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Abstract

Multivalued functions between topological spaces have applications to the fixed point theory which in
turn has applications to social science, science and engineering. The authors have recently studied upper mixed
continuous, lower mixed continuous multifunctions and their weak forms between topological spaces. The
purpose of this paper is to introduce and characterize some strong forms of upper and lower mixed continuous
multifunctions.
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I. INTRODUCTION AND PRELIMINARIES

Functions between two sets play a significant role in mathematics. In particular multivalued functions
have applications in applied mathematics such as optimal control, calculus of variations, probability, statistics,
different inclusions, fixed point theorems and so on.

Let X and Y be any two non empty sets. A multivalued function from X to Y, is a function F:X— g (Y)
such that F(x)=< for every xeX where o (Y) denotes the power set of Y. A multifunction F from X to Y is
denoted by F:X-»Y. If F:X-»Y then for every subset A of Y, F'(A)={xeX:F(X)cA}is called the upper inverse

of A and F~(A)={xeX:F(x)nA=}is called the lower inverse of A. For every subset A of X, F(A)=| J F(¥
xeA

For the basic results in multivalued analysis one may consult [1, 5, 7, 11, ]. The applications of multivalued

functions are found in [4, 6, 9, 10, 14, 15, 17, 19, 21, 22, 27]. The properties of multifunctions are discussed in

[12, 13, 16]. The continuity of multifunctions is studied in [2,3,,8,9,12,13,20,21,24,26,30,31,32,33,34,].

Throughout this paper F:X-Y is a multi valued function, A , B are the subsets of X and ‘iff” denotes ° if and

only if °. The following lemmas will be useful to study the continuity of multifunctions. For the basic concepts

and results on mixed continuity and their weak forms the readers may consult[29]. The following definitions

will be useful in sequel.

Definition 1.1: Let F:X-Y and G:X-Y. The multifunctions FUG and FNG are defined as

(FUG)(X) = F(X)uG(x) and (FNG)(x) = F(X)n G(x) for every xeX.

Definition 1.2: Let F:X—Y and G:X—Z. The multifunction FxG:X—YxZ is defined as (FxG)(x) = F(x)xG(x)
for every xeX.

Definition 1.3: Let F:X-»Y and G:Y—»Z. The multifunction G°F :X—»Z is defined as (G°F)(x)= U G(y) for
yerx)
every xeX.

Let (X, 1) be a topological spaces and A be a subset of X.

Definition 1.4: A'is regular open [25] if A = Int Cl A and is regular closed if A = Cl Int A. Ais clopen if it is
both open and closed.

Let RO(X, 1) denote the collection of all regular open sets in (X, t). Since the union of regular open sets is
not regular open, RO(X, 1) is not topology on X. Since the intersection of two regular open sets is regular open,
RO(X, 1) is a base for some topology on X. This topology is denoted by t° and the members of t° are called 3-
open sets is (X, 1). 8-open sets were studied by Velicko [35]. This t° is called the semi-regularization of .

RO(X, 1) et
Definition 1.5: A is 0-open[35] if for all xeA there is an open set U with xe UcCIUCA.

The complement of a 6-open set is 6-closed in (X,t). The collection of 6-open sets in (X,t) is a topology on

X, denoted by . More over t’ct’crt.
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Definition 1.6: F: (X, 1) (Y, o) is

(i) upper continuous (briefly U.C) if for all xeX and for every Veo with F(X)cV there exists Uet
containing x such that F(U)cV.

(i) upper clopen continuous (briefly U.cloC) if for all xeX and for every Vec with F(X)cV there exists
a clopen set U containing x such that F(U)cV.

(iii) upper almost continuous (briefly U.aC) if for all xeX and for every regular open set V in (Y, o) with
F(X)cV there exists Uet containing X such that F(U)cV.

(iv) upper regular continuous (briefly U.rC) if for all xeX and for every Vec with F(X)cV there exists
aregular open set U containing x such that F(U)cV.

(v) upper &-continuous (briefly U.6C) if for all xeX and for every Vec with F(X)cV there exists Uet
containing X such that F(Int Cl U)c Int CI V.

(vi) upper 6-continuous (briefly U.6C) if for all xeX and for every Vec with F(X)cV there exists an
open set U in (X, t) containing X such that F(Cl U)c V.

(vii) upper super continuous (briefly U. superC) if for all xeX and for every Vec with F(X)cV there
exists an open set U in (X,t) containing x such that F(Int Cl U)cV.

Definition 1.7: F: (X, 1) (Y, o) is
(i) lower continuous (briefly L.C) if for all xeX and for every Veo with F(x)mV=J there exists Uert
containing x such that F(u)nV=Z for every ueU.
(ii) lower clopen continuous (briefly L.cloC) if for all xe X and for every Veo with F(X)n\V=J there
exists a clopen set U containing x such that F(u)nV=d for all ueU
(iii) lower almost continuous (briefly L.aC) if for all xeX and for every regular open set Vin (Y, ) with
F(x)NV=J there exists Uet containing x such that F(u)nV=2 for every ueU.
(iv) lower regular continuous (briefly L.rC) if for all xe X and for every Veo with F(X)nV=J there exists
Uet containing x such that F(u)nV=2 for every ueU
(v) lower continuous (briefly L.5C) if for all xe X and for every Veo with F(x)nV=J there exists an
open set U containing x such that F(u)n Int Cl V= for every ueU.
(vi) lower 6-continuous (briefly L.6C) if for all xe X and for every Vec with F(X)nV = there exists an
openset U in (X, t) containing X such that F(u)nV =& for every ueCIU.
(vii) lower super continuous (briefly L.superC) if for all xe X and for every Vec with
F(X)nV =0, there exists an open set U in (X,t) containing x such that
F(u)nV = for every ueint CIU.

Definition 1.8: F: (X, t)- (Y, o) is upper mixed continuous(briefly U.M.C) [28] if for all xe X and for every
Veo with F(X)cV there exists Uert containing x such that F(u)mV=< for every ueU and is lower mixed
continuous (briefly L.M.C)[28] if for all xe X and for every Veo with F(X)nV=J there exists Uet
containing x such that F(U)cV.

Lemma 1.9:
(i) F: (X 1)~ (Y,o0)isU.rCiffitis U.superC.
(i) F: (X, 1)~ (Y, o) isL.rCiffitis L.superC.

Il. STRONG FORMS OF UPPER MIXED CONTINUOUS MULTIFUNCTIONS

Definition 2.1: F:(X, 1)-» (Y, o) is

(i)upper mixed clopen continuous (U.M.cloC) if for all x eX and for every Vec with F(X)cV there exists a
clopen set U in X,t) containing x such that F(u)nV =& for every ueU,

(if)upper mixed almost continuous (U.M.aC) if for all x X and for every regular open setin (Y, &) with
F(X)cV there exists Uet containing X such that F(u)nV =& for every ueU,

(iif)upper mixed regular continuous (U.M.rC) if for all x X and for every Veo with F(X)cV there exists a
regular open set U in X,t) containing X such that F(u)~V = for every ueU,

(iv)upper mixed 8-continuous (U.M.3C) if for all x X and for every Veo with F(X)cV there exists a 3-open
set U in X,t) containing x such that F(u)nV = for every ueU,

(V)upper mixed 6-continuous (U.M.BC) if for all x eX and for every Veoc with F(X)cV there exists a 6-open
set U in X,t) containing x such that F(u)nV = for every ueU,
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Proposition 2.2 : Let F: ( X, 1)~ (Y, o) be a multifunction. Then

(i) IfF isU.M.cloC then itis U.M.rC and U.M.6C

(i) IfFisU.M.rC thenitis U.M.aC and U.M.5C

(iif) If F isU.M.BC then itis U.M.5C

(iv) IfF isU.M.8 C then itisU.M.C

(v) IfF isU.M.C then itis U.M.aC
Proof: Suppose F: ( X, 1) (Y, o) is U.M.cloC. Let Vec and F(x)c V. Since F is U.M.cloC at X, there
exists a clopen set U in (X,t) containing x such that F(u)nV =& for every ueU. Since every clopen set is
regular open and 6-open it follows that F is U.M.rC and U.M.6C. This proves (i). Now suppose F: ( X, 1)
(Y,o0)is UM.IC. If Veo and F(x)c V then there exists a regular open set U in (X,t) containing x such that
F(u)nV = for every ueU. Since every regular open set is open and 6-open it follows that F is both U.M.aC
and U.M.3C. This shows that ue F(V) for every ueU that implies xeUc F (V). Since F'(V) c F(V), the
above arguments show that F*(V)clIntsF (V). This proves (i) and (ii). (iii) follows from the fact that every 6-
open set is 5-open and (iv) follows from the fact that every d-open set is open. Similarly since every regular
open set is open , it follows that U.M.C = U.M.aC.

Diagram 2.3:
U.M.cloC = U.M.rC = U.M.aC.
U U i

UMBC =UMSC =UM.C
Proposition 2.4 : Let F: ( X, t)- (Y, o) be a multifunction. Then

(i) IfF is U.M.rC then F*(V)c Int; F (V) for every Veo.

(ii) If F is U.M.cloC then F*(V)c Ints F (V) for every Veo.

(i) If F is U.M.8C then F*(V)c Ints F (V) for every Veo.

(iv) If F is U.M.OC then F*(V)c IntgF (V) for every Veo.

(v) FisU.M.aC iff F(V)c Int F (V) for every VeRO(Y,o)

(vi) IfF is U.M.rC then CIsF*(V)c F (V) for every closed set V in (Y, o).

(vii)IfF is U.M.cloC then CIsF*(V)c F (V) for every closed set V in (Y, o).

(viii)  Fis U.M.aC iff CIF*(V)c F (V) for every VeRC(Y,0).
Proof: Suppose F: ( X, 1) (Y, o) is UM.rC. Let xeF"(V) and Veo. Then F(x)cV. Since F is U.M.rC at x,
there exists a regular open set U in (X,t) containing x such that F(u)nV = for every ueU. This shows that
ueF (V) for every ueU that implies xeUcF (V). Since F'(V)c F(V), the above arguments show that
F*(V)cIntsF (V). This proves (i). Since every U.M.cloC is U.M.rC, it follows that (ii) is also true. The proof
for (iii) and (iv) is similar.
Suppose F: ( X, 1)—=>(Y, o) is U.M.aC. Let xeF"(V) and VeRO(Y,c). Then F(x)c V. Since F is U.M.aC at x,
there exists an open set U in (X,t) containing x such that F(u)nV =< for every ueU. This shows that ueF (V)
for every ueU that implies xeUcF (V). Since F*(V)c F(V), the above arguments show that every point of
F*(V) is an interior point of F(V) that implies F*(V)cInt F~(V). Conversely suppose F*(V)c Int F(V) for every
VeRO(Y,o). Let VeRO(Y,o) with F(X)cV. Then xeF*(V)clInt F(V) that implies there is an open set U in ( X,
1) containing x such that xeUcF (V). This shows that F(uy~V =& for every ueU that proves that F is
U.M.aC. This proves (v).

Fis U.M.rC = F(Y\B)clIntsF (Y\B) for every closed set B in (Y, o).
= X\F(B) c Int; (X\ F*(B)) = X\ Cl5(F*(B))
= Cl;s (F'(B)) < F(B) for every closed set B in (Y, o).
Fis U.M.aC iff F'(Y\V)c Int F(Y\V) for every VeRC(Y,o).
iff X\ F (V) cInt (X\ F*(V)) = X\CI (F*(V))

iff Cl (F*(V)) < F (V) for every VeRC(Y,c).
Fis U.M.cloC = Fis UM.rC = Cl; (F"(B)) < F (B) for every closed set B in (Y, o).
This proves (vi), (vii) and (viii).

Proposition 2.5 :
N FF(X 1)»(Y,o)and G: (X, 1)» (Y ,oc)are U.M.cloC then FU G is U.M.cloC.
(i) FF:(X,1)» (Y,o0)and G: (X, 1)» (Y ,c)are U.M.aC then FU G is U.M.aC
@ii) IFF:( X, )= (Y ,o0)and G: (X, t)=» (Y, o) are U.M.rC then FU G is U.M.rC.
(iv) IfF:(X, )= (Y ,o0)and G: (X, 1) (Y, c) are U.M.3C then FU G is U.M.5C.
(v) fFF(X, 7)=» (Y,o)and G: (X, 1) (Y, o) are U.M.BC then FU G is U.M.6C
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Proof: Suppose F: ( X, 1) (Y, o) and G: ( X, 1)» (Y, o) are UM.cloC. Let xeX and Vec with
(FUG)(X)cV. Then F(x)cV and G(x)cV. Since F:( X, 1)» (Y, o) and G:( X, 1) (Y, o) are U.M.cloC at x,
there are clopen sets U; and U, in X such that F(X)nV =& for every x'eU; and G(X'")nV = for every
X'"eU,. Then U = U;nU, is the required clopen set satisfying (FUG)(u)nV=d for ueU. This shows (i). Now
suppose F:(X, 1) (Y, o) and G:(X, 1) (Y, o) are U.M.aC. Let xeX and VeRO(Y,oc) with (FUG)(X)cV.
Then F(x)cV and G(x)cV. Since F: ( X, 1) (Y, o) and G: ( X, 1)~ (Y, o) are UM.aC at x, there are open
sets U; and U, in X such that F(X' )NV = for every x’eU; and G(X")nV = for every x'’eU,. Then U = U,
MU, is the required open set satisfying (FUG)(u)n V=2 for ueU. This shows (ii). The proof for the rest is
analogous.

Proposition 2.6:

()If F:(X, 1)>(Y,0) is U.M.cloC and G:(Y,c)—»(Z, n) is U.C then G°F:(X, 1)»(Z, n) is U.M.cloC .

@iIf F:(X, 1)=>»(Y,0) is U.M.rC and G:(Y,0)(Z ,n) is U.C then G°F: (X, 1)~ (Z, n) is U.M.rC.

(i) F: (X, t)» (Y,0) is UM.8C and G:(Y,0) » (Z,n) is U.C then G°F: (X, 1) (Z, n) is U.M.8C.

(IVIfF: (X, 1)~ (Y,0) isU.M.BC and G:(Y,0) = (Z, 1) is U.C then G°F: (X, 1) (Z, n) is U.M.6C.

WIf F:(X, ©)=»(Y,0) is U.M.C and G:(Y, o) (Z, n) is U.aC then G°F:(X, 1) (Z, n) is U.M.aC.

Proof: Suppose F: (X, 1) (Y,0) is U.M.cloC and G:(Y,0) » (Z, n) is U.C. Let xeX and Ven with
G°F(X)cV. Then G(y)cV for every yeF(x). That is yeG*(V) for every yeF(x). Since G is U.C, G*(V) is
open in Y. Clearly F(x)cG"(V). Since F is U.M.cloC, there is a clopen set U in X containing x such that
F(u)NG*(V)=D for every ueU. That is G(F(u)n G*(V))=@ for every ueU that implies G(F(u))NG(G*(V)))=Z
for every ueU. This shows that G(F(u))n V=< for every ueU that implies G°F is U.M.cloC. This proves (i).
The proof for (ii), (iii) and (iv) is analog. Suppose F: (X, 1)- (Y, o) is U.M.C and G:(Y,c) - (Z, ) is U.aC.
Let xeX and VeRO(Z, n) with G°F(x)cV. Then G(y)cV for every yeF(x). That is yeG*(V) for every
yeF(x). Since G is U.C, G*(V) isopeninY. Clearly F(x)cG*(V). Since Fis U.M.C, there is an open set U in
X containing x such that F(u)n G* (V)= for every ueU. That is G(F(U)NG* (V)= for every ueU that
implies G(F(u))n G(G*(V)))=@ for every ueU. This shows that G(F(u))"V=Z for every ue U that implies
G°F is U.M.aC. This proves (v).

Proposition 2.7: If F:(X,1) » (Y, o) and G:(X,t) » (Z,n) are U.M. cloC then FxG: (X,1) » (YxZ,
oxn) is U.M. cloC where oxn is the product topology on YxZ.

Proof: Suppose F: (X,1) = (Y, o) and G: (X,1) = (Z, n) are U.M.cloC. Let xeX, Vec and Wen with
F(X)xG(X)cVxW. Then F(X)cV and G(X)cW. Since Fand G are U.M.cloC at x, there are clopen sets U; and
U, in X containing X such that F(x")nV=#Z for every x'e U; and G(X")nW= for every x'"eU,. Taking U =
U;nU, we see that (F(u)x G(u))N(VxW) = for every ueU. This shows that FxG is U.M. cloC.

Proposition 2.8: If F:(X,7) = (Y, 6) and G:(X,t) » (Z,n) are U.M. aC then FxG: (X;1) - (YxZ, oxn) is
U.M.aC.

Proof: Suppose F:(X,1) - (Y, o) and G:(X,t) » (Z, ) are U.M. rC. Let VxW be regular open in (YxZ ,
oxn) with F(X)xG(X)cVxW. Then VeRO(Y,c) and WeRO(Z,n) so that F(x)cV and G(X)cW. Since F and
G are U.M.aC at x, there are open sets U; and U, in X containing x such that F(x")nV=J for every x’eU; and
G(X"NW=- for every x"eU,. Taking U = Ui~ U, we see that (F(u)xG(u))n (VxW) = for every ueU.
This shows that FxG is U.M. aC.

The proof for the next two propositions is analog.

Proposition 2.9: If F:(X,t) » (Y, o) and G:(X,t) » (Z,n) are U.M. 8C then FxG: (X,7) » (YXZ, oxn) is
U.M. 6C.

Proposition 2.10: If F:(X,t) - (Y, o) and G:(X,t) - (Z,n) are U.M. 6C then FxG: (X,t) » (YxZ, oxn) is
U.M. 6C.

I11. STRONG FORMS OF LOWER MIXED CONTINUOUS MULTIFUNCTIONS

Definition 3.1: A multifunction F:(X, 1) (Y, o) is
(i)lower mixed clopen continuous (briefly L.M.cloC) if for all xeX and for every Veoc with
F(X)NV = there exists a clopen set U in (X,t) containing x such that F(U)cV.
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(ii)lower mixed almost continuous (briefly L.M.aC) if for all xeX and for every VeRO(Y,c) with F(X)nV
#(J there exists Uet containing X such that F(U)cV.
(iii)lower mixed regular continuous (briefly L.M.rC) if for all xeX and for every Vec with
F(X)nV = there exists UeRO(X,t) containing X such that F(U)cV.
(iv)lower mixed d-continuous (briefly L.M.5C) if for all xeX and for every Ve,c with F(X)nV = there
exists a &-open set U containing x such that F(U)cV.
(v)lower mixed 6-continuous (briefly L.M.6C) if for all xeX and for every Vec with
F(X)NV = there exists a 6-open set U containing x such that F(U) cV.
Proposition 3.2: Let F: ( X, 1)~ (Y, o) be a multifunction and xeX.
()If Fis L.M.cloC and V €6 then F(X)NV #J < F(X) V.
(ii) If FisL.M.aC and VeRO(Y,c) then F(X)nV =0 < F(x) cV.
(iii) If FisL.M.rC and Veo then FX)nV =0 < F(X) cV.
(iv) If FisL.M.6C and Veo then FX)NV #=J < F(X) cV.
(V) If FisL.M. 6C and Veo then F(X)NV #J < F(x) cV.
Proof: Suppose F:( X, 1) (Y, o) is L.M.cloC and Vec . If F(X)NV=J then there exists a clopen set U in
(X,x) containing x such that F(u)cV for every ueU that implies F(X) V. The reverse part F(X) cV =
F(X)NV=J is obviously true. This proves (i) and the rest of the cases can be analogously proved.

Proposition 3.3 : Let F: ( X, 1) (Y, o) be a multifunction. Then

(i) IfF isL.M.cloC then itisL.M.rC and L.M.6C

(ii) If FisL.M.rC thenitisL.M.aC and L.M.5C

(iii) If F isL.M.6C then itis L.M.8C

(iv) IfF isL.M.3C then itisL.M.C

(v) IfF isL.M.C then itisL.M.aC
Proof: Suppose F:( X, 1) (Y, o) is L.M.cloC. Let Vec and F(X)nV=J. Since F is L.M.cloC at x, there
exists a clopen set U in (X,t) containing x such that F(u)c V for every ueU. Since every clopen set is regular
open and 0-open it follows that F is L.M.rC and L.M.0C. This proves (i). Now suppose F:( X, 1)~ (Y, o) is
L.M.rC. If Veo and F(X)nV=Q. then there exists a regular open set U in (X,t) containing x such that
F(u)cV for every ueU. Since every regular open set is open and 5-open it follows that F is both L.M.aC and
L.M.8C. This proves (ii). (iii) follows from the fact that every 6-open set is 3-open and (iv) follows from the
fact that every d-open set is open. Similarly since every regular open set is open , it follows that U.M.C =
U.M.aC.
Proposition 3.4 : Let F: ( X, t)- (Y, o) be a multifunction. Then

(i) IfF isL.M.cloC then F (V) is&-openin ( X, ) for every Veo.

(if) If FisL.M.aC then F (V) isopenin ( X, 1) for every VeRO(Y,0).

(iii) If F is L.M.rC then F (V) is 5-openin ( X, t) for every Veo.

(iv) If F is L.M.3C then F (V) is d-open in ( X, 1) for every Veo

(v) IfF isL.M.6C then F (V) is 6-open in ( X, ) for every Veo
Proof: Suppose F: ( X, 1) (Y, o) is L.M.cloC. Let xeF (V) and Vec. Then F(X)nV = . Since F is
L.M.clo at x, there exists a clopen set U in (X,t) containing x such that F(u)cV for every ueU. This shows
that ueF*(V) for every ueU that implies UcF"(V). Since F'(V)cF (V), the above arguments show that
UclntsF (V) that implies F(V) is 8-open in ( X, t).  This proves (i). Suppose F:( X, 1) (Y, c) is U.M.aC.
Let xeF (V) and VeRO(Y,c). Then F(x)nV = . Since F is L.M.aC at x, there exists an open set U in (X,1)
containing x such that F(u)c V for every ueU. This shows that ueF*(V) for every ueU that implies
xeUcF*(V). Since F*(V)cF (V), the above arguments show that xeUc F~(V) that implies F7(V) is open in
(X,x). This proves (ii) and the proof for the rest is analogous.

Proposition 3.5: Let F: (X, ©)-» (Y, &) be a multifunction. Then

(i) IfF isL.M.cloC then F*(V) is 8-closed in (X,t) for every closed set V in (Y, o).

(ii) If Fis L.M.aC then F*(V) is closed in (X,t) for every VeRC(Y,o)..

(i) If Fis L.M.rC then F*(V) is 8-closed in (X,t) for every closed set V in (Y, o).

(iv) If Fis L.M.rC then F*(V) is 8-closed in (X,t) for every closed set V in (Y, c)

(v) If Fis L.M.rC then F*(V) is 8-closed in (X,t) for every closed set V in (Y, c)
Proof: F is L.M.cloC=F(Y\B) is 5-open in (X,t) for every closed set B in (Y, o).

= X\F*(B) is 8-open in (X,t) for every closed set B in (Y, o).
= F'(B) is 8-closed in (X,t) for every closed set B in (Y, o).

FisL.M.aC = F(Y\V)isopen in (X,t) for every VeRC(Y,0).
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= X\F*(V) is open in (X,t) for every VeRC(Y,o).
= F*(V) is closed in (X,t) for every VeRC(Y,0).
The proof for the rest is similar.

Proposition 3.6 :
@i HFR(X 1)=>»(Y,o)andG: (X, 1) (Y,oc)are L.M.cloC then Fn G is L.M.cloC.
(i) IFF:(X, 1)» (Y,o)and G: (X, 1)» (Y ,c)are L.M.aC then FnGis L.M.aC
(i) IFF:( X, 1)» (Y ,0)and G: ( X, 1)» (Y, c) are L.M.rC then Fn G is L.M.rC.
(iv) IfF:( X, 1)=» (Y,o)and G: (X, 1) (Y, o) are L.M.3C then Fn G is L.M.5C.
(v) fF(X, 7)=» (Y,o)and G: (X, 1) (Y ,oc)are L.M.6C then Fn G is L.M.6C.

Proof: Suppose F:( X, t)- (Y, 6) and G: (X, 1) (Y, o) are L.M.cloC. Let xeX and Veo with (FNG)(x)
NV, Then F(X) nV=J and G(X) nV=J. Since F: (X, 1)—(Y, o) and G: (X, 1)=>(Y, o) are
L.M.cloC at x, there are clopen sets U; and U, in X such that F(x")cV for every x'eU; and G(X'")cV for
every X"eU,. Then U = U;nU, is the required clopen set satisfying (FNG)(u)cV for ueU. This shows (i).
Suppose F:( X, )= (Y, o) and G: ( X, 1) (Y, o) are L.M.aC. Let xe X and VeRO(Y, o) with (FNG)(X)
NV=Z. Then F(X) nV=J and G(X) nV=J. Since F: (X, 1) (Y, o) and G:( X, 1) (Y, o) are L.M.aC at x,
there are open sets U; and U, in X such that F(x")cV for every x'eU; and G(X'")cV for every X"eU,. Then U
= U;nU, is the required open set satisfying (FNG)(u)cV for ueU. This shows (ii). Analogous proof can be
given to (iii), (iv) and (v).

Proposition 3.7: Let G:(Y,5) - (Z, 1) be such that G G (V)cV for every open set V in (Y,o).
(If F: (X, )= (Y,0) isL.M.cloC and G:(Y,5) = (Z, 1) is L.C then
G°F: (X, 1) (Z,n) is L.M.cloC.
@iHIf F:(X, 1)~ (Y, o) is L.M.C and G:(Y, 6)= (Z,n) isL.aC then
G°F:(X, 1) (Z,n) isL.M.aC.
@{)If F: (X, t)» (Y,0) isL.M.rC and G:(Y,c) = (Z, n) is L.C then

G°F: (X, t)» (Z,n) is L.M.rC.
(IVIfF: (X, 1) (Y,0) is L.M.8C and G:(Y,0) - (Z, n) is L.C then

G°F: (X, 1)» (Z,n) is L.M.8C.
WIfF: (X, 1)~ (Y,0) isL.M.6C and G:(Y,5) - (Z, 1) is L.C then

G°F: (X, 1) (Z,n) isL.M.6C.
Proof: Suppose F:(X, 1)=»(Y,c) is L.M.cloC and G:(Y,c) » (Z, n) is L.C. Let xeX and Ven with
G°F(X)NV=D. Then G(y)nV= for some yeF(x). That is yeG (V) for some yeF(x). Since GisL.C, G (V)
isopeninY. Clearly F(x)n G (V)=J. Since Fis L.M.cloC, there is a clopen set U in X containing x such that
F(u)cG (V) for every ueU. That is G(F(u)cGG (V) cV for every ueU This implies G°F is L.M.cloC. This
proves (i). Suppose F: (X, 1)—(Y, o) is L.M.C and G:(Y, 6)— (Z, n) is L.aC. Let xeX and VeRO(Z,n) with
G°F(X)nV=J. Then G(y)nV=J for some yeF(x). That is yeG (V) for some yeF(x). That is yeG (V) for
some yeF(x). Since Gis L.C, G7(V) isopeninY. Clearly F(X)nG (V)=Z. Since Fis L.M.C, there is an
open set U in X containing x such that F(u)NG (V)=& for every ueU. That is G(F(u)NG* (V)2 for every
ueU that implies G(F(u))cG(G*(V)))cV for every ueU. This shows that G°F is L.M.aC.

Proposition 3.8: If F:(X,t) - (Y, ) and G:(X,t) » (Z,n) are L.M. cloC then FxG: (X,1) » (YxZ,
oxn) is L.M. cloC .

Proof: Suppose F: (X,7) - (Y, o) and G: (X,t) » (Z, ) are L.M. cloC. Let xeX, Veo and Wen with F
(X)xG(X)NVxW=Z. Then F(x)NV#J and G(X)NnW= . Since F and G are L.M.cloC at x, there are clopen
sets U; and U, in X containing x such that F(x")cV for every x'e U; and G(x"")cW for every x''e U,. Taking
U =U;n U, we see that F(u)x G(u) <V xW for every ueU. This shows that Fx G is L.M. cloC.

Proposition 3.9: If F:(X,1) - (Y, o) and G:(X,t) » (Z,n) are L.M. aC then FxG: (X,t) » (YxZ, oxn) is
L.M. aC.

Proof: Suppose F: (X,t) - (Y, o) and G: (X,1) - (Z,n) are L.M. aC. Let xe X and VxW be regular open
in (YxZ , oxn), Veo and Wen with F (X)xG(X)n VxW=J. Then F(x)nV=d and G(X)nW=d . Since F
and G are L.M.aC at x, there are open sets U; and U, in X containing x such that F(x")cV for every x'e U,
and G(x"")cW for every x" e U,. Taking U = U;n U, we see that F(u)x G(u) <V xW for every ueU. This
shows that Fx G is L.M. aC.
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The proof for the next three propositions is analogous.

Proposition 3.10: If F:(X,t) - (Y, o) and G:(X,t) » (Z,n) are L.M. rC then FxG: (X,1) » (YxZ , oxn) is
L.M. rC.
Proposition 3.11: If F:(X,t) - (Y, 0) and G:(X,1) = (Z,n) are L.M. 6C then FxG: (X,t) » (YxZ, oxn) is
L.M. &C.
Proposition 3.12: If F:(X,t) = (Y, 6) and G:(X,t) » (Z,n) are L.M. 6C then FxG: (X,t) » (YxZ, oxn) is
L.M. 6C.
Proposition 3.13 : Let F: ( X, ©)- (Y, o) be a multifunction. Then

(i) IfF isL.M.cloC then itis U.M.cloC

(i) If FisL.M.rC thenitis UM.rC

(iii) If F isL.M.6C then itis U.M. 6C

(iv) If F isL.M.8C then itis U.M. 8C
Proof: Suppose F: ( X, 1) (Y, o) is L.M.cloC. Let Veo with F(X)cV. Then F(X)NV=d. Since F is
L.M.cloC at x, there exists a clopen set U in (X,t) containing x such that F(u)c V for every ucU that implies
F(u)NV=0 F(x)NV=J. This proves (i). The proof for the rest is analog.

Diagram 3.14:

L.M.cloC = L.M.rC = L.M.aC
U U U

U.M.cloC = U.M.rC = U.M.aC.
U U ]

UM.6C = UM.6C = UM.C
) N )

LM.6C = L.M3C = LM.C
] ] U

L.M.cloC = L.M.rC = L.M.aC.

IV. CONCLUSION

The strong forms of lower and upper mixed continuous multifunctions such as lower and upper mixed
delta, theta and clopen continuous multifunctions have been discussed in this chapter and the links among them
are investigated. Further the union, intersection, Cartesian product and composition of such functions are
studied.
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