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Abstract

The main purpose of this study is to observe some of the soft algebraic structures of the complex fuzzy set. We
introduce the concept of union complex r- fuzzy soft modules of a given classical module and investigate some of the
crucial properties and characterizations of the proposed concept.
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I.INTRODUCTION

Complex fuzzy set and logic, which is the extension of fuzzy sets and logic respectively, was first proposed by
Ramot et.al [9]. According to their definition, a complex fuzzy set is characterized by a complex grade of
membership which is a combination of a traditional fuzzy degree of membership referred to as the amplitude term
with the addition of an extra term, the phase term. In similarity to the case of intuitionistic fuzzy set, a complex
intuitionistic fuzzy set is characterized by a complex grade of membership and complex grade of non-membership
.Complex intuitionistic fuzzy sets have been applied in multi attribute decision making problems .Combining fuzzy
sets with soft sets, Maji et.al [7] introduced the notion of fuzzy soft sets. This work were further revised and
improved by Ahmad and Kharal [6]. They defined arbitrary fuzzy soft union,intersection and proved De Morgan
inclusions and De Morgan laws in fuzzy soft set theory. Thereafter, Maji and his co-author [7] introduced the notion
of intuitionistic fuzzy soft set which is based on the combination of the intuitionistic fuzzy sets and soft set models
and they studied the properties of intuitionistic fuzzy soft set. The algebraic structures of soft set theory have also
been studied extensively. Aktas and Cagman [2] introduced the basic concepts of soft groups, soft subgroups,
normal soft subgroups and soft homomorphism and discussed their basic properties. Feng et.al [5] considered the
algebraic structure of semiring and introduced the notion of soft semiring. Some basic algebraic properties of soft
semiring and some related notions such as soft ideals, idealistic soft semirings and soft semiring homomorphism
were defined and investigated with illustrative examples. However, the theory of complex fuzzy sets and complex
intuitionistic fuzzy sets are independent of the parameterization tools. Zadeh [14] introduced the concept of fuzzy
sets in 1965. A fuzzy set A in U is defined by membership function pa : U — [0,1], where U is non empty set, called
universe. In 2002, Ramot et.al [11] introduced the concept of complex sets. In 2016,as previous work we [1]
introduced the concept of complex fuzzy subgroup. The main purpose of this study is to observe some of the soft
algebraic structures of the complex fuzzy set.we introduce the concept of union complex n- fuzzy soft modules of a
given classical module and investigate some of the crucial properties and characterizations of the proposed concept.

Il. PRELIMINARIES

By a ring, we shall mean an algebraic system (R, +, ¢), where

() (R, +) forms an abelian group,

(ii) (R, *) forms a semi group and

(iii) X * (y tz) =xy + xz and (x+y) * z=xz + yz for all x,y,z€ R (i,e ., left and right distributive laws hold)
Through out this paper, R will always denote a ring.
A left R-module over a ring R consists of an abelian group (M , +) and an operation R x M —M such that for all r,se
R, X,y € M, we have

(M r(x+y)=rx+ry

(i) (r+s)x  =rx +sx

(iii) (rs)x = r(sx). It is denoted by R™.
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Clearly R itself is a (left) R-module by natural operation. Suppose M is a left R-module and N is a subgroup of
M.Then N is called a sub module (or R-sub module) if, for any n € N and any r € R, the product rn is in N.
Molodtsov [8] defined the soft set in the following manner; Let U be an initial universe set, E be a set of parameters,

P(U) be the power set of U and A is subset of E.

In fact, there exists a mutual correspondence between soft sets and binary relations as shown in [7]. That is, let A
and B be non-empty sets and assume that a refers to an arbitrary binary relation between an element of A and an
element of B.

A set-valued function 6 : A — B can be defined as d (x)={y€B/(X.y) €Ea }.

Definition 2.1[8]: Let 64 and &g be two soft sets over a common universe U such that A N B # ¢. The restricted
intersection of 6 and Ag is denoted by 65 N Ag , and it is defined by 64 N Ag = Hc, where C = A N B and for all ¢
€ C, H(C)=3(C) N A(C).

Definition 2.2[9]: A complex fuzzy set, defined on a universe U, is characterized by a membership da(X) that
assigns any element a complex grade of membership in A. By definition, the values da(X) may receive all lie within
the unit interval [0,1] in the complex plane, and are thus of the form ra(x) e "A®, where i = V-1, ra(X) and wa(x) are
both real valued, and ra(x) € [0,1] , wa(X) € (0,2w). The complex fuzzy set may be represented as the set of ordered
pairs A = {(x, da(X)) : x € U}.

Definition 2.3 [1]: Let A = {(x, 3a(X)) : X € U} be a fuzzy soft set. Then the set 6= {(X, 8x(X)) / 3(X) =27 &,X), X €
U} is said to be a - fuzzy soft set.

Definition 2.4[union complex fuzzy soft modules]: Let N be a sub module of M and &, be a n-fuzzy soft set over
M. Then &, is called an union complex fuzzy soft modules of M, denoted by &, <M if 5,(x+y) < max {5.(x), 5:(y)} .
S (mx) <3,(x), forall x,ye Nand m € M.

Example 2.5: consider the ring R = ( Zy, +, ¢ ), the left R-module M = (Zy,, + ) with natural operation and the sub
module N; = {0, 6} of M. Let the n - fuzzy soft set dy;, Over M, where

F : N;— P(M) is a set-valued function defined by

Oniz (0) = {0,4,9} and 6y, (6) = { 0,3,4,9,11}. Then, it can be easily seen that dx;,< M.

Now let the sub module of M be N, = { 0,4,8} and the soft set Ay,, over M, where A : N,— P(M) is a set —valued
function defined by A(0) = {0,3,9} and A(4) = { 0,3,5,8,11} and

A(8)={0,3,58,9,11}. Then

A (2+4)=A (8) = {0,3,5,8,9,11} not a subset of A (4) = {0,3,5,8,11}. Therefore Ay, is not a union complex n-fuzzy
soft module.

1. SOME STANDARD RESULTS

Theorem-3.1: Let N be a sub module and A = {( x, 5a(X)) / X € N } be a homogenous complex fuzzy soft set with
membership function da(X) = ra(x) €"®.Then A is a union complex fuzzy soft modules of N if

(i) The fuzzy soft set A = {( x, ra(X)) / X €N, ra(x) € [0,1]} is a union complex fuzzy soft sub modules.

(il) The m —fuzzy soft set Q = {(X ,wWa(X)) / X € N, wa(X) €[0,2x] } is a union complex m-fuzzy soft sub

modules.

Proof: (i) Let A be an union complex fuzzy soft sub modules and X, y € N. Then we have

ra(xy) e 0™= 5, (x+y)

< max {Sa(x), Sa(y)} = max {ra(x) e"A¥ ra(y) "V}

= max { (Sa(X), 8a(y)) &M WA WAN} Y (since A is homogenous)

So

ra(x+y) <max {ra(x), ra(y)} and wa(x+y) < max {Wa(x), wa(y)}.

On the other hand

ra(mx) e™AM™) =g, (mx) < Sa(X).

Therefore A is a union complex fuzzy soft modules. So A is a union complex fuzzy soft modules.

(i) Let A be a union fuzzy soft sub modules and Q be a union complex n- fuzzy soft sub modules. Then

we have

ra(xty) <max { ra(x), ra(y)} and wa(x+y) <max { wa(x), wa(y)}

ra(mx) < ra(x) and wa(mx) < wa(X).

Now
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IWA(X+Y)

S +v) = +
A(X+Y) = a(x+y) € imax {WA(X), WA(y)}

<max { (ra(X), ra(y)) e }

=max {3a(x), da(y)}

On the other hand

da(mx) = ra(mx) e™A™ < r,(x) e"AM < §5(x) . So A is a union complex fuzzy soft modules.

Theorem-3.2: Let {A;/ i€ | } be a collection of union complex fuzzy soft modules of N such that A; is homogenous
with Ay for all j, k € I. Then N Aj is a union complex fuzzy soft sub modules of N and i€ I.

Proof: For all i€ I. we have ra; (X) is a complex fuzzy soft modules and wa;(x) is complex - fuzzy soft modules by
theorem-3.1.

Now let x,y€ N.Then
3nai (X*Y) =T nai(x+y) e
= max {r Ai(X+y) gimax {wAi(x+y)}

< max { max {rAi(X)v rAi(Y)}e imax { max {wAi(x), wAi(y)}}

= max { max{rAi(x), max {rAi(y)}eimax{max {wAi(x)}, max {wAi(y)}}}
Since Aj is homogenous with A, forall jke . _

= max {max {rAi(X) elmax {WAl(x)}} , max {rAi(y) e|ma><{wA|(y)}} }
= max{3na; (X), 5nai(y)},

On the other hand

Onai (mX) =T QAi(mX) e
< rﬂAi(X) elwﬂAl(x)

< 8na;i (X). The proof is completed.

eiWAi(x+y)

iwNAi(mx)

Theorem-3.3: A complex fuzzy soft set A is a union complex fuzzy soft modules of N if and only if A® is a
intersection complex fuzzy soft modules of N.

Proof: Let A be a union complex fuzzy soft modules. Then we have
Sa“(x+y) = (L- ra(x+y)) €' A0

< (1 - max{ra(x), ray)y) e ™ VA wAOD

=min { 1- rA(X),l'rA(y)} eimin {2nt+wA(x)), 2n+wA(y))}

> min {(1-I’A(X)) ei(21[+WA(X)), (1_ rA(y)) ei(277:+ WA(Y)) }

=min { 8a(x), da(Y)}-

On the other hand

8A°(MX) = (L= ra(mx)) e/ *A™)

< (1_ rA(X))ei(2n+ WA(X))

>ra%(x) e VAN < §,6(x)

Conversly, let A© be a union complex fuzzy soft modules. Then we have
Sa(XHY) = ra(xty) A

= (1- (- ra(xty))) el Grrwace)

< (1 = max{(1- ra(x)),(1- ra(y))}) ermex wacowAGh

=min { I’AC(X), rAC(y)} eimil’\ {wWAC(x), wWAC(Y)}

= min {(1-ra(x)) €™, (1- ra(y)) "}

= min { 6/—\(X)s 6A(y)}l

On the other hand

3a(mx) = ra(mx)) ™A™ = ry(x) ™A = §a(x) .

Definition 3.4: Let A be a complex fuzzy soft set of X. For a €[ 0,1] and B € [0,27], the set

A(o,B)={x € X/ra(x)<a,wa(x) <P }is called a level subset of the complex fuzzy soft set A. In particular if § =
0. Then we get the level subset A* = { x€ X / ra(x) < o } and if & = 0. Then we get the level subset AP = {x € X/
Wa(x) < }.

Theorem-3.5: Let A be an union complex fuzzy soft modules of N, if ra(e) < o and wa(e) < B. Then the level subset
A(a, B) is a sub module of N.

Proof: e €A(a, B ), so A(a, B) # ¢.

Let x,y€ A(a, B ).Then we have

ra(x) < a and wa(x) < B, also ra(y) <a and wa(y) < p.

Now

ra(xty) eMACHY)= 5,5 (x+y)
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< max { 3a(x), 5a(Y)}

= max { ra(x) €™ ru(y) @
= max {(ra(x), Ta(y)) e (1400 #A0y

This implies

ra(xty) <max {ra(x), ra(y)} <max {o, a } =a. and

Wa(xty) < max {wWa(X), Wa(y)} <max {§, B } =p.

S0 x+yeA(a, B).

On the other hand we have

ra(mx) e"AM) = §,(mx) < Sa(x) < a. So mx EA(a, B ). Therefore A(a, B ) is a sub modules of N.

IWA(y)

Corollary 3.6: Let A be an union complex fuzzy soft modules of N, if ra(e) < a and wa(e) < B. Then the level
subsets A= {x € N/ ra(x)<a } and A? = {x € N/ wa(x) <P } are two sub modules of N.
Proof: It is obivious.

Definition 3.7: Let I be an ideal of N and &y, be n- fuzzy soft set over N. Then &y, is called a union complex 7 —
fuzzy soft ideal of N, denoted by 6;,~ N if

(1) 81z (x+y) = min{31x(x) , Six(y)}

(12) 8y (mx) > 81,(x), for all x,ye I and m € M.

Example 3.8: Let N = (Zy5, +, ¢ ), [ = {0,6}] and the soft set §;; over N, when & : I, P(N) is a set —valued function
defined by 6 (0) = Z;, and 6(6) = {1,7}. It can be easily given that 5;;~ N.Let I, = {0,4,8} and the soft set A;; over A :
I,— P(N) is a set-valued function defined by

A0) = Zyp, A(4) = A(8) = {3,9}. It can be easily illustrated that Aj; ~ N.

However if we define the soft set H, over N such that the soft set H : I,— P(N) is a set-valued function defined by
H(0) = Z1,, H(4) = {1,2,3} and H(8) = {1,2}, then H(5.4) = H(8) = {1,2} not greater than or equal to H(4) = {1,3}. It
follows that H); is a union complex n- fuzzy

soft ideal of N.

Theorem-3.9: If §;; ~ N and A, ~ N, then &;; U A, ~ N.

Proof: Since Iy, I, ~ N, then I;Ul, ~ N. By definition 3.7, 8;; U A;p= (H, 1,Ul,), where
H(x) = 3(x) U A (x) for all x € 1;Ul, # ¢. Then for all x,y € I; U I, and for all m € M.
H(X +y) = min {3(x+y), A (x+y)}

> min { min{3(x), 3(y)}, min {A(X), A(y)}}

= min {min {3(x), A(X)}, min {3(y), A(Y)}}

=min {(8UA) (x), (8UA) (y)}

=min{ H(x), H(y)},

and

H(mx) = min {6(mx), A(mx)}

>min { 8(x), A(X)}

= (8UA)(x) = H(x). Therefore 6, U Aj, = (H, I;Ul,) ~ N.

Theorem'3.10: If6|1~ N]_ and A|2 "'NZ, then 6|1 X A|2 -~ N]_ XNZ.

Proof: Since I; and I, are ideals of N; and N,, respectively, then I; x I, is an ideal of N; x N,.By definition 3.7, 8;; X
Ap =(Q, Iy x1y), where Q(x,y) = &)1 x A for all (x,y) € 11 x I,. Then for all (g, 1), (X2, ¥2) € Iy x I and (my, m,) €
le Ng.

Q((X1, Y1) + (X2, ¥2)) = Q (X1+X2 , Y1+Ys2)

=0 (X1+X2) X A (y1+Y2)

>min { min {3(x1), 3(x2)}, min {A(y1), A(y2)}}

=min { min{ 3(x1) , A(y1)}, min{3(xz) , A(y2)}}

=min { (6%A) (x4, Y1), (6%A) (X2, ¥2) }

=min { Q(X1,y1) , Q(X2, Y2)}

Q((mg,my) (X1,y1)) = Q(M1xy, Myy4)

= 8(m1X1) X A(mzyl)

>min { §(x1) , A(y1)} = (6%A) (x1, Y1) =Q(X1, Y1)-

Therefore &;1 X Az~ N1X Na.
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Note 3.11: It is worth noting that if I; and I, are two ideals of (N, +, ¢ ), then the sum of these two ideals is defined
byll +|2 = { il +i2 }, i1E |1 and ize |2.

Definition 3.12: Let §;; and A, be two union complex fuzzy soft ideals of N. If 1,U I, = {0}, then the sum of soft
ideals 8;; and Ay, is defined by
6|1 + A|2 = {H ) |1 +|2}, where H(X+y) = S(X) + A(y) for all X+y€ Il + |2.

Theorem-3.13: If 8;;~ N and A, ~ N where 1; U I, = {0}, then ;; +A;; ~ N.

Proof: Since I, and |, are ideals of N, then I3+l is an ideal of N. By definition 3.12, let § 13 + A, = {H, 11 +1,}, where
H(x+y) = 8(x) + A(y) for all x+y€ I; +l,. It is seen that H is well defined because 1,U I, = {0}. Then for all x;+y; ,
Xo+Y,€ Iy +l, and m € N,

H((Xity1) + (X2ty2)) = H ((Xi+x%2) + (Y1ty2))

=3 (x1+Xp) + A (y1tY2)

> min {min {3(x1), 8(xz)}, min {A(y1), A(y2)}}

=min { 8(x1) + A(y1) , 8(x2) + A(y2)}

=min {H(x1+y1) , H(X2+y2)},

H(m(x1+y1)) = H (MX+mys) = 8(mxq)+A(my1)=> 8(x1) +A(y1) = H (X1 +y1).

Therefore 81 +A;z ~ N.

To illustrative the above theorem, we have the following example.

Example 3.14: we take 3); ~ Z1, and A, ~ Z;; in example 3.8. By definition 3.12, 8 |3 + A, =

{Q, Iy +1,},where Q(x+y) = 8(x) + A(y) for all x+y€ I, + 1, = {0,2,4,6,8,10}. It can be easily seen that Q1.2 ~ N.we
show the operations for some elements of I+,

Q((6+4) +(6+8)) = Q((6+6) + (4+8)) = Q(0+0) = 3(0) + A(0) = Q(0) = Zz».

Q(3+(6+4)) = Q(6 +0) = 8(6) + A(0) = Zy,.

Theorem-3.15: Let N be a sub module and A = {( x, 3a(X)) / X € N } be a homogenous complex fuzzy soft set with
membership function a(X) = ra(x) €"®.Then A is a complex fuzzy soft ideal of I if
1. The fuzzy soft set A = { (x, ra(X)) / X € I, ra(x) € [0,1]} is a complex fuzzy soft ideal.
2. The n—fuzzy soft set Q = { (x ,wa(X)) / X € |, Wa(X) € [0,27] } is a complex n-fuzzy soft ideal.
Proof: (i)Let A be an complex fuzzy soft sub ideal and X, y € I. Then we have
ra(xty) e =5, (x+y)
> min { 3a(x), 8a(Y)}= min {ra(x) e"® ra(y) e 0}
= min {( 3a(x), da(y)) €™M WAK WAMIL (since A is homogenous)
So
ra(xty) > min {ra(x), ra(y)} and
Wa(x+y) = min { wa(X), Wa(y)}-
On the other hand
ra(mx) A =§,(mx) > 4(x).
So A is a complex fuzzy soft ideal and A is a complex n — fuzzy soft sub ideal.
(ii ) Let A be a fuzzy soft ideal and Q be a complex nt- fuzzy soft ideal. Then we have
ra(xty) =min { ra(x), ra(y)} and wa(x+y) =min { wa(x), Wa(y)}
ra(mx) > ra(x) and wa(mx) > wa(X).
Now
da(xty) =ra(xty) e™™
> min{(rA(X), rA(y))} e|m|n {WA(X), WA(Y)}
= min {Sa(x), 5a(Y)}
On the other hand
3a(mx) = ra(mx) ™A™ > ra(x) €A >5(x) . So A is a complex fuzzy soft ideal.

IWA(X+y)

IV.PROPERTIES OF UNION COMPLEX FUZZY SOFT IDEAL STRUCTURES

Theorem-4.1: Let { Aj/ i€ | } be a collection of union complex fuzzy soft ideals of a sub module N such that A; is
homogenous with A, for all j, k € 1. Then N A; is a complex fuzzy soft ideals of N and i€ I.

Proof: For all i€ I, we have ra; (x) is a complex fuzzy soft ideals and w,i(x) is a complex n- fuzzy soft ideals by
theorem-3.9.

Now let x,ye N.Then
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Brai (X+Y) =T nai(x+y) WA

=min {rai(x+y) e
>min { min ( rai(X), rai(y)) e
= min {( minrAi(X), min rAi(y) ) eimin{min {wAi(x), min {wAi(y)}}}
Since A is homogenous with Ay for all j, ke I. o
=min {min rAi(X) e imin {wAi(x)} ' min rAi(y) e imin{wAi(y)} }
= min{Snai (X), 3nai(¥)}
On the other hand
Snai (MX) =1 nai(mx) e
> 1nai(X) €
> dnai (X). The proof is completed.

imin {wAi(x+y)}
imin { min {wAi(x), wAi(y)}}

iwNAi(mx)
iwNAi(x)

Theorem 4.2: A complex fuzzy soft set A is a complex fuzzy soft ideal of 1 if and only if A®isa complex fuzzy
soft sub modules of I.
Proof: Let A be a complex fuzzy soft ideal. Then, we have
BaS(xty) = (1- ra(xty)) g Cr A
> (1 _ min{rA(X), l’A(Y)}) ei(2n+max {WA(x), WA(y)})
= max {1_ rA(X)n 1"’A(Y)} eimin {2nt+wA(X)) , Qnt+wA(y))}
= min {(1-I’A(X)) ei(2n+wA(x)), (1_ rA(y)) ei(21[+ WA(y)) }
=max { 8p°(x), 5°(Y)}.
On the other hand
SAC(mX) - (1_ I‘A(mX)) ei(2n+ wA(mx))
. > (1_ rA(X)) ei(2n+ WA(X))
- I’AC(X) e1(2n+ wA(x)) < SAC(X) .
Conversly, let A® be a complex fuzzy soft ideal. Then, we have
SA(CHY) = ra(xry) A0
- (1_ (1_ rA(X‘l'y)) ei (2n + 2ntwA(x+y))
2(1 _ mln{(l- rA(X)),(l- rA(y))}) eimin{2n+wA(x), 2n+wA(y)}
= max { ra(x), (ra(y)} e BA waek
= max {ra(x) "% ra(y) e"*"}
= max { SA(X)a 5/-\(y)}i
On the other hand
3a(mx) = ra(mx) ™A™ > ) (x) &AM = §5(x) .

Theorem 4.3: Let A be an complex fuzzy soft ideal of I, if ra(e) > o and wa(e) > B. Then the level subset A(a, B ) is
a ideal of N.

Proof: e €A(a, B ), so A(a, B) # ¢.

Let x,y€ A(a, B ).Then we have

ra(x) > aand wa(x) > B, also ra(y) > o and wa(y) > B.

Now

ra(xty) e )= 3, (x+y)

> min { 5a(x), 5a(Y)} _

= min { ra(x) e"A®, ra(y) e"AY

= min {(ra(x), ra(y))} e LA WADS

This implies

ra(xty) > min {ra(X), ra(y)} > min {a, oo } = a. and

Wa(x+y) = min {wWa(X), Wa(y)} = min {B, B} =p.

So Xx+y€eA(a, B) .

On the other hand we have

ra(mx) A = §,(mx) > a(x) > a. So mx € (o, B ). Therefore Ao, B) is a ideal of N.

Corollary 4.4: Let A be a complex fuzzy soft ideal of N, if ra(e) > o and wa(e) > B. Then the level subsets A“ = {x
EN/rax) >0} and AP = {x € N/ wa(x) > B } are two ideals of N.
Proof: It is obivious.
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V. CONCLUSION

Complex intuitionistic fuzzy sets have been applied in multi attribute decision making problems. we introduce
the concept of union complex - fuzzy soft module of a given classical module and investigate some of the crucial
properties and characterizations of the proposed concept.
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