International Journal of Mathematics Trends and Technology (IJIMTT) — Volume 60 Number 5 — August 2018

**ph-Compactness and **b-Connectedness in
Topological Spaces

K. Rekha
Department of mathematics,
Bishop Heber College, Tiruchirappalli-620 017, Tamilnadu, India.

Abstract
This paper deals with **b-compact spaces and their properties by using **b-open and **b-closed sets.
The notion of **b-connectedness in topological spaces is also introduced and their properties are studied.
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I. INTRODUCTION

The notions of compactness and connectedness are useful and fundamental notions of not only general
topology but also of other advanced branches of mathematics. Many researchers have investigated the basic
properties of compactness and connectedness. The productivity of these notions of compactness and
connectedness motivated mathematicians to generalize these notions. b-open[1] sets are introduced by
Andrijevic in 1996. The class of b-open sets generates the same topology as the class of pre-open sets .K.Rekha
and T.Indira, [7] introduced **b-open sets and **b-closed sets in the year 2012. S.S.Benchalli and Priyanka
M.Bansali [3] introduced gb-compactness & gh-connectedness in topological spaces in the year 2011. The aim
of this paper is to introduce the concept of **b-compactness & **b-connectedness in topological spaces and is
to give some characterizations of **b-compact spaces.

Il. PRELIMINARIES

Throughout this paper (X ,z),(Y, o) are topological spaces with no separation axioms assumed
unless otherwise stated. Let A = X . The closure of A and the interior of A will be denoted by cl (A) and
int( A) respectively.

Definition: 2.1 A subset A of a space X is said to be b-open [1] if A< CI(Int(A)) u Int(CI(A))
The complement of b-open set is said to be b-closed. The family of all b-open sets (respectively b-closed sets) of
(X ,z)isdenoted by bO (X ,z) (respectivelybcl (X ,z)).

Definition: 2.2 A subset A of a space X is said to be *b-open [7] if A< CI(Int(A)) ~ Int(CI(A))
The complement of *b-open set is said to be *b-closed. The family of all *b-open sets (respectively *b-closed
sets) of (X ,z) is denoted by * bO (X , ) (respectively*bcl (X ,z)).

Definition: 2.3 A subset A of a space X is said to be b**-open [4] if

A < Int (CI (Int (A))) U CI (Int (CI (A)))

The complement of b**-open set is said to be b**-closed. The family of all b**-open sets (respectively b**-
closed sets) of (X ,z) isdenoted by b **O (X, z) (respectivelyb **cl (X ,z)).

Definition: 243 A subset A of a space X is said to be **b-open [7] if

A < Int (CI (Int (A))) ~ ClI (Int (CI (A)))

The complement of **b-open set is said to be **b-closed. The family of all **b-open sets (respectively **b-
closed sets) of (X ,z) is denoted by **bO (X ,z) (respectively* *bcl (X ,z)).

Definition: 2.5 Let A be a subset of X . Then
(i)b -interior of A is the union of all b-open sets contained in A .
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(if)b -closure of A is the intersection of all b-closed sets containing A .

(iii)* *b -interior of A is the union of all **b-open sets contained in A .

(iv)* *b -closure of A is the intersection of all **b-closed sets containing A .

Definition:2.6 [3] A collection {A_} __, of subsets of a topological space X is said to be a gb - open cover for

acl

X if U A = Xand A_ are gb -opensetsin X foreacha < I .

ael
Definition:2.7 [3] A space X is said to be gb - compact if every gb - open cover {A_} of X contains a finite
sub collection that also covers X .

Definition: 2.8 [3] A topological spaces X is said to be gb -connected if X cannot be expressed as a disjoint
union of two non-empty gb -open sets. A subset of X is gb -connected if it is gb -connected as a subspace.

Definition: 2.9 A function f : X — Y issaid to be **b-continuous [11] if f (V) is **b-closed in X for
every closed set V ofy .

Definition: 2.10 A function f : X — Y issaid to be **b-irresolute [11] if f (V) is **b-closed in X for
every **b-closed set V ofy .

1. **b -COMPACTNESS

Definition: 3.1
A collection {A_},_, of subsets of a topological space X is said to be a **b-open cover for X if U A = X

ael

and A_are **b-opensetsin X foreacha e I .

Definition: 3.2
A space X issaid to be **b-compact if every **b-open cover { A} of X contains a finite sub collection that

also covers X .

Theorem: 3.3

Let Y be asubspace of X .Then Y is **b-compact if and only if every covering of Y by sets **b-open in X
contains a finite sub collection coveringy .

Proof:

Let Y be a subspace of X . Suppose that Y is **b-compact.
To prove: Every covering of Y by sets **b-open in X contains a finite sub collection coveringy .

LetV = (A, ) beacovering of v by sets **b-openin X .= A_is**b-openin X .

= A, N Y is**Dp-openiny .

. ThecollectionV, = {A_  nY /A_e**bO (X )} is covering of Y by sets **b-openiny .

Since Y is **b-compact. There exists a finite sub collection A, nY A, ~Y ... A Y fromV, such
that (A, "Y)U (A, NnY)U..U(A, NnY)=Y

= (Aa1 v Aa2 U U Awn)m Y=Y =Yc Ad1 v Aa2 U U Awn

~{A, A, . A, Ycoversy . {A A .. A, }isafinitesub collectionof vV thatcoversy .

Conversly, Suppose that every covering of Y by sets **b-open in X contains a finite sub collection coveringy
. To prove: Y is **b-compact. Let {B  } be a covering of Y by sets **b-openiny .B  is**b-openiny .=

3 a**b-openset A in X suchthat B, = A, nY
B, « A foreacha ... UB, < UA,

Since {B }isacoverfory .= Y =uUB_, c UA,
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{A_}isacoverfory by sets **b-openin X .
By our assumption there exists a finite sub collection A, , A, .., A  coveringy .
Thatis Y < A, VA, UL UA .= (A UA U.LUA )NY =Y
That is (A, "Y)U (A, nY)Uu ..U (A, NY)=Y.
That is B, wB, u.UB, =Y,
Since B, = A, nY

{B, .B, ... B, }isafinite sub collection of {B  } that coversy .

Every **b-open covering of Y has a finite sub collection coveringy .
Therefore Y is **b-compact.

Theorem: 3.4

Every **b-closed subspace of a **b-compact space is **b-compact.
Proof:

Let X bea**b-compact space and Y be a **b-closed subspace of X .

To prove: Y is **b-compact. Let {B , } be a **b-open cover fory .
B is**b-openin Y = there exists a **b-openset A_in X suchthat B, = A_ nY
B, c A foralle .= UB, < uUA_.{B_}isa**b-open coverfory .
Y =uB, cuA_ ..V ={A_ }isa**b-open cover for Y with **b-open sets in X .
Since Y is **b-closed in X . Therefore, X —Y is**b-openin X .Consider V, =V U {( X -Y)}.
V, is a **b-open cover for X . Since X is **b-compact. There exists a finite sub collection
vV, ={A, A, .} from v that covers X .LetV, =V, —{( X =Y )} .Thatis X —-Y eV, discard it.

Now V covers Y .V, isfinite = V, isfinite. .. v, ={A A .., A, }isafinitesub collection

a3

thatcoversy .. A, UA, U.UA, oY .. (A, nY)U(A, nY)U..U(A, NnY)=Y

B, uB, u..uB,_, =Y whereB, =A nY .. {B, ,B_ .., B, }is afinite sub collection

that covers Y . .. Every **b-open covering of Y has a finite sub collection coveringy .
Therefore, Y is **b-compact.

Theorem: 3.5
A **b-continuous image of a **b-compact space is compact.
Proof:

Let f : X — Y bea**b-continuous map from a **b-compact space X onto a topological space Y . To prove:

Y is compact. Let {A_}__, be an open covering ofy .

acl

= Each A isan opensubsetof v . Since f is **b-continuous. = f ’1(Aa ) is **b-open in X

Then { f (A, )}, ., isa**b-open cover of X .
Since X is **b-compact.
It has a finite sub coversay f " (A,), f '(A,)... f “(A,).Since f ison-to.

= A, A,.. A isafinite coverof Y . = Every open cover of Y has a finite sub cover.

Therefore, Y is compact.
Theorem: 3.6

Ifamap f : X — Y is**b-irresolute and a subset B of X is **b-compact relative to X , then the image
f (B) is **b-compact relative to v .
Proof:

Let {A_}__, be any collection of **b-open subsets of Y suchthat f (B) c U{A_, a € I}

acel

= Bc{f '(UA,) acl}.Then B c u{f '(A,)), a € I}
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By hypothesis B is **b-compact relative to X .
Therefore, 3 afinitesubset | of I 5 B « U{f ’1(Aa ) a e 1}

Therefore we have f (B) c U{A_, a € I}

a!

Here {A,, a € I }isafinite sub collection of {A_, a € I} which covers f (B)
= f(B) is **b-compact relativeto Y .

IV. **b -CONNECTEDNESS
Definition: 4.1
Let X be atopological space. A **b-separation of X isapair A, B of disjoint non-empty **b-open subsets of

X whose unionis X .Thatis X = AU B where A = ¢,B = ¢,An B = ¢ &A, B are **b-open subsets of
X .

Note: 4.2
Suppose that A and B form a **b-separation of X |

Thatis X = AU B where A, B are **b-open subsets of X and disjoint.

= A and B are both**b-open and **b-closed.

Since A and B are **b-closed.

= **pcl (A) = Aand*=*pcl (B) = B

**phcl (A)NnB=ANB=¢g

**pcl (B)m A=AnNnB=¢g

Hence A~ **bcl (B) =g andB ~ **bcl (A) = ¢ .

Definition: 4.3
Two subsets A and B of a topological space X are said to be **b-separated if A = ¢ ,B = ¢ and
A~ **bcl (B) =g andB ~ **bcl (A) = ¢ .

Definition: 4.4

A topological space X is said to be **b-disconnected if X = A U B, where A and B are any two non-
empty **b-separated sets.

Thus, X is **b-disconnected if
(i) X =AuB
(ii) (A~ **bcl (B)) U (B **bcl (A)) = ¢

Definition: 4.5
A topological space X is said to be **b-connected if it is not **b-disconnected.

Example: 4.6
Let X = {a,b,c}

r ={X.,¢.{a}, {b,c}}
The collection of **b-open sets of X = {X ,¢4,{a}, {b,c}}
Let A = {a} &B = {b, c} be non-empty **b-open subsets of X
ANB=¢ & X =AUB

= A & B forma **b-separation of X

Example: 4.7
The collection of **b-closed sets of X = {X ,4,{b,c} {a}}

Since A = {a} = **bcl (A) ={a} &
={b,c} = **bcl (B) = {b,c}

ISSN: 2231 — 5373 http://www.ijmttjournal.org Page 289




International Journal of Mathematics Trends and Technology (IJIMTT) — Volume 60 Number 5 — August 2018

AN **bcl (B) =g andB ~ **bcl (A) = ¢
= A & B forma **b-separation of X

Example: 4.8
Let X = {a,b,c}

v ={X . ¢.{a} {b} {a,b}}
The collection of **b-open sets of X = {X ,¢,{a}, {b},{a,b}}
Let A = {a} &B = {b} be non-empty **b-open subsets of X
AnNnB=¢g & X = AUB
= Thespace X is not **b-separated
= X is**b-connected.

Theorem: 4.9

Let C be a **b-connected subset of a topological space X .

LetX = Au B ,where A and B are **b-separated subsets of X .Theneither C < AorC < B.
Proof:

Let C be a**b-connected subsetof X and X = AU B.

=>CcX=AuB =>CcAUB

C=Cn(AuB)

C=(CnA)UECAB)...ceevveenn. )]

Since A and B are **b-separated sets.

Hence A ~ **bcl (B) = ¢ andB ~ **bcl (A) = ¢ . Since C is **b-connected.

Hence, c n A=¢ Or c n B = ¢ [From (1)]. Therefore, C =« BorC < A

Theorem: 4.10

Let {C,: 4 € A} be a family of **b-connected subsets of a topological space X such that ~ C , # ¢ . Then

AeA

C = u C, is **b-connected.

el

Proof:

Let {C,: 4 € A} be afamily of **b-connected subsets of a topological space X such that ~ C S

AeA

Since C = u C, . Toprove: C is **b-connected
AeA

Assume that C is **b-disconnected. LetC = A U B ,where A and B are **b-separated subsets of X .

Each C , is **b-connected and C, < AU B foreach 4

By theorem 4.9,
Either C, < Aor C, < B foreach 4 . Therefore U C, < Aor U C, < B foreach 2
AeA AeA
ThatisC <« AorC c B ....ooeiinnnil. (1)
Since nC,#¢.Letxe nC,
el AeA

Then X € C, foreach 2 andSo x e C . Hence x e A (or) x e B.But A and B are disjoint.

Therefore X cannot belong to both A and B . Letxe A,x ¢ B .
Then, by (1), C ¢ B . Thus we would haveC < A .

This contradicts the fact that C is **b-disconnected.

So C must be **b-connected.

Theorem: 4.11
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Let X be a space such that each pair of points in X is contained in a **b-connected subset of X . Then X is
**h-connected.
Proof:

Let X be agiven pointof X and y = x be an arbitrary pointin X .

By hypothesis, there exists a **b-connected subset C , containing X and y .
AlsoX =U{C :1ye X} n{C :ye X}=4¢.Sinceeach C, is**b-connected.

By theorem 4.10, X is **b-connected.

Theorem: 4.12

Let C be a **b-connected subset of a space X and Let D be a subset suchthat c =« D < **bcl (C) . Then
D is **b-connected.

Proof:

To prove: D is **b-connected. Assume that D is **b-disconnected.

Let D = AU B. Where A and B are **b-separated subsets of X .

Then A = gandB = ¢ . Since C is **b-connectedand C =« D = Cc <« AU B

By theorem 4.9,

Either C < A (or) C < B .Suppose C < A .Then *=*pcl (C) = **bcl (A)

= **pcl (C)~ B < **bcl (A) n B = ¢,Since A and B are **b-separated

But Bc DandD < **bcl (C). = B~ D < B **bcl (C)
Hence g « B =B~ D < B **becl (C) =¢.Therefore, g « B = ¢
= B = ¢ . Which is a contradiction to our assumption.

Hence D must be **b-connected.

Theorem: 4.13
The **b-closure of a **b-connected set is **b-connected.
Proof:

Let C be a **b-connected set. Take D = **bcl (C) . SincCe C = **bel (C) = D
= C < D < **hclC ).Bytheorem 4.12,

D is **b-connected. = *bcl (C ) is **b-connected.
Hence **b-closure of a **b-connected set is **b-connected.

Theorem: 4.14

If C isa**b-dense subset of a space X and if C isalso **b-connected, then X is **b-connected.
Proof:

Let C be **b-densein X . = **bcl (C) = X . = C < **hcl (C)

= C c X < **bcl (C) .Bytheorem 4.12, X is **b-connected.

Theorem: 4.15

If f:X — Y isanon-to**b-continuous map and X is **b-connected, thenY is connected.
Proof:

Let f : X — Y beanon-to**b-continuous map and X be **b-connected.

To prove: Y is connected. Suppose Y is not connected
Let Y = Au B where A and B aredisjoint non-empty open setsinY .

S fY)=f(AUB) = f(Y)=f (A)u f (B) = X =f (A)u f (B)
Since f is **b-continuousand A ,B are opensetsinY .
= f '(A)and f ' (B) are**b-opensetsin X . f (A)n f (B)="f (AnB)=1f '(§)=¢
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= X =f (A)u f "(B)where f "(A) and f "(B) are disjoint non-empty **b-open sets in X .

= X is not **b-connected. Which is a contradiction to our assumption. Hence Y is connected.

Theorem: 4.16
If f:X — Y isanon-to**b-irresolute map and X is **b-connected, thenY is **b-connected.
Proof:

Let f : X — Y beanon-to**b-irresolute map and X be **b-connected.

To prove: Y is **b-connected. Suppose Y is not **b-connected

Let Y = AU B where A and B are disjoint non-empty **b-open setsinY .
= f7(Y)=f (AuB) = f '(Y)=f "(A)u f " (B) = X = f

Since f is **b-irresolute and A and B are **b-open setsinY .

-1

(A)u f '(B)

-1 1

(B)=f "(AnB)="f '(§)=¢

= X =f "(A)u f (B)where f "(A) and f " (B) are disjoint non-empty **b-open sets in X .
= X is not **b-connected. Which is a contradiction to our assumption.

= f (A)and f " (B) are**b-opensetsin X . f (A)n f

Hence Y is **b-connected.
Example: 4.17
Let X = {a,b,c}
r={X,¢.{a} {a.b}}
The collection of *b-open sets of X = {x ,¢,.{a}, {a.b}. {a.c}}
The collection of b**-open sets of X = {X ,¢,{a}, {c} {a.b} {a,c}}
The collection of **b-open sets of X = {X ,¢,{a}, {a,b}, {a,c}}

= The space X isb**-separated, But not *b-separated and not **b-separated.
Here, the space X is b**-separated, *b-connected and **b-connected.

Example: 4.18
Let X ={a,b,c}
v ={X,¢.{a}}

The collection of *b-open sets of X = {X ,¢,{a},{a,b} {a.c}}
The collection of b**-open sets of X = {Xx ,¢,{a} {a.b} {a.c}}
The collection of **b-open sets of X = {X ,¢,{a}, {a,b}, {a,c}}

= The space X is not *b-separated, not b**-separated, not **b-separated.
Here, the space X is *b-connected, b**-connected and **b-connected.

Example: 4.19
Let X ={a,b,c}
r ={X,¢.{a}. {b,c}}
The collection of *b-open sets of X = {x ,¢,{a}, {b,c}}
The collection of b**-open sets of X = {x ,¢,{a}, {b}, {c} {a.b} {a.c}}
The collection of **b-open sets of X = {X ,¢,{a}, {b,c}}
= The space X is *b-separated, b**-separated, **b-separated.

V. CONCLUSION

As an extension of this paper, b**-compactness and b**-connectedness in Topological spaces can be
defined and can obtain theorems based on the above defined concepts.
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