International Journal of Mathematics Trends and Technology (IJMTT ) - Volume 61 Number 2 - September 2018

Certain Fractional Q-Derivative Integral
Formulae for the Basic Aleph-Function of Two
Variables

F.Y.Ayant
Teacher in High School, France

ABSTRACT

In the present paper, we derive two theorem involving fractional g-integral operators of Erdélyi-Kober type and a basic of Aleph-function of two
variables. Corresponding assertions for the Riemann-Liouville and Weyl fractional g-integral transforms are also presented. Several special cases of
the main results have been illustrated in the concluding section.

1.Introduction.

The fractional g-calculus is the g-extension of the ordinary fractional calculus. The subject deals with the investigations
of g-integral and g-derivatives of arbitrary order, and has gained importance due to its various applications in the areas
like ordinary fractional calculus, solutions of the g-difference (differential) and g-integral equations, g-transform
analysis see ([1] and [10]). Motivated by these avenues of applications, a number of workers have made use of these
operators to evaluate fractional g-calculus formulae for various special function, basic analogue of Fox’s H-function,
general class of g-polynomials etc. One may refer to the recent paper [6]-[7], [13] and [16]-[18] on the subject.

In this paper, we have established two theorems involving the fractional g-integral operator of Erdélyi-Kober type,
which generalizes the Riemann-Liouville and Weyl fractional g-integral operators. Several special cases of the main

results have been illustrated in the concluding section.

In the theory of g-series, for real or complex a and |g| < 1, the g-shifted factorial is defined as :

=TT —agy = @0,
(G’Q)n_g(l q)_(aq";q)oo ( GN) (1-1)

so that (a;q)o =1,
or equivalently

Ig(a+n)(1—gq)"
Iy(a)

(an)n = (07&0,—1,—2,"'). (12)

The g-analogue of the familiar Riemann-Liouville fractional integral operator of a function f(x) due to Agarwal [2], is
given by

U@ = 5 | -t f0dst (Re(e) > 0.Ja] < 1) (13)

Lg()
Also, the basic analogue of the Kober fractional integral operator, see Agarwal [2] is defined by

e

I {f(z)} = To(a)

/x(il? — tq)a—1t"f(t)dgt (Re(a) >0,n € R,[q] <1). (1.4)
0

a g-analogue of the Weyl fractional integral operator due to Al-Salam [3] is given by
qafl)/2

K{f(z)} = Ty

/ (t — 2)a—1f(tq"~*)d4t (Re(a) > 0,]q| < 1). (1.5)

In the same paper Al-Salam [3] intoduced the g-analogue of the generalized Weyl fractional integral operator in the
following manner
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Ko {f(z)} = % / (= D)acst 70 (1)t (Refa) > 0,7 € R || < 1).

Also the basic integral, see Gasper and Rahman [5]) are given by

| 0t =0 - stod
0 k=0
/Oo F@)dgt =x(1—q)> g " f(2¢7")
4 k=1
/O SR Y ¢ )
k=—o00

2. Basic of Aleph-function of two variables

(1.6)

(1.7)

(1.8)

(1.9)

Recently Aleph-function of two variables has been introduced and studied by Sharma [15], Kumar Choudary [4] it’s an
extension of I-function of two variables defined Sharma and Mishra [13] which is a generalization of the H-function of
two variables due to Gupta and Mittal. [9,11]. In this paper we introduce a basic of Aleph-function of two variables.

We note

Z1 (aj, Qs Aj)l,nu [Tj(ajiv Qg Aji)]n1+1,Pi§

my,Nn1;mM2,12:M3,13 .
N(21, 22; ) =N o il el 3
( 1,42, 9 Py, Qi misri Py ,Qr Ty s s Pinr \Qrr ;Tyn s . 1 a

2 [ (bji, Bji» Bji)l1,q:3
(€595 ) 125 175 (Cii0, Vis nor 1. Pos K5 B Yimg  [Tikese7 s Yoio Mgt 158,00
(d,85)1mas [T (djirs 85ir ) mat15,0 5 (Fjs F)imas [T5 (Fjars Fjirr ) ma+1:Q,0r

1 S
W/L /L T2¢(s, t; q)01(s; q)02(t; q)x°y' dgsd,t,

where
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where x and y (real or complex ) are not equal to zero and an empty product is interpreted as unity and the quantities
P;, Py, P, Qy, Qi , Qi ,m1, ma, M3, N1, Na, N3 are non-negative integers such that

Qi>0,Qr >0,Qir > 051, 7,70 >0 =1,---,7),(¢ =1,---,7), (" =1,---,7").

All the A’s,a’s,+'s,8's, E's and F's are assumed to be positive quantities for standardization purpose ; the definition
of basic Aleph-function of two variables given above will however, have a meaning even if some of these quantities are
zero. The contour L is in the S-plane and runs from —woo to +woo with loops, if necessary, to ensure that the poles of ,
G(¢%7%*)(j =1,--- ,ma) are to the right and all the poles of G(g'~%T T4t (j =1 ... ny), G(g'~9T7%)
(j=1,---,n2) lie to the left of L;. The contour L, is in the ¢-plane and runs from —woo to +woo with loops, if
necessary, to ensure that the poles of G(q/i '')(j =1,---,m3) are to the right and all the poles of
G(q et ity =1, \ng), G(g" 9 TF")(j =1, ,ny) lie to the left of L. For large values of |s| and |¢| the
integrals converge if Re(slog(z1) — logsinms) < 0 and Re(tlog(z2) — logsinmt) < 0

The poles of the integrand are assumed to be simple.

we shall note

Ar = (a5, 05, Aj) 1005 [Ti(@i, is Aji)lng 11,381 = [15(bji. Bji, Bji)lh,q (2.6)
Ay = (¢4, 7 )1ng, [Ti(cjirs Vi ) na 158,05 (€55 Ej)ing, [T (€537, Viir ) na1; P (2.7)
B2 = (dj, ;) 1ma, [75(djir, 656 )ma+100 5 (Fis F)1imas [T (Fiir s Fjir )l ma+1:0,0 (2.8)

3. Main formulae
In this section, we will establish two fractional g-integral formulae about the basic aleph-function of two variables.
Theorem 1.

Let Re(u) > 0,]q| < 1,n7 € R and I;"*{.} be the Kober fractional g-integral operator (1.4), then the following result
holds :

ZlSCp A17 A2
Ny A—Lymy,n1;me,n2ims3,n3 . . o _ woA—1
jq {J, NPinhTiW?Pi/ VQir T s Pyt \Qyr s’ . 4 . - (1 q) z
ZQ.CEO Bl; B2
leg (1_)\777;p70')7A1;A2
m1,n1+1;ma,naims,ns . . :
NPi’f’l,Qi’f’l,Ti;T;Pi/7Q,L/7T,i/;’l"/;P,i//, a1 Ty sr!! . 74 . (31)
7917 Bi,(1=A—p—mnip,0);B2

where p, o € N, Re(slog(z1) — logsinms) < 0 and Re(tlog(z2) — logsinnt) < 0.

Proof
To prove the above theorem, we consider the left hand side of equation (3.1) (say I) and make use of the definitions
(1.4) and (2.2), we obtain

T

@ A1
S _ nYy 2 . . NSt
e /0 (® — Y@)a—1Yy (270)? /L1 /sz (s, t;9)01(s; 0)02(t; @)x°y dgsdgt dgy

interchanging the order of integrations which is justified under the conditions mentioned above, we obtain
e

S 2 5 5 . s, t * _ 0y, pstot+i—1
) T, (a)(2mw)? /L1 /Lf (s, 0)01(5; 9)6a(t; )= y/O (z - y9)a—1y"{y Ydgydgsdgt
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The above equation writes

e

72h(s,t; q)01 (55 q)02(s; Q) xSy I H {2 FoHA Vg sd t
(27rw Ll /L2 ( ) ( ) q { } q°mq
Now using the result due to Yadav and Purohit ([16], p. 440, eq. (19))

Ty
et 1) = O (e ) > ), (32)

Subsituting (3.2) in the above equation, we obtain

z” e Ly(ps + ot +A+mn) _
[:7 T2 d(s,t;9)01(s;9)02(¢ yt—14 pstottA=1g od ¢
F 27rw /Ll/L2 ¢ ’q 1( q) 2(aq) Fq(,05+0't+/\+17+,u)x qSdq

Now, interpreting the g-Mellin-Barnes double integrals contour in terms of the basic Aleph-function of two variables,
we get the desired result (3.1).

Theorem 2.

If Re(p) >0, |q| < 1,7 € R, then the generalized Weyl g-integral operator for the basic aleph-function of two variables
is given by

z1x P Al; Ay
N A—1gwmi,n1;me,naims,ns . . . _ woA—1_—pX
Kq {.’1,' NP“Q“Tl M P‘L/7Q‘L/ T/ ! P”vQ«// T3 sr!! . » q A - (1 - q) € q
zox ™7 Bi; Bo
71 (wq~")” (I+A =75 p,0), As; Ay
mi,n1+1;me,n2:ms,n . . .
Npl—f—llQ +1 27'“7’2‘ P,L/S,Qf/,‘l'l/,’r‘ s P ,Qyrr iy’ . » 4 . (3.3)
z(xq™")° Bi, (L+ A= —n;p,0); By

where p,0 € N, Re(slog(z1) — logsinms) < 0 and Re(tlog(z2) — logsinnt) < 0.

Proof

Using the definition of the generalized Weyl fractional g-integral operator (1.6) in the left hand side of (3.3), writing the
function in the form by (2.2), interchanging the order of integrations which is justified under the conditions mentioned

above, using the result (3.2) and interpreting the g-Mellin-Barnes double integrals contour in terms of the basic Aleph-

function of two variables, we get the desired result (3.3).

4. Special cases.
In this section, we shall see several corollaries.
Corollary 1.

Let Re(u) >0,]¢/ <1,n €R and I} {.} be the Riemann-Liouville fractional q-integral operator (1.3), then the
following result holds :

71 xf A17 A2

Iu{x)\ lel,nl ;m2,n2:ms,n3 . .
P;,Qi,Tiim Py ,Qur Ty s Pinr ,Qurr yTynr i’ . v d

ZQLUU Bl;BQ
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7127 (1-X\;p,0), A1; As

ma,ni+1ima,naims,ng : . :
Npi+1,Qi+17Ti;T‘;Pi/7Q1/ T3 s P ,Qyrr ;i . 4 (3'4)

Zox’ By, (1 =A—u;p,0); By

where p,0 € N, Re(slog(z1) — logsinms) < 0 and Re(tlog(z2) — logsinnt) < 0.

Corollary 2
z1x P A1;A2
W A—Dgmi,ni;me,naims,ns . (1 M AR —pA— (1) /2
Kq {1‘ NPthTiW?PiMQi/77'«;/?7”/?13«;//7 ity Tarsr!! . ! . . (1 q) 4 q
ZQ.T_U Bl; BQ
z1(xq™")? (A + 150, 0), A1; Ao
my,n1+1;ma,nzims,n3 : . :
Npi—f—l,Qi—l—l,Ti;T‘;Pi/,Qz/,‘ri/;’I"/;Pi//, i//,Ti//;T" . » 4 . (3'5)
z2(xq™")7 By, (1+ A;p,0); B2

where p, o € N, Re(slog(z1) — logsinms) < 0and Re(tlog(z2) — logsinnt) < 0.

Now 7, 7y, Ty (i =1, ,7), (' =1,--- "), (i =1,--- ,7"") — 0, the basic aleph-function of two variables reduces
in basic I-function of two variables (basic analogue of I-function of two variables defined by Sharma and mishra [14]).

We consider the theorem 1 and the above condition, we get
Corollary 3.

Let Re(n) > 0,[q| < 1,7 € R and I;>*{.} be the Kober fractional g-integral operator (1.4), then the following result
holds :

Zlil,’p Al; A2
LM g SR ST B e | | =(1-gat!
ZQIU Bl; B2
7127 (I-A =n:p,0), A1; Az
TR QB @ Pur @i |34 | @1
oY nd Bi,(1=A—p—mn;p,0); B2

where p,0 € N, Re(slog(z1) — logsinms) < 0 and Re(tlog(z2) — logsinnt) < 0.

We consider the theorem 2 and the above condition, we get

Corollary 4

If Re(p) >0, |q| < 1,7 € R, then the generalized Weyl g-integral operator for the basic aleph-function of two variables

is given by

z1x P Al;AQ

1 A—1ym1,n1;ma,naims,n3 . . . _ _ woA—1_—pX
Kq {1‘ IPini;?”;Pi'7Qi/§7"§Pi“7Qi”§7"" . 4 - (1 q) x q

Zox 7 B1; By
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z1(xq™")P (1+X =5 p,0), Ar; Ay

Iml ,ni1+1ma,naimsa,n3

Pit1,Qi+15m Py, Qurir’ s Py ,Qyrr s’ Hd . 4.2)
z2(vq )7 Bi,(1+A—p—n;p,0): By
where p,0 € N, Re(slog(z1) — logsinms) < 0 and Re(tlog(z2) — logsinnt) < 0.

If » = v’ = r"" = 1, the basic I-function of two variables reduces in H-function of two variables defined by Saxena et al.
[12], we obtain the same results, see Yadav et al. [19] for more details.

5. Conclusion.

The importance of our all the results lies in their manifold generality. By specialising the various parameters as well as
variables in the basic Aleph-function of two variables, we obtain a large number of results involving remarkably wide
variety of useful basic functions ( or product of such basic functions) which are expressible in terms of basic H-function
[13], Basic Meijer’s G-function, Basic E-function, basic hypergeometric function of one and two variables and simpler
special basic functions of one and two variables. Hence the formulae derived in this paper are most general in character

and may prove to be useful in several interesting cases appearing in literature of Pure and Applied Mathematics and
Mathematical Physics.
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