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Elliptic- Type Integrals Pertaining to Euler
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ABSTRACT

Elliptic-type integrals have their importance and potential in certain problems in radiation physics and nuclear technology. A number of earlier works
on the subject contains several interesting unifications and generalizations of some significant families of elliptic-type integrals. The present paper is
intended to obtain certain new theorems on generating functions.The results obtained in this paper are of manifold generality and basic in nature.
Beside deriving various known and new elliptic-type integrals and their generalizations these theorems can be used to evaluate various Euler-type
integrals involving a number of generating functions.
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1. Introduction

The following integrals
Qj(k) = / (1- k2 cos 0)*j7%d0 (1.1
0

where j =0,1,0,--- and 0 < k < 1 was studied by Epstein-Hubbell [6], for the first time. Due to its occurrence in a
number of physical problems [2, 3, 7, 9, 11, 13, 16, 17, 19, 28, 35], in the form of single and multiple integrals, several
authors notably Kalla [12, 13] and Kalla and Al-Saqgabi [20], Kalla et al. [16], Salman [26], Saxena et al. [27] and
Srivastava and Bromberg [31], have investigated various interesting unifications (and generalizations) of the elliptic-
type integrals (1). Some of the important generalizations of elliptic-type integral (1) are as follows:

Kalla [12, 13] introduced the generalization of the form:

T 2a—1 0/2) si 2y—2a—-1 0/2
Ru(k, o) = / cos  (B/2)sin _(6/2) (12)
0 (1 — k2 cos@)+*z
1
where 0 < k < 1, Re(y) > Re(a) > 0, Re(p) > —5

Result for this generalization are also derived by Glasser and Kalla [10]. Al-Saqabi [20] defined and studied the
generalization given by the integral

™ 2m6 = 21)9
By (k,m,v) :/ o8 7S 7 g9 (1.3)
0o (1—k2cos)rtz
1
where 0 < k < 1;m € No,pu € C,re(p) > —5
The integral
4 in?(6/2
Av(a,k):/ ezplasin(0/2)] 4, (1.4)
0o (1—k2cos)v*z

where 0 < k < 1,a,v € R ; presents another generalization of (1), given by Siddiqui [30]. Srivastava and Siddiqi [35]
have given an interesting unification and extension of the families of elliptic integrals in the following form :
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™ a— i 28-1 =A
A(a’ﬁ)(p; k) :/ cos2*~1(9/2) sin (0/2) [1 “ipgin? <_Z_>] do (1.5)
0

(n) (1 — k% cos 9)”“‘%
where 0 < k < 1, Re(a) > 0, Re(8) > 0,\, p € C,|p| < 1.

Kalla and Tuan [17] generalized the above equation by means of the following integral and also obtained its asymptotic
expansions

(a,8) oy [ 2am1 Q 281 Q g2 —p—
A(Amu)(p’k)_/o cos <2>s1n <2 (1 —k“cos@)

=
(1 — psin? (g)) <1 + 6 cos? (g)) de (1.6)

where 0<k<1,Re(a) >0,Re(B) >0,\pu,y€C,|p|<1.0| <1 or p (or §) € C whenever A=m or
v = —m, m € Ny, respectively.

[N

Al-Zamel et al. [21] discussed a generalized family of elliptic- type integrals in the form :

(1- ka cos0) 77 do =
1

J

(a,8) _ (a,B) _ T a1 . 281 ¢
Zy (k:)—Z(%’“_,%)(k)—/o cos <§>s1n (5

n

g N— g 2K 2k2
B(a7ﬁ)]11(1_kj) J-FD Bvr)/la"'7n7a+ﬁ7k%_1a"'7k%_1 (17)
where Re(a) > 0, Re() >0, |k;| < 1;7; € C(j =1,--- ,n),FgL)(.) is the Lauricella hypergeometric function of n
variables [32, p. 163].
Saxena and Kalla [28] have studied a family of elliptic-type integrals of the form
T 0 0 n—2 0 —0;
. _ 2a—1 s 2B—1 2 .
Qor,som i) (P15 Pu—2, 05 k) _/0 cos <§> sin <§> H <1 — pj sin <§>>
o\\ " 1
(1 + & cos? <§>> (1 —k?cosf)+2do (1.8)
here 0 < k < 1, Re(a), Re(B) > 0,0(j =1 2) e C; ||L ﬁ 1
whereU < k < 1, [ve(«), Lie > 0,00 =1, ,n Y, M ;max pj’1+6’k2—1 <
In the recent paper, Saxena and Pathan [29] investigated an extension of the above equation in the fom
T 0 8\ AN
) - 2a-1 . 28-1 2
Qo1 omismiy ) P15 Pmy 05 A1, -+, An) —/O cos <§> sin (§> 111 <1 — pj sin <§>>
N\ T H
(l + § cos? <§>> H(l - )\? cos0)~ 7 do (1.9)
j=1
2
where Re(a), Re(B) > 0,€ C; |\j| < 1;04,7,7j € (C,max{\pﬂ, % , )\2?—)\_’1 } <L(E=0,--- ,mj=1---,n)

In a recent paper [5], the authors have proposed and investiged a new family of unified and generalized elliptic type
integrals :

QE?\t;ﬁgj)((pl% (61)7 kj) :Qg\?f{)\mn’m T (pla 5PN, 617 e a6N7 kla e aKM) =
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T M i wAs
cog2a—1 Q sin2f-1 Q H (1 %2 o8 9) —7; H 1+ p; sin? 2 + §; cos? g do (1.10)
0 2 2 J pi 2 ' 2 ‘

J=1 i=1
where

2
Si—pi 2k;
V| k31

Re(a)7Re(B) > Oa € (C; |AJ| < 1;Aia7_j € Camax{‘piL |61}a 119,

}<1:(7':075ma]:157

2

which include most of the known generalized and unified families of elliptic type integrals (includind the integrals (1.1)
to (1.9).

Upon a closer examination of the above equation (1.10), it can be seen that the family of elliptic integral

QE‘; BT) )((pi), (04); k;) can be put in to the following Euler integral :

M N
QO (i), (B) k) =) 3 (01 oo, 81, Ok K) =[ (1= 27 T + 60~
j=1 i=1
1 M 2wk? |77 N 86 — p)w]
B-1(1 _ )1 1_ J 1_(1 pi)e d 1.11
/0“’ (1-w) Jl;[l[ o1 EH T+o; w —

A two variables generating function F'(x, ) possess a formal power series representation, not necessarily convergent for
t = 0 power series representation in t , can be written in the following form

= Z Co [ ()" (1.12)
n=0

where each member of the generalized set { f, ()}, is independent of z and ¢.

Now, we consider the multivariable A-function defined by Gautam et al. [8]. It’s an extension of multivariable H-
function, see [22,33,34].

Z.l (aj;Ay),"' ’Ag‘r))l,p

Al ozr) = Apiimamis e
1 T
Zyr <bJ’Bj( )7 7Bj( ))1,q:
1 1 " -
(C; ),Cj(, ))1,1’)1;' .. ;(Cg- )70J( ))171’%
1 1 " -
(@Y, D)y i 1 (@D, D)y,
(t 0.(t;) Zbdty - - - dt, 1.13
27““’ // ¢ b H . (1.13)

where ¢'(t1,--- ,t.), 0,(t;),i =1,--- ,r are given by :

[T, Dby = 35, By ) H? T —a;+ 35, 40)

F (b 1) =— o " (1.14)
Hj:n-',-l ( ZZ 1 A ) ] m+1 (1 - b] + Zi:l B] tJ)
n; (i) (1) m; (%) (%)
(8 < 10, D1 - 4 D) T, T(d — D) w5
AN Di F( (l) C(Z)t) qi F(l 7d(l) +D(i)t') )
j=ni+1 Jj ot j=m;+1 J Jj ot
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Here M, N, P,Q,mi,n;,pj,c; € Nji =1, ,r;a5,b;,¢”,d", A%, BY ¢ D e C

Jr=g 00

The multiple integral defining the A-function of r variables converges absolutely if :

1
|arg(Q) Ze| < g, € = 0,m; > 0 (1.16)
u N A T DB Ta N D@D T ()1 o
o = [Ty [Ty Ty TIHe o i= 1, (1.17)
j=1 j=1 j=1 j=1
) q . qi ) Di )
g =Im(> AV -3"BD+3 DO N c)i=1, (1.18)
=1 =1 =1 =1
n . p . m . q . mg . qi ) ez ) Pi .
YA DSVIED SIFTES S DIILED SIS DIVCED SIS S [tED
j=1 j=n+1 j=1 j=m+1 j=1 j=mi+1 j=1 j=nit1
=1, , T
In this paper, we shall note.
X:mlanla"')m‘ranT;Y:plvqla"'>p’r‘aq7’ (120)
1 T 1 1 r r
A= (aj;A§‘ )7 T 7A§ ))Lp :C= (Cg )’Cj( ))1,1’11; s (C; )7CJ( ))Lpr (1.21)
B=(b;; B, B )iyt D= (d". D)3 (d)” D g, (1.22)

2. Main result

In this section we see two general formulae
Theorem 1.

Let the generating function F'(x,t) and multivariable A-function defined respectively by (1.12) and (1.13). Then

[e o]

1
/(; w1 — W) T A((wz2), - (w2n)S) F (2, tw™ (1 — w)#)dw =T'(y — @) Z('y — 0)unCh fr(x)t"

n=0

Zgl (1‘0‘*7771%@7”' 7<T)7A:C
m,n+1:X . .
Apitginy [ . @.1)
Zgr Ba(l‘W_nn_MnaCh 7C7") :D

provided that

1 *k
< _777571-75 :077% >0

min[Re(a), Re(y — a)] > 0, Re(n) > 0, Re(u) > 0, |arg(Q)(wz)" 5

Q;,n; and £* are defined respectively by (1,17), (1.19) and (1.18).

Proof

Expressing F'(z,t) by the power serie form with the help of (1.12) in the integral (2.1) and the multivariable A-
functions in terms of Mellin-Barnes type integrals contour with the help of (1.13), interchanging the order of
summations and integrations which is justified under the conditions mentioned above. Evaluating the inner integral
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with the help of the beta-function and finally, reinterpreting the multiple Mellin-Barnes integrals contour in terms of
multivariable A-function, we obtain the desired result after algebraic manipulations.

Let
A1 = (aj;Ag'l)a"' 7A§'T)707'” 70)1,P;X1 =my, Ny, - )mrvnraoa"' 70:
—— ——
M+N M+N
C = (Cy)vcj('l))l,;m; e ;(Cg‘r)acg(‘r))l,pr; i 2.3)

Bl = (ijB](1)7 7B]('r)703"' 70)1,q : Yl =P1,4q1," " 7p7'7Q7"705"' 70:
M+N M~+N

1 1 r r
Dy = (d, D)1 455 (d7, D)y g =5~ 2.4)

Theorem 2

! B—1 a—1 ¢ ¢ sl 2wk -
/Ow (1—w)* T A((wz) -, (war) ) Fa, (1 — )] ] |1 -

j=1

L 2k2 TN 8 — pi —Aj 0
- J 7 (3
_F(a)H {1— k2—1] H [1— 1+6J > Cofala)t
j=1 J 4=1 n=0
zgl
. (1'5_7771;(:17"'7<r717"'71>aA1101
——
. M+N
&
2k2
k2—1
+1:X . '
A, ) ' (2.5)
2k2,
k2 —1
51M*P1
1401 .
B, 1-8—-a—-nm—pun,1,---,1): Dy
——
i M+N
OIN—PN
1+0n

We obtain the A-function of (r + M + N )-variables
Provided

min[Re(«), Re(B)] > 0, Re(n) > 0, Re(u) > 0,6;,p5, Ni, 75 € C, |k < 1,i=1,--- ,N,j=1,--- ,M)and

f<1

The proof of (2.2) is similar that (2.1).

2
2
kj —1

di—pi
159, |

max {|pi], 4],

3. Applications.

In view of the importance of the theorems in the above section, we mention some interesting applications about the
multivariable A-function.

1) We consider the generating function [32]
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z"t"

n!

F(z,t)=(1-2)"")Y (0)n (3.1)

n=0
and by the use the theorem 1, under the conditions mentionned in (2.1), we get the following interesting results :

"™

/0 WL = W) T A((w), - (w2) )L — 2t (L — )] 7dw = T(y = a) 3 (7 = @yun(0)n

Z§1 (1‘0‘_777L5C17"' 7<T)7A:C
m,n+1:X . .
AP+1,q+1:Y . . (3.2)
Zgr Ba(l‘V_Wn_MnaCh 7CT“) :D

Let w = cos®(6/2) and using the relation cos = 2 cos?(#/2) — 1, the equation (3.2) gives the following generalization
of the elliptic integral.

[ @ae (o (o () o))

1=ttt (2 s ()] 000 - )00 - nlo,

Z%l (1-04—7]’n§§17"' ’C”‘)’A:C
: X . .
ars . oY
2 | By(1-y —nqn — pn; i, ,G) 2 D

Let 0 — 0,w = sin(0/2) and using the relation cos# = 1 — 2sin(6/2) in (3.2) we obtain the following generalized
family of elliptic integrals :

[aw (o= (Ga (o (5) " (o (3))

- zgl (I-a; C1y o+ 4 ¢r), A C
xntn m,n H . .
=Ty =) >_(v = un (@) —ATT Ny | . (3.4)
fo Bu(l"Y;Cla"' 7CT) : D

n=0

No, we consider the theorem 2 and the generating function defined by (3.1), we have (under the same validity
conditions that (2.2)),

| P A, 0z = et (1 )

M 2 —Tj; N . M 2 i )
2wk? (6 — piw] ™ 22 P et
P | 1 TR g, = _ = G
Hl k2—1] H[ 1+4 } v F(O‘)Hll kg—l} {1 1+,

i=1 j=1 i=1
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Zi:l

(1-ﬁ-’l’]n,<1, 7<T717"' 71)7A1 : Cl
——

~ M+N
26r

— (‘Tt)n n+1:X . '
Z(a)un(a)n nl Agﬂ,qﬂ;;q ) . (3.5
n=0 2k2 .

B, (1-f—a—mm—pun,1,---,1): Dy
———

M+N

IN—pN
1Ton

2) Consider the generating relation [32,36]

F(z,t) = (1— Xqt)"* (1 = Xot) %2 =3 g2 (Xy, Xo)t" (3.6)
n=0

where

oo

al 012 Z r n Txryn r (37)
n — 7“

By application of theorem 1, we have (under the same validity conditions that (2.1)),

1 2

/ W1 —w) T T A (W), - (W) H [1— Xtw"(1 —w)*]”% dw =
0 _
j=1

0o Zgl (1-0&-7’]7’L;C1,"' aCT)7A
D(y—a) Y (v = @)un 9577 (X1, Xp)t" AN L ' (3.8)
P . .
| By —nqn—pn; Gy, o ,G) 2 D

Now, we use the theorem 2, we have (under the same validity conditions that (2.2)),

/1w5—1(1—w)a_lA((w%)Cl»'” H [ - Xjtw? (1 —w)]™
0

Jj=1

61 — Pi e
1+9;

(1'5_77”;C1a"' 7CT71a”' 71)>A1 : Cl
——
M+N

o0 +1:X : '
Zgn1 2(X17X2)t ( ) Agfi-'rll,q—i-l 31/'1 . (39)
n=0

Bl»(l_ﬂ—a—nn_/“%ly“' 71):D1
——

M+N

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 70



International Journal of Mathematics Trends and Technology ( IJMTT )  - Volume 61 Number 1  - September 2018


ISSN: 2231  - 5373                                  http://www.ijmttjournal.org                                    Page 70



International Journal of Mathematics Trends and Technology ( IJMTT ) - Volume 61 Number 1 - September 2018

3) Consider the generating function

Flz,t)=c =) (_zf)n (3.10)
n=0 :

and use the theorem 1. Under the same validity conditions that (2.1), we get

1 oo
/ W TH L= w) T A (W)Y (W) )e T WL —w)Hldw =T (v — @) (v — @)un
0 n=0
Zgl (I‘O‘_WWCM"‘,Q%A:C’
(71’15)” m,n+1:X . .
1 Aptterny [ ' (3.11)
zer | B,(1y —mn — pn; Guyoe,Gr) 2 D
Now, we use the theorem 2 (under the same validity conditions that (2.2)), we get
1 M wk2 |7 N (6; — N
-1 a—1 ), —xt [ p1)w
/0 WP 1 — w)* TA((w21), - (W2 )e 2w (1 — w)#]]l;[l [1 G “31] 1;[1 [ T, } dw
z%l
. (1_6_77”;4-17"'7<T717"'71)7A1:Cl
——
‘ M+N
7
2k3
k2 —1
o (@)un (=)™ o n1x : '
Z MTA;L?,Q-FI:;G . : (312)
n=0 2%,
T
01—p1
1+6, .
. B, 1-8—-a—mm—pun,1,---,1): Dy
——
) M+N
IN—pN
1+on

Remarks

By using the same method, We obtain the similar integrals about the multivariable I-function defined by Prasad [23],
multivariable I-function defined by Prathima et al. [25], the modified multivariable H-function defined by Prasad and
Singh [24], the multivariable Aleph-function defined by Ayant [1], the multivariable H-function defined by Srivastava
and Panda [33,34], see Chaurasia and Megwal [4] concerning the multivariable H-function.

4. Conclusion.

We have established two theorems concerning the product of generating function and multivariable A-function, we
have given several applications. Firstly, the elliptic integrals presented in this document are quite nature. Therefore, on
specializing the parameters of these integrals involving here, we obtain various other results as its special cases.
Secondly, by specializing the parameters of generating function, we can to obtain a large number of functions. Thirdly,
by specializing the various parameters as well as variables in the multivariable A-function , we obtain a large number of
formulae involving remarkably wide variety of useful functions or product of such functions) which are expressible in
terms of E, F, G, H of one and several variables and simpler special functions of one and several variables. Hence the
formulae derived in this paper are most general in character and may prove to be useful in several interesting cases
appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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