed subset of a complete metric space
(X,d).Consider a self mapping T : A — A be an o — $-penta-contractive map-
ping,where B > mazo<k<s{ i} satisfying the following assertions:

(1)T is a a-proximal admissible;

(2) there exist elements xg,x1 € A such that a(xg,z1) > 1;

(3) if {xn} a sequence in A such that a(zy,Zni1) > land lim x, =z, € A

n— oo
then there exists a subsequence {x,, }of {xn} such that a(xy,,z.) > 1 Yk

(4 )suppose that one of the following conditions holds:

(i)¢ is continuous and

(’LZ)B > ma:c{)\l, )\2, )\3, )\5}

Moreover, suppose that T is (o, d) regular and 8 > max{2X1, 3\a, Ay, 205} Then
T has a unique fixed point.

V. CONCLUSION

In this paper we given some improvements to the best proximity point theo-
rems previously made by Mohamed Ladh Ayari([5])for @ — S-proximal quasi-
contractive mappings.This improvement was obtained by introducing the proxi-
mal a — ¢-penta-contractive mappings on metric spaces involving 8 comparsion
functions.The applications established not only the existence but the uniqueness
of best proximity point results .
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