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Abstract
In this paper we introduce some weak separation axioms by utilizing the notions of & —pre- l-open
sets and the & —pre- I-closure operator. Also we define (&, pI) — T *Spaces, (&, pI) — Ry™ spaces and
(8, pI) — symmetric spaces and show that(&, pI) — T;* and (8. »I) — R, spaces are equivalent.
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I.  INTRODUCTION AND PRELIMINARIES

By a space (X, T), we always mean a topological space (X, T) with no separation properties assumed.
If AS X, cl(A)and int(A) will, respectively, denote the closure and interior of A in (X, T). An ideal |
[4] on a topological (X, T) is a non empty collection of subsets of X which satisfies (i) A [ and B & A
implies Be I and (ii) A I and Be I implies A U Be I. Given a space (X, T) with an ideal I on X and if
(X)) is the set of all subsets of X, a set operator (. )*: 2(X) — 2(X), called a local function [4] of A with
respect to T and I, is defined as follows: for A S X A*(t,I) ={xeX /UNA &1}, for every
fUE t(x)}where T(x)={U €1 /x € U} A Kuratowski closure operator c*(A4) for a topology
T*(X,T), called the *-topology, finer than T is defined by ¢l*(A4) =AU A*(I, 7 ) [5]when there is no
chance for confusion, we will simply write 4% for A*(7,I) and 7" for T*(Z, 7). If I is an ideal on X, then
(X,7,I)is called an ideal space. A subset A of a topological space (X, T) is said to be § —preopen[1] if
A Cint [cia (A]).A subset A of an ideal space (X, T ,I) is said to be pre-l-open[2] if 4  int [ci* [.4])
The complement of pre-l-open set is called pre-1-closed.

The family of all pre-1-open sets in (X,7.I) is denoted by PIO (X,7.I) or simply PIO(X). Clearly
T C PIO(X).The largest pre- 1-open set contained in A, denoted by plint(A), called the pre-lI-interior of A.
The smallest pre-I-closed set containing A , denoted by plcl(A), is called the pre-I-closure of A.

A subset A of an ideal space (X, 7 ,I) is said to be R-I-open set [6] if int [:ci* [}1:]) = A

A subset A of X is said to be R-I-closed if its complement is R-1-open. Let (X, T .I) be an ideal space, A bea
subset of X and x be a point of X. A point X € X is called ad — I — cluster pointof Aif ANV = @
for every regular-l-open set V containing x. The set of all & —I —cluster point of A is called the
& — I —closure of A and is denoted by [4] 5_; but we denote it byclz; (A). If 4 = clz;"(A), then A is
& — I —closed. The complementofa & — I —closed set is said to be & — I —open.

1. § —pre—1I — open sets
Definition 2.1. A subset A of an ideal space is said to be & — pre — I —open if 4 C int [Cigf(ﬁl]),
clz;"(A) is the family of all § — I —cluster point of A. The complement of a & —pre — I —open set is
said to be § — pre — I —closed. The family of all & — pre — I —open (resp. § — pre — I —closed) sets
in a topological space X is denoted by SIPO(X,T,I) (resp. SIPC(X,T,1)). The intersection of all
0 —pre — I —closed sets containing A is called the & —pre —I —closure of A and is denoted by
pels; (A).
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Definition 2.2. A subset U of an ideal space (X, T ,I)is called a (&, PI*) —neighbourhood of a point
x € X ifthere existsad — pre — I —opensetVsuchthatx € V' < U.

Lemma 2.3. Forthe & — pre — I —closure subsets of A and B in an ideal topological space (X,7.,I)
the following properties hold:

(@) Ais & —pre —I —closed in (X,7,I) ifand only if A = pcls; (A4).

(b) IfA C B  thenpels (A) © pelg (B

(©) pclg (A)is 8 —pre —I —closed, thatis pel g ( pels (4)) = pel s (A).

(d) xe pclg (A) ifandonly if A NV = @ for every V € §IPO(X, 7, I) containing x.

Lemma 2.4. For a family {4, | & € A} of subsets in an ideal space (X, 7, 1), the following properties hold:
(a) pcj: 51'&(“ {Arx | o e "j'}} cn {pc‘taﬂf’:—‘(ﬂﬂ} |II = ﬁ}
(b) pcjf §I$(U {Arz | o€ ‘ﬁ}} U {pc‘tﬁfgiﬂrx] |"I £ ‘ﬁ}

Proof. (a) Since Ny 14,} © A, foreach @ € &by Lemma 2.3, we have
pelg (N{A, |@ €A}) c pelg (A,) foreach € A and hence
pc‘i: 5I$(ﬂ {Arz | o€ ﬁ}} = {pc‘i:ﬁ;’%‘(fqrx}lu = ﬁ}

(b) Since A, c U, {4.]} foreach a € A by Lemma 2.3 we have
pela (Ag) © pels (Ugen (4,)) and hence
pelg (U{A, |a € A}) DU {pclg (A,) |a € Al

Lemma 2.5. Let A be an ideal space (X,7,1). 1fAisd — preopen in X, then it is & — pre — I —open .

Lemma 2.6. Let (X,7,I) be an ideal space. For each point x € X, {x} is &§— pre — I —open or
4 —pre — I —closed.

I11. D ;pl - SETS AND ASSOCIATED SEPARATION AXIOMS

Definition 3.1. A subset A of an ideal space (X,7,0iscalleda D ;pl -set if there are two

d —pre—1I —opensets U, Vsuchthat V' =X and A =U—V. If A=Uand V =, Then it
follows that every § — pre — I —open set U different from X isa D;pl -set.

Definition 3.2. An ideal space (X, ,I) iscalled (&,pI)-D if every pair of distinct

points xand y of X, there exists a D;pl -set of X containing y but not x or a D;pl -set of X

containing x but not .

Definition 3.3. An ideal space (X, 7.} is called (&,pI)-D. if every pair of distinct points x and y of X,
there exists a D;pl -set of X containing x butnot y and a D;pl -set of X

containing y butnot x.

Definition 3.4. An ideal space (X, 7,I)is called (&,pI)-D if every pair of distinct points x and y of X,
there exists a D ;p, -set of X containing G and E of X containing x and y respectively.

Definition 3.5. An ideal space (X,7.,01) is called (&,pI) -TO* if for every pair of distinct points of X, there
is ad — pre — I —open set containing one of the points but not the other.
Definition 3.6. An ideal space (X,7,0)iscalled {&,pI) —T; if for every pair of distinct points of X, there

is ad —pre —I —open set U in X containing x butnot y and a & —pre —I —open set V in X
containing y but not x.
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Definition 3.7. An ideal space (X, 7,0 is called (&,pI) -T; if for every pair of distinct points x and y of
X, thereis ad — pre —I —openset Uand V in X containing x and y respectively such that I/ NV = @.

Remark 3.8. (a) If (X,7,1)is (&,pI)-T , thenitis (&,pI)-T i=1,2.

() If (X,7.,1)is (&, pl)-T  thenitis (&,pI)-D ,i=01,2
@©1If (X,7,0is (8,pI)-D/ , thenitis (8, pI)-D , ,i=12
Theorem 3.9 An ideal space (X,7,1)is (8,pI)-D, ifandonlyifitis (6,pI)-D, .

Proof. Let (X,7,01)is (&,pI)- D, . Letx,y € X suchthat x # ¥. Since X is (&,pI)-D, , there exist a
D, -set Gy and G, suchthat x € Gyandy € Gy and ¥ € G, and x € G;.

LetG, = (U; — U,) and G, = (U; — U,). From x & G,, we have either x & G,

orx € Gy and x € G, . We discuss the two cases separately.

(1) Suppose x & G5. From ¥ & G4, we obtain the following two sub cases. (a) ¥ & Uy

From x& (U;—U,) we have x€&€U,—(U,ulU;) and v € (U;—U,) we have
v €Uy — (Uy UU,) itis easy to see that (U; — (U, U U3)) n(Uy — (U, 0 U,)) = 0.

(b)y € Uyand € Uy ,wehavex € (Uy —Uy)andy € Uy, (U — U} N U, = 0.

(2 x EUzand x €Uy, we have ¥ € (U3 —U,), x € Uy and (U3 — U,) N U, = @. Hence X is
(6.pI) -D;.

Conversely, Suppose X is (8, pI) -D, Letx,y € X such that x # ¥.Since X is (8.pI)-D,, there exist
a D, -set Uand V containing xand y respectively such that ' NV = @. Hence Xis (6,pI)-D;

Definition 3.10. A point x € X which has only X as the (&, pI *)-neighbourhood is called a (&, pI*)-neat
point.
Theorem 3.11. For the ideal space (X, T, I') the following are equivalent.

(@ X,z,0) is (6,pD)-D;
(b) (X,7,I) has no (&,pI*)-neat point.

Proof. (@) = (b).Since X is (&,pI)-D_ So each point X is contained in a D,, -set0 =U —V and
U # X.This implies that x is nota (&, pI* }-neat point.

(b) = (a). By Lemma 2.6, for each pair of points x, y € X, at least one of them say x has a
(8, pI*) —neighbourhood U containing x and not y . Thus U which is different from X isa D;pl -set, If X

has no (&, pI%)-neat point, then y is not a (&, I )-neat point. This means that there exists (&, p!")-
neighbourhood V of y such that V' # X.Thus ¥ € (U — V) butnot xand (¥ — U)isa D -set. Hence

[5’ p'lr:] -D 1*
Definition 3.12. An ideal space (X, ,I) is said to be (&, pI™)- symmetric if for each point x,¥ € X

x e pel ,, ({yy implies y e pel , ({ x}.
Theorem 3.13. For the ideal space (X, T, ), the following are equivalent.

() (X,7,1) is (&,pI*) symmetric.
(b) Foreachx € X, {x}isd — pre — I —closed.
@ X,=.Dis (8,pD)-1/

Proof. (@) = (b). Letxbeany pointof X.Let y by any distinct point from x. By Lemma 2.6,
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{y}is 6§ —pre —I — openor§ —pre — I —closed in (X, 7, 1),
(i) In case when {y} is § —pre —I — open, letV, = {y}. ThenV, € §IPO(X,1,I).
(ii) In case when {y} is § —pre —I — closed, x & {v} = pel,({y}) .
By (8 . y & pcl ,x3). Now put V,, =X — pcl [ {x}). Thenx & V,, , ¥ &€ V, and
V, € 8IPO(X,7,1). Hence X —{x} =UV, €6IPO(X,1,I), y € X — {x}. This shows
that {x} is —pre — I — closed (X,1,1).

(b) = (c).Suppose {p} is & —pre —I — closed foreveryp € X.Letx,y € X withx # v .
Now x # ¥ impliesthat v € X —{x}.Hence X — {x}isad —pre —I — open setcontaining y but
not x. Similarly X — {y} isa § — pre — I — open set containing x but not  containing .
Accordingly (X,7,0)is (8,pI)-T,

(c) = (@).Suppose that y ¢ pcl ;, ({ x}). Since x # ¥,by (c ), there existsa & —pre —I — open
set U containing x such that ¥ & L/ and hence x & pcf;;({}'}) .
This shows that (X, T,1) is (&,pI*) symmetric.

Definition 3.14. A function f : (X,7,I) — (Y.0) is said to be § — pre — I — continuous if for
each x € X andeach & — pre —I — open set U in X containing x such that f(u) = V.
Theorem 3.15. If f: (X,7,1) = (Y.0)isa § —pre — I — continuous surjective function and

Eisa D, -setinY,thentheinverseimageof Eisa D -setinX.

Proof. Let E isa D, -setinY. Then thereexistsa d —pre — I — open sets U; and U,

inYsuchthat E = U; — Uy and Uy # Y. Bythe § —pre — I — continuity of f,

FHUY) and  FHU,) are § —pre—I—open sets in X . Since U; #¥, we have
FHUY) = X Hence FHU) — F7YHU,)isa D, -set

Theorem 3. 16. If (¥,¢) is a (&pl) - D, and f: (X,7,I) = (Y,0) is a
§ —pre — I — continuous bijective function, then (X, 7,1} is (&,pI)-D;

Proof. Suppose (¥,a)isa (&,p!)- Df space . Let x, y be any pair of distinct points in X. Since f is
injective and Y is (§,pI) -D there exist a D, -sets G, and G, of Y containing Fx) . f(y) respectively,
such that f(¥) € G, and f(x) € G,.. Therefore, by Theorem 3.15, f ~*( G,.) and

i G,.) are D -setsin X containing x and y respectively, such that ¥ & FYGlandx & F7H(y).
Hence X is (d,pI)-D;

Theorem 3.17. An ideal space (X,7.1)is (&8,pI)-D_ if and only if for each pair of distinct points

x,V € X, there existsa 0 — pre — I — continuous surjective function
f: (Xt,I) = (Y,0) such that f(x) and () are distinct where (¥, &) isa (6, 2I) -D. space.

Proof. For every pair of distinct points of X, it suffices to take the identity function on X.

Conversely, let x, y be distinct points in X. By hypothesis, there is a
d — pre — I — continuous surjective function f of a space X onto a (&, pI) -D, space Y such that

f(x) #= f(¥). By Theorem 3.9, there exist disjoint D, -sets G, and Gy in Y such that f(x) € G, and

f(¥)EG,. sSince f is § —pre — I — continuous surjective, by Theorem  3.15,
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fG,) and f_i[G}.) are disjoint D _ -sets in X containing x and y respectively. Hence again by
Theorem 3.9, (d,pI)-D, space.

v. (8, pI) -r; spaceaND (6, PI) -r; SPACES

Definition 4.1. Let A be a subset of an ideal space (X, 7,I). The § — pre — I — kernel of A, denoted by
plker; (A), is defined to be the set plker;(A) = n{U e §IPO(X,7,1)| A c U}.
Theorem 4.2. Let (X, T,I) bean ideal spaceand A C X.
Then plkerz(4) = {x EX |Sclm$({x}] NA +0 }
Proof. Letx € plkers(A)and &cl,,"({x}) N A # @. Now {x} = del,;" ({x}). Hence
{x} & (X — &cl ;" ({x]})) which is a § —pre —I — open set containing A. This is absurd,
sincex € plkers(A). Consequently pels, " (fx}) N A = @,
Let x be such that pelg; ({X}) N A # © and suppose that x & plkers(A). Then there exists a
§ —pre —I — open set U containing A and x € U. Let ¥ € pelg,"({X}) N A. Hence, U is a
(8, pI") — neighbourhood of y which does not contains x. This is a contradiction to x € plkerz(A4). Hence
plker;(4) = {x EX |5cipf*({x}] NA +0 }
Definition 4.3. An ideal space (X,7,I)is said to be (4,pI) -R_ if every § —pre —I — open set
contains the & — pre — I — closure of each of its singletons.
Theorem 4.4. An ideal space (X,7,I)is (&, pI)-R, ifandonlyifitis (8, pI) -7,
Proof. Let x and y be two distinct points of X. For x € X, {x} is 0 —pre —I — open or
& —pre —I —closed by lemma 2.6. (i) When {x} is &§ —pre —I — open, let V = {x}, then
x €V, y €VandV € SIPO(X,T,I). Moreover, since (X,7,1)is (8,pI)-R,
We havepclaf({x}] C V.Hence x 8 X—V, vEX—-VadX—V € SIPO(X,T,I).
(i) When {x} is § —pre —I —closed, ¥ € X —{x}and X — {x} € 8IPO(X,1,1).
Hence pels; " ({v}) © X —{x}, since (X,7,1)is (&,pI)-R, .
Now, let V =X —pelz, " ({v}) then x EV, ¥y €V and V € SIPO(X,7,I). Then, we obtain
(X,7.I)is (8,pI) -1, Conversely, Let Vbeany & —pre —I — opensetof X and x € V.
For each ¥ € X —V, thereexists V, € SIPO(X,t,I) suchthat x & V,and y € V.
Therefore, we have pelg, ({x}) N [U L';) = O.SinceeV, , X -V c [U Lg) and hence
pelg, ({x}) N (X — V) = ©. This implies that pelg, ({x}) c V.
Hence (X,7.I)is (&,p)- R,

Theorem 4.5. For an ideal space (X,1,1) the following are equivalent.
(@) (X, t,1)is (&,p)-R,
(b) (X,t,1)is (&,pI) -7,
() (X, t,1)is (6,pl") — symmetric.
Proof. The proof follows from Theorems 3.13 and 4.4.

Theorem 4.6. For an ideal space (X, T,I) the following are equivalent.
@ (X.7.1)is (6,pI)-R, space.
(b) Forany nonempty set Aand G € SIPO(X,t,I) suchthat A NG #+ @, there exist
F € §IPC(X,1.I) such that ANF = @and F C G.
(c)Forany G € 8IPO(X,1,I),G =VU{F € §IPC(X,t,I)IF  G}.
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(d) Forany F € §IPC(X,1,1), F=n{G € §IPO(X,1,I)|F c G}.
(e) Forany x € X, pels, " ({x}) € plker; ({x}).

Proof. (@) = (b). Let A be any non empty subset of X and & € SIPO(X,t,I)suchthat A NG + @.
Which implies x € G € §IPO(X,t,1).Since X is (6,pI)-R] every § —pre —I — open contains
the closure of each of its singletons.

Therefore, pelg," ({x1) © G. Set F = pclg,"({x}).Then ANF # Band F C G.

(b) = () LetG € GIPO(X,7,I)then G DU {F € §IPC(X,1,I) |F C G}. Letx be any point

of G. Then there exists F € SIPC(X,t,I) suchthatx € F and F = . Therefore, we have

x € F cU{F € 8IPC(X,7,I) | F c G).

(¢) = (d). The proof is clear.

(d) = (&) Let xbeanypointof X andy & plkers({x}). Then there exists V' € S§IPO(X,1,1I)
suchx € Vand ¥ € V and hence pels;”({¥}) NV = @. By (d), plkers(pels (v nV) = 0
and there exists G € SIPO(X, T,I)suchthatx &€ G and pecls, ({v}) © G.
Therefore, pels; " (fx}) NG = Dand thus by Lemma 1.2, (c)and (d),

V€& Pdéf[ pelg” ({x}]) = pclg; ({x}). Consequently, pels; " ({x}) © plkers({x}).

(d) = (). The proof is clear.

Theorem 4.7. For an ideal space the following properties are equivalent,

@) (X,t,I)is (&,pI)-R, space.
(b) If F is § —pre —I — closed and x € F, then plker;({x}) C F.
() If x € X,then plker;({x}) < pelg, " ({x1}).

Proof. (@) = (b). LetF be § —pre —I — closed and x € F. Then {x} = F which implies that
plker;({x}) © plker;(F). By (a), it follows from Theorem 4.6, plker; (F) = F.

Thus plkerz({x}) C F.

(b) = (). since x €pcly” ({x}) and pels ({x}) is & —pre—1I—closed, by (b)
plkers({x}) < pels, " ({x}) .

(c) = (a). Letx €pcls;” ({})-theny € plkers({x}). By (c), ¥ € pclg; ({x}). Therefore,

x € pels; " ({¥}) impliesthat v € pelg;” ({x}). Hence by Theorem 4.5, (X,7,1)is (6,pI)-R; .
Definition 4.8. An ideal space (X, T,I)issaid tobe (6, pI) -R. spaceif for each x,¥ € X

pels, " ({x}) # pels,” ({v]), there exists disjoint § — pre —I — opemn sets U and V such that
pelz, " ({x}) isasubsetof Uand pels, " ({¥}) isasubset of V.

Theorem 4.9. An ideal space (X,7,[)is (&,pI)-R] spaceifandonly if X is (&,pI)-T,

Proof. Let xand y be any distinct points of X. By Lemma 2.5, each point x of X isd —pre —I — open

or & —pre — I —closed.

(i) When {x} is § —pre —I —open, since {x} N{yv} = @, {x}npcl; ({¥v}) =, and

hence pels; " ({x}) # pels" ({¥}).

(i) When {x} is § —pre —I — closed |, pcl;,"({x} n {yv}) c pels,"({x}) N {¥} = @, and
hence pels, ({x}) = pels, ({¥}) . Since X is (8,pI) - R,  there exists disjoint
§—pre—I—open sets U and V such that x € p’clﬁf*({}r}j cU and
v € pels,” ({¥}) © V. This shows that X is (8, pI) -T,

Conversely, letx and y be any points of X such that pcls, “({x}) # pels " ({v1). By Remark 3.8,
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every (8, pI) -T, spaceis (§,pI) -T," Therefore, by Theorem 3.13, pels; ({x}) = {x}

and pels; " ({¥}) = {¥}and hence x # ¥.Since X is (&, pI) -T, there exists disjoint
§ —pre —I — openset U and V such that’pt?ig,_rg({x}] ={x}  Uand Pflaftf}’}] ={rcv.
This shows that (X, 7,1)is (&, pI) -R;

CONCUSION

In this paper, we define a new class of sets 6 —pre —I —open set and & — pre — I — closed set and

some weak separation axiom by utilizing the notion of & — pre —I — open setand & — pre — I — closed set.
Also we define (&.pI) -R, space, (6.pI) -T, .(8.pI*) — symmetric, (8.pI) -T, space, (&.pl)-R,
We characterize these sets and study some of their fundamental properties.
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