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Abstract

In this paper, we study a pair of a general class of fractional integral operators whose kernel involves the product of a Appell polynomial, Fox’s H-
function and S-generalized Gauss’s hypergeometric function. We have given several images about the multivariable Gimel-function and generalized
incomplete hypergeometric function.
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1. Introduction.

The H- function introduced by Fox [5] however the notation and complete definition is presented here in the following
manner in terms of the Mellin-Barnes type integral :

, (aj; Aja,n, [(ag, Aj)IN+1,p ,
H(z)=Hpy | =z . = QL / Qp Y (s)z°ds (1.1)
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for all z different to O and
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With |argz| < 57‘(‘9 where Q = ZBj + ZA]- - Z Aj+ Z B;j| >0
i=1 i=1 J=N41 =M1

M, N, P, Q are positive integers and verify 0 < N < P,0 < M < Q. A;, B; are positive reals and a;, b;, are complex
numbers. An empty product is equal to 1. For more details, see [5,9].

We consider a generalized transcendental function called Gimel of several complex variables.

z1 | AAL A

U;0,n,:V ’ ’ 1 r s
J(Zl,"' ,ZT) :jX’;PiT,(I;T,Tz’TiRHY . . :W . . w(sla"' 751”) H0k<8k>zkk dSl dsr(l?))
. 1 " k=1

with w = v -1
The quantities A, A, A,B,B, B, X, Y, U, V,9(s1,--+ ,s,) and O (sx)(k = 1,--- ,r) are defined by Ayant [3].
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The S-generalized Gauss hypergeometric function FI?’B Tk (a, b; ¢; =) introduced and defined by Srivastava et al. ([8],
p-350, Eq.(1.12)) is represented in the following manner :

BO‘BT“(b+nc b) 2™

TOTETI 2l <1 (1.4)

FQ’BT“abcz i

provided that : Re(p) > 0; min[Re(c), Re(8), Re(7), R(1)] > 0; Re(c) > Re(b) >0

where the S-generalized Beta function BS’B TH(x,y) was introduced and defined by Srivastava et al. ([8], p.350, Eq.
(1.13))

1
a, BT, - z—101 _4)y—1 . B p
B, (z,v) /) "1 —¢) 1F1(a, B; 1= t)“) dt (1.5)

provided that : Re(p) > 0; min[Re(«), Re(8), Re(T), ®(w)] > 0;min{7, u} > 0 and (a)y, is the Pochhammer symbol.

The generalized incomplete hypergeometric function introduced and defined by Srivastava et al. ([7], p.675, Eq. (4.1))
is represented in the following manner :

(Ep;o) (e150)n; (€2)n -~ (€p)n
el 2 . =5 | 2 .
Fq (fl)m"' 7(fq)n
B Z (Eq; o) z_' _ Z (€1;0)n(€2)n - (€)n Z_' (1.6)
= (Fg 0l = (fi)n o (fo)n n!
where the incomplete Pochhammer symbols are defined as follows :
(a;0)n = % a,ne C;z>0. (1.7)

and the incomplete gamma function (s, z) is
(s, x) :/ t*"le7tdt  Re(s) > 0;2>0 (1.8)
0

provided that the above infinite series is absolutely convergent.

The Appell polynomial introduced and defined by [1] is represented in the following manner :
=D ankyy n=012- (1.9)
k=0

where a,,_}, is the complex coefficient with ag # 0

2. Fractional integral operators

We study two unified fractional integral operators involving the Appell polynomial, Fox’s H-function and S-generalized
Gauss hypergeometric function having general arguments

vy A1 (a',A‘)lp
t t o , 5> 445)1,
2 (5 (-8) | { mr g |

( bJaBJ)LQ

|+

IV Ay, H, Fp) f(t) = /Ow Ap
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£\ £\
FguPinit [a,b;c;z;; <;> <1—;> ]f(t)dt 2.1

where, the operators are defined for f(¢) € A, A denote the class of functions f(t) for which
0[¢[¢}. . . max(|t|) = 0
f(t) = : 2.2)

0[|t|wle_w2|t|] ...min(|t]) = oo

provided that

b b; ,
1ér}i<nMRe [v+v23%j +(+ 1,,\+/\2§JJ_ + 1} > 0 and min{vy, v3, A1, A3} >0

o . N (aj, 4j),p
TP A BB ) =2 [ A [ (2" (-3) } Hpg' | 2 (2)™ (1- %)™ -
FoBimn {a,b; ¢ 23 (%)US (1 - %)As]f(t)dt (2.3)

SVA

b, b,
provided Re(wz) > 0 or Re(wz) = 0and min Re |v —w; +ve—>| >0; min Re [A+ o> + 1| >0,
j <M B; 1M B;

min{vy, vs, A1, A3} > 0.
3. Images formulae.

In the theorem 1, we shall use the following notations

Ar = [(arial o al,0,0,0; 401, ], 7, (@il 0l 0,0,05 Ay g, ] B.1)

T g o ity I ]

Al = (_p - U - Ulk;v(l)a' o ,'U(T),UQ”U37O;1), (_)‘ - Alka A(l)a' t 7A(T)7A27A350; 1)5

(1—-15;0,---,0,0,1,7;1), Ay : A; (aj; Aj51)1,p 3.2)
———

By = [, (brji: B oo 87 0,0,0:Brii g | 33

1 Ti, TJtry Frgi,. s Prgiy. Yo Vs Yy Prgiy 1,9, ()

Bi=Bi,(-1—p—A—v—A+ov)k;o + 20 .. w0 120 00,0;1),(1—¢0,--+,0,0,1,7 + p; 1) :
N——

B; (bj; Bj; )19 3.4)
We have the following results

Theorem 1.

2 (@ — A
F(ﬂ)[l’p n Ap—f k

v, . _
17 [An, H, ;] _ ~ T(@)(a)B(b,c—b) kz:;) Kt
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z(l)x“(l)"‘)‘(l)
AAG (1T —a; 151), (1 151), (1 — e+ b 1), (5151)
U;0,n-+3:V;1,1;1,2 . .
JX;PiT-‘r?),qir-}—Z,‘rir:R,.:Y;1,1;3,1 Z(T)xv(r)_i_)\(ﬂ ) (35)
) .
73 B; By; (0;1:1); (5131
p~!
provided that
1)f(t) € A

A, 0@ 50,6 =1,.-. ,r, Re(p) > 0

b; b,
3)lrrj;in Re {U+U2ﬁ+<+l,A+A2ﬁ+l > 0 and min{vy, vs, A1, A3} > 0 and

NG i 1
4) ‘arg(z(l)t“( )(x - t)>‘( ))‘< §A§k)7r where Agk) is defined by Ayant [3].

Proof

To prove the theorem 1, first we express the I-operator involved in its left hand side in the integral form with the help of
(2.1). Then we express Appell polynomial in terms of series with the help of (1.9). Now we interchange the order of
series and t-integral, express both the Fox H-function, multivariable Gimel-function and S-Generalized Gauss's
Hypergeometric Function in terms of Mellin-Barnes type integrals contour with the help of (1.1), (1.3) and (1.4)
respectively. Then we interchange the order of s;(i = 1, 2, ..., r + 3)-integral and t-integral, (which is permissible under
the condition stated). Finally, on evaluating the t-integral and reinterpreting the result thus obtained in terms of
multivariable Gimel-function, we easily arrive at the required result after algebraic manipulations.

Let

A2 = (1 +p—v _Ulk;v<1)7 T 7U(T)5U25U370;1)7 (_)‘_ )‘1]{77)‘(”’ o a)‘(r)7A27A370; 1)7

(1 - ba 07 e 707 07 177_; 1)3 Al: A’ (a’Jv AJ? 1)17P (36)

r

By =By, (-1—p—A—v—A+o)k;o® + 20 .. 50 130 0,0,0;1),(1-¢;0,---,0,0,1,7 + p; 1) :
N——

B; (bj; Bj; 1)1, (3.7)
The others quantities are used in the theorem 1.

Theorem 2

Z(l)tv(l) (x . t)A(l)

o . __ r@ar ki
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Z(l)Zu(l)Jr)‘(l)
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1)f(t) € A
2) AD D 5 05=1,--- Re(p) > 0

. b; . b;

3) Re(wz) > 0or Re(wz) =0and min Re |v—w; +ve—-| >0; min Re |[A+ A= +1| >0,

<ILM B; N B;
min{vy, vs, A1, A3} > 0.

NG B 1
4) arg(z(z)tv( )(l‘ - t)/\( )) < §Az('k)77
To prove (3.10), we use the similar methods that (3.7).
Theorem 3. (see Bansal and Jain [4])
(Ep; o) T
IV A, H, F, £V £y . _ (8)
e A O A O LT
q
Z an_p(er;0)i(er); - (e); 2hziaP
=0 (f1)i--(fi)i k!la!
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where
C = (—p—v—uvik —v4i;v2,03,0; 1), (=X — Ak — Agi, A2, A3,0;1), (1 — b;0,1,7;1) (3.10)
D=(-1-p—v=XA=(v1 + M)k~ (va+ A)i;v2 + A2, v3 + A3,0; 1), (1 = ¢;0,1,7 + p; 1) (3.11)

provided that

1)f(t) € A

1<

b; b;
2) min Re v—i—UgB—]—&—C—&—l,)\—i—)\gB—j—l—l > 0 and min{vy, v, A1, A3} > 0, Re(p) >0
j J

J

Theorem 4 (see Bansal and Jain [4])
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(Ep; o)
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1) ft)eA

_ ; b; C i b;
2) Re(wz) > 0 or Re(wz) =0and min Re |:’U —wy +UQB—j:| >0; 1£I<nMRe [)\+ /\gB—j + 1] > 0,

SVAS
min{vi,v3, A1, Az} > 0, Re(p) > 0.

To prove the theorems 3 and 4, first we express the I-operator involved in its left hand side in the integral form with the
help of (2.1). Then we express Appell polynomial and generalized incomplete hypergeometric function in terms of
series with the help of (1.9) and (1,6) respectively. Now we interchange the order of series and t-integral, express both
the Fox H-function and S-Generalized Gauss's Hypergeometric Function in terms of Mellin-Barnes type contour
integrals with the help of (1.1) and (1.4) respectively. Then we interchange the order of s;-triple integrals and t-integral,
(which is permissible under the condition stated). Finally, on evaluating the t-integral and reinterpreting the result thus
obtained in terms of H-function of three variables, we easily arrive at the required result after algebraic manipulations.

Remarks

We obtain the same formulae concerning the multivariable Aleph- function defined by Ayant [2], the multivariable I-
function defined by Prathima et al. [7], the multivariable I-function defined by Prasad [6] and the multivariable H-
function defined by Srivastava and Panda [10,11], see Bansal and Jain [4] for more details about the multivariable H-
function

4. Conclusion.

Firstly, the pair of fractional integral operators presented in this document are quite nature. Therefore, on specializing
the parameters of these functions involving in this paper, we obtain various other results as its special cases. Secondly,
by specializing the various parameters as well as variables in the generalized multivariable Gimel-function , we obtain a
large number of formulae involving remarkably wide variety of useful functions or product of such functions) which
are expressible in terms of E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of
one and several variables. Hence the formulae derived in this paper are most general in character and may prove to be
useful in several interesting cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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