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Abstract

In this paper, we study some properties of bipolar-valued fuzzy ideals of ring and prove some results of
these. Using basic definitions, we derive the some important theorems prime ideal, subrings and commutative
subrings are applied into the bipolar-valued fuzzy ideals. Also we introduce bipolar-valued fuzzy extensions of
ideal in subrings and some related results are investigated.
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INTRODUCTION

In this paper we present a new formulations of bipolar-valued fuzzy rings based on the notion of
bipolar-valued fuzzy space. A relation between bipolar-valued fuzzy ring based on bipolar-valued fuzzy space
and ordinary rings is obtained in terms of induction and correspondences. M .Z. Alma [4] introduced the
concept of fuzzy ring and established the notion of fuzzy ideal and quotient ring. The author Mohammed F.
Marashdeh [5] introduced the bipolar-valued fuzzy rings based on the notion of fuzzy space to the case of
bipolar-valued fuzzy set. Won Kyun Jeong [12] introduced the notions of the extensions of bipolar-valued fuzzy
ideals, bipolar-valued fuzzy prime ideals and bipolar-valued fuzzy commutative ideals in BCK-algebras are
introduced and several properties are investigated. P. K. Sharma [6] attempt has been made to study some
algebraic nature of bipolar-valued fuzzy ideals of near ring and their properties. K. Meena [3] in this we study
some generalized properties of bipolar-valued L-fuzzy subrings. In this direction the concept of image and
inverse image of an bipolar-valued L-fuzzy set under ring homomorphism are discussed. Further the concept of
bipolar-valued L-fuzzy quotient subring and bipolar-valued L-fuzzy ideal of an bipolar-valued L-fuzzy subring
are studied.

. PRELIMINARIES

1.1 Definition [2]
Aring is a set R together with two operations on R addition and multiplication such that

Addition is associative, forall a,b,c €R, a+ (b+c¢) = (a+b) +c.

Addition is commutative, thatisa,b €R, a+ b = b + a.

R has a zero element that is, there is an element 0 in R such that, foralla € R, a+ 0 = a.

For every a € R, there is an element —a in R such that a + (—a) = 0.

Multiplication is associative, that is for all a, b, c € R, a(bc) = (ab)c.

Multiplication is distributive over addition, that is for all z,b,c € R, (a+ b)c = ac + bc and
a(b+c¢) =ab + ac.

7. Multiplication is commutative, that is for all a,b € R, ab = ba.

8. R has a multiplicative identity, that is there is an element 1 in R such thatforalla € R, a-1 = a.

ogkrwbdr

1.2 Definition [2]

A subset S of a ring R is a subring of R if S is closed under the addition and multiplication operation of R
contain additive inverse and contains the multiplicative identity of R.

1.3 Definition [1]
Let R be aring. A non-empty subset I of R is called a left ideal of R if

i. abeEl=a—-bel
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ii. a€landreR=ra€l
If I'is called a right ideal then

i. abel=a—-bel
ii. a€landr R = ar €.

I is called an ideal of R if I is both left and right ideal of R.
1.4 Definition [1]

Aring R is called commutative ring if multiplication is commutative, that is, ab = ba for all a, b € R.
1.5 Definition [1]

Let R be any ring and I be an ideal of R we have two well defined binary operations in R/I given by
I+a)+U+b)=I1+(@a+b)and (I +a)(I +b) =1+ ab. Itiseasy to verify that R/I is a ring under these
operations. The ring R/1 is called the quotient ring of R modulo 1.

1.6 Definition [1]
Let R and R" be rings. A function f: R — R’ is called a homomorphism if

i. fla+b)=f(a)+f(b)
ii. f(ab) = f(a)f(b), forall a,b € R.

1.7 Definition [1]

Let R be a commutative ring. An ideal P # R is called a prime ideal if ab € P = eithera € P or b € P.
1.8 Definition [1]

A subset I of a commutative ring R is said to be an ideal if

1) 0€elanda,b€el = a+b,—a €l (solisan additive subgroup)
2) a€l,LxER=xac€l.

1.9 Definition [2]

A field consists of a set F and two binary operation " + " (addition) and " - " (multiplication), defined on R,
for which the following conditions are satisfied

1) (F,+,)isaring

2) Multiplicative commutative: Forany a,b € F,a-b=b"a

3) Multiplicative identity: There exists 1 € Fsuchthata-1=1-a=aforalla € F.

4) Multiplicative inverse: If a € F and a # 0, there exists b € F suchthata-b =b-a = 1.

1.10 Definition [1]
Let I be an ideal in the commutative ring R. Then quotient ring R /1 is defined as follows

Set={x +I/x€R}L,0=11=1+1,—(x+D=(C-x)+Lx+D+@+D=+y)+Lx+Dly+1 =
(xy) + I

1.11 Definition [1]
A subring of a commutative ring R is a subset S of R such that

1) 01€S

2) aeES= —-a€ESsS

3) abeS=a+beSs
4) a,beS=abeS.
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1.12 Definition [12]

Algebra (X,*,0) of type (2,0) is called a BCK-algebra if it satisfies the following conditions

) (kxy)*(x*2)*(zxy)=0
2) (xx(x*y)*xy=0
3) x*xx=0
4) x*xy=0yxx=0=>x=y
5 0xx=0forallx,y,z€X.
Il. FUZZY IDEAL OVER A FUZZY RING
2.1 Definition [9]

Let R be a ring and u be a fuzzy subset in R. Then u is called a fuzzy ring of R if for every x,y € R the
following conditions are satisfied

i p(e+y) = min(u), u(y))
i p(=x) = puk)
i, ulxy) = min(u), u()).

2.2 Definition [9]

Let R be a ring and u be a fuzzy subset in R. Then is called fuzzy ideal over a fuzzy ring R for every
x,y € R the following conditions are satisfied

i p(e+y) = min(u), 1))
i u(=x) = pulx)
i, pCey) < max(u(x), u(3)).

2.3 Definition [4]

Let R be a ring, a fuzzy set A of R is called a fuzzy ring of R if

i.  A(x—y) =min(A(x),A(»))
i.  Alxy) = min(A(x),A(y)), for all x,y € R.

2.4 Definition [4]

Let R be a ring, a fuzzy ring u of R is called a ring with operator if and only if for any t € [0,1], y, is a
ring with operator of R, where u, # @, where u, = {x € R, u(x) = t}.

2.5 Definition [4]

Let u be a fuzzy subset of ring R. Then u is called a fuzzy subring of R if for all x,y € R

1) ulx—y) = min(u(x), u(»))
2) uCxy) = min(u(x), u().

2.6 Proposition
If {4;};¢; are fuzzy (left, right) ideals of R, then N;¢; 4; is (left, right) ideal of R

Proof: If A is a fuzzy ring in R. Let {4;};; be a family of fuzzy ideal over a fuzzy ring R, let A = N;¢; 4; then
forall x,y € R

A(x +y) = infig; A;(x +y)
= infi¢; min(Ai(x).Ai()’))

> minifinfiey 4; (%), infies 4; (V)]
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> min(A(x),A(y)).
A(—x) = infig; A; (—x) = inf;¢; A;(x) = A(x).
A(xy) = infig; A; (xy) = infi;[max(4;(x), 4,(»))]
> maxfinfie; A; (x), infie; A; (¥)]
> max(A(x), A(y)). Hence A is a fuzzy ideal in R.
2.7 Proposition [4]
If {4;};¢; are fuzzy (left, right) ideal of R, then U,¢; 4; is a (left, right) ideal of R.

Proof: If A is a fuzzy ring R. Let {A;};; be a family of fuzzy ideal over a fuzzy ring R, let A = U,¢; 4; then for
allx,y eR

A(x +y) = supie; A; (x +y) = sup;e; min(4; (x), 4;(y))
> minifsup;e; 4; (x), supie; 4; ()]
> min(A(x),A(y)).
A(—x) = sup;e; A;(—x) = sup;e; A;(x) = A(x).
A(xy) = sup;e; A; (xy) = sup;e; max(4;(x), 4;())
> maxifsup;e; A; (x), supie; A; (¥)]
> maX(A(x),A(y)).
2.8 Proposition [9]

Let Ry, R, bering f: Ry — R, be a ring homomorphism. A be a fuzzy ring on R; and B be a fuzzy ring on
R,. Then f(A) is a fuzzy ring on R, and f~1(B) is a fuzzy ring on R;.

Proof: Assume that B is an fuzzy ring on R, and let x, y € R.
Then f~1(B)(x — ) = B(f(x =) = B(f(x) = f ()

> min[B(f (x)), B(f ()]

= min[f 7 (B()), f 7 (B)].
fEB)(xy) = B(f(xy)) = B(f () f ()

> B[min(f(x), f())] = min[f (B, F1(BG))]-
Therefore f~1(B) is a fuzzy ring of R;.
Assume that A is a fuzzy ring of R;, we have to prove that f(A) is a fuzzy ring on R, and let x,y € R,
Then f(A)(x —y) = A(f ' (x = »)) = A(f ' () = F (1)
> min[A(f 7 (), A(f ' (3))] = min[f (A()), F(AD)].
FACxry) = A(f 1 (xy)) = AlFHOf L ()]
> min[A(f (), A(f ' (3))] = min[f (A(0), F(AD))].

Therefore f(A) is a fuzzy ring on R,.
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2.9 Definition [11]

Let A be a non-constant fuzzy left (right) ideal of R. Then A is called a fuzzy maximal left (right) ideal of R
if for any fuzzy left (right) ideal Bof R . A € B = A, = B,.

2.10 Proposition
If A is a fuzzy ideal of R, then
i A(0) = A(x) and A(—x) = A(x),Vx €R
ii. If R has multiplicative identity 1, then A(1) < A(x),Vx € R.
iii. Forx,y € R,A(x —y) = A(0) = A(x) = A(y).
Proof: i) we have for any x € R, A(0) = A(x — x) = min(4(x), A(x)) = A(x)
And A(—x) = A(0 — x) = min(4(0), A(—x)) = A(x).
ii) If R has multiplicative identity 1, then A(1) = A(xx~!) < max(A(x),A(x™1)) = A(x)Vx € R.
iii) Let x, y € R be such that A(x — y) = A(0). Then
AX) =Ax—y+y) = min(A(x — y),A(y)) = A(y). Similarly A(y) = A(x) and so A(x) = A(y).
2.11 Theorem [11]
Let I be a prime ideal of R and « a prime element in L. Let P be the fuzzy subset of R defined by P(x) =

{1 if xel

Then P is a fuzzy prime ideal.
a otherwise yp

Proof: By corollary “ Let I be any ideal of R and let @ < 8 # 0 be elements in L. Then fuzzy subset A defined
by A(x) = {ﬁ if x E ! is a fuzzy ideal” from this P is clearly a non-constant fuzzy ideal. Let A and B be
a otherwise

any fuzzy ideals and let A < P,B < P. Then there exist x,y in R, such that A(x) <« P(x),B(x) < P(x). This
implies that P(x) = a = P(y) and hence x ¢ I and y ¢ 1. Since I is prime, there exists an element r in R such
that xry € I. Now we have A(x) £ a and B(ry) £ a (0 otherwise B(y) £ «) and since a is prime,
A(x)AB(ry) £ a and hence (4 o B)(xry) £ a = P(xry) so that A o B < P. Hence P is fuzzy prime ideal.

I1l1. MAIN RESULTS
3.1 Definition

Let X be a nonempty set. A bipolar-valued fuzzy set A in X is defined as an object of the form A =
{(x, A*(x),A=(x))/x € X}, where A*: X — [0,1] and A~: X — [—1,0].

3.2 Definition

Let R be a ring. An bipolar-valued fuzzy set A = {(x, u} (x), 7 (x))/x € X} of R is said to be bipolar-
valued fuzzy ring of R if

i piGc+y) = min(uf (0, wi (),
i pa (e +y) < max(uy (), 1z ),
i uf(—x) = pf (o) and pg (—x) < pg (),
iv.  ufCey) = min(uf (), i () and py (xy) < max(uz (), uz ).

3.3 Definition

An bipolar-valued fuzzy set A = {(x, uf (x), uz (x))/x € X} of a ring R is said to be an bipolar-valued left
ideal if

i g (e —y) = minifug (x), uz (),
i g (ey) = pg (),
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i, pp (e —y) < max(up (), ua (),
iv. uz(xy) <py(x),vx,y €R.

3.4 Definition

An bipolar-valued fuzzy set A = (uj, 1) of aring R is said to be an bipolar-valued fuzzy right ideal if

i uiCGo—y) = min(uf (), 1)),
i wiGy) = uro),
i, (e —y) < max(pg (), ua (),
iv.  pa(xy) <pa (), vx,y ER.
3.5 Definition

An bipolar-valued fuzzy set A = (uJ, uy) of aring R is said to be an bipolar-valued fuzzy ideal if

i i CGeo—y) 2 min(uf (0, ki),
i i Oy) = min(uf (0, ui (),
i,y (e —y) < max(uy (o), w1 (),
iv.  ugCey) < max(uy (o), g ).

3.6 Theorem
Let A and B be two bipolar-valued fuzzy ideals of R. Then ANB is also an bipolar-valued fuzzy ideal of R.
Proof: Let ANB = {(x, wf C)Aug (x), uz (x)Vuz (x))/x € X}. For any x,y € R, we have that
(uAAuE) (e = y) = uf (x = I Aug (x — ¥)
> (uf COME ) A(uf OARE ()
> (i Aug) CONZ M) ().
(WaVup)(x = y) = g (x = y)Vup (x = y)
< (ua Vg )V (15 OV (1))
< (uaVug) OV ua V) ()
And (uiAug)(xy) = ug (ey) Aug (xy)
> (i Ot )N (uh CONAug (7))
> (A Aug) CONpZ AL ().
(WaVug) (xy) = s (xy)Vug (xy)
< (uaVuz M)V (s OV 1)) < WaVep) OV Vi) ().
Hence ANB is a bipolar-valued fuzzy ideal of R.
3.7 Theorem

If A = {(x, uf (x), uz(x))/x € X} be bipolar-valued fuzzy ideal of R. Then

i uj(0) 2 () and w3 (0) < i (),
i, pi(=x) = pi(x) and puz(—x) = uz (x),vx €R,
iii. If R is ring with unity 1, then pf (1) < pf (x) and ;3 (1) = py(x), Vx € R.
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Proof: i) We have that for every x € R, u}(0) = pu}(x — x) = min(pf (x), uf (x)) = pj(x) and pz(0) =
pi (c — x) < max(pz (x), uz (x)) = pz (x). Therefore pf (0) = pf (x) and pz (0) < py (x).

ii) By using (i), we get pf (—x) = u£ (0 — x) = min(uf (0), uf (x)) = pj (x)

pa(=x) = px (0 — x) < max(puy(0), uy (x)) = px (x).

iii) If R is a ring with unity 1, we get u} (1) = p} (xx™1) < max(pf (x), i (x™1))

= max(uf (), uf () =pf(x) and  px(1) = pz(xx™) = min(uy (x), pa (x™1)) = px(x).  Therefore
pA (D) < pg(x) and pg (1) = pz (x).
3.8 Definition [13]

Let X be a set and let A € X is a bipolar-valued fuzzy subring. Then A is said to have the sub property if for
each Y € P(x), there exists y, € Y such that

AGw) = (\/ HiG, /\uz(x))

xX€Y xX€Y

Where P(Y) denoted the proper set of X.
3.9 Definition [13]
Let X be a set, let A € X is a bipolar-valued fuzzy subring and let (4, u) e I x IwithA+pu <1

1) Theset AMM) = {x € X: uj(x) = A, u;(x) < u}is called a (4, u)-level subset of A
2) Theset AWM = {x € X: u}t(x) > A, 1z (x) < u}is called a strong (4, u)-level s-1ubset of A.

3.10 Theorem

If A = (A%, A7) is a bipolar-valued fuzzy subring of aring R, then H = {x e R/A*(x) = 1,4 (x) = —1} is
either empty or is a subring.

Proof: If no element satisfies this condition, then H is empty. If x and y in H then
A*(xy') = min(A*(x), A*(y™1)) = min(1,1) = 1. Therefore At(xy™) = 1. And
A~ (xy™) < max(A~(x),A"(y ™)) = max(—1,—1) = —1 Therefore A~ (xy™}) =—1. That is xy~' € H.
Hence H is a subring of R. Hence H is either empty or is a subring of R.

3.11 Theorem

If A= (A%, A7) is a bipolar-valued fuzzy subring of R, then H = {x € R/A*(x) = AT (e), A" (x) = A~ (e)}
is a subring of R

Proof: Here H = {x € R/A*(x) = A*(e),A (x) = A~ (e)}, By theorem “ Let A = (A%,A™) be a bipolar-
valued fuzzy subring of a ring R. Then At(—x) = A™(x) and A~ (—x) = A~ (x),A"(x) < A*(e) and A~ (x) =
A=(e) forall x in R and identity e € R.” We have AT(x™1) = A*(x) = A*(e) and A= (x1) = A~ (x) = A~ (e).
Therefore x~! € H. Now A*(xy~1) = min(4*(x),AT(y™!)) = min(A*(e),A*(e)) = A (e) and A*(e) =
ATy ™) (ey™H™) = min(AT(xy™), AT (xy™)) = AT(xy™!). Hence A*(e) = A*(xy™1). Also A= (e) =
A (xy~1).Hence AT(e) = AT (xy™1) and A= (e) = A~ (xy~1), therefore xy~! € H. Hence H is a subring of R.

3.12 Definition

Let R be a ring. An bipolar-valued fuzzy set A = {(x, uf (x), uz (x))/x € R} of R is said to be bipolar-
valued fuzzy subring of R if

i piGo—y) = min(u) (), ui (),
i piy) = min(uf (0O, uf ),
i, paCe—y) < max(uz (), 14z (),
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iv. s (xy) < max(ug(x),/i/?()’))-
3.13 Definition

An bipolar-valued fuzzy left ideal A = (A%, A7) is called an bipolar-valued fuzzy left k-ideal of a subring S
ifforall x,y,z € S,x + y = z implies

1) At(x) = min(A+(y),A+(z))
2) A (x) <max(A~(y),A7(2)).

3.15 Definition

An bipolar-valued fuzzy ideal A = (A", A7) of a subring S is called a bipolar-valued fuzzy completely prime
ideal of S if

i At(xy) = max(AT(x), AT (y)),
ii. A (xy) = min(A_(x),A_(y)) ,Vx,y €S.

3.16 Definition

Let S be a subring A = (A%, A7) be an bipolar-valued fuzzy subset of a set S and x € S. The bipolar-valued
fuzzy subset (x,4) = ((x,A%),(x,A7)) where (x,A*):S —[0,1] and (x,A7):S — [0,1] defined by
(x,AT)(y) = AT (xy) and (x, A7)(y) = A~ (xy) is called the bipolar-valued fuzzy extension of A = (A*,A7) by
X

3.17 Example

LetS = Z{ let A = (A, A7) be an bipolar-valued fuzzy subset of S, defined as follows

_ 0.5 if niseven _ 0.5 if nis even .
+ — _ + _ _ _
AT(0)=1,4A7(0) =0,4t(n) = {0_3 if nis odd and A~ (n) = {0_5 if nis odd Then the bipolar-valued
. . 11 = o
fuzzy extension of A is given by (2,4™) = {0 SLJZfY;l ¢00 and (2,A7) = {005 l{fnn ¢00

3.18 Definition
Let A and B be two bipolar-valued fuzzy sets of a set X Then the following expressions holds

i. AcBifandonlyif(x,A4) < (x,B)
ii. (x,A%) = (x, A)¢
iii. (x,AnB) =(x,A) N (x,B)
iv. (x,AUB) = (x,A)U (x,B)
V. (x,A)f;a = (x, Aga).

3.19 Proposition

Let A = (A*,A™) be a bipolar-valued fuzzy ideal of a commutative subring S and x € S. Then (x, 4) is an
BVFI of §

Proof: Obviously (x,A) is an bipolar-valued fuzzy subsets of S. Let y,z €S, then (x,A") =(y+2z) =
A+(x(y + z)) =At(xy + xz) = min(A+(xy),A+(xz)) = min{(x,A")(y), (x,A")(2)}. Again (x,A7)(y+
z) = A_(x(y + z)) =A"(xy +x2) < max(A‘(xy),A‘(xz)) = min{(x,A7)(y), (x,A7)(2)}. Also
(x,A)(yz) = A(xyz) = A(xy) = (x,A)(y) and (x,A) = (x,A)(z). Hence (x,A) is an bipolar-valued fuzzy
ideal of S.

3.20 Proposition

Let A = (A*, A7) be an bipolar-valued fuzzy k —ideal of a commutative subring S and x € S. Then (x, A) is
an bipolar-valued fuzzy k-ideal of S.
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Proof: Clearly (x,A) is a bipolar-valued fuzzy ideal of S. Since A is an bipolar-valued fuzzy k-ideal of
S, AT (xy) = min(A+(xy + xz)) ,At(xz)) for all y,z € S. Then (x,A")(y) = min{(x, A")(y + z), (x, A1) (2)}
again A~ (xy) < max{A~(xy + xz), A~ (xz)},Vy,z € S. Then (x,A7)(y) < max{(x,A7)(y + z), (x,A7)(2)}.
Thus (x, A) is a bipolar-valued fuzzy k-ideal of S. Here also the converse may not be true.

IV. CONCLUSION

In this paper we present the concept of fuzzy subgroupoid to the bipolar-valued fuzzy subgroupoid and
bipolar-valued fuzzy normal subgroup we investigate some results related to the topic
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