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ABSTRACT

Fractional integral operators are extensively used in a large number of areas of mathematical analysis. This paper provides the images of the products
of multivariable Gimel-function and generalized multivariable polynomial under the Pathway fractional integral operator and its compositions. The
main results are quite general in nature. Further, some interesting special cases are given.
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1. Introduction

Pathway fractional integral operator is based on Riemann-Liouville fractional integral operator and Pathway model.
Pathway operator is introduced in the paper of Nair [8] and defined as follows :

If f(x) € L(a,b),y € C,Re(y) > 0,a > 0and B < 1, then

sl a1 - g™
PN = [T 1= LB s .y

xT

where B is called pathway parameter. For Pathway model, we refer to Mathai [7], Mathai and Haubold ([5], [6]). The
pathway model transforms into three different types of densities, type-1 beta, type-2 beta and gamma in statistics. Using
the Pathway parameter S, this operator can reduce to various fractional integral operators, related to different
probability density functions and applications in statistics.

1-B)t] =7 -
f3—1 {1 - M] — e~ = " and hence Pathway operator switches to the Laplace integral transform of
function f with parameter ¢
(P3LV f)(@) = / e Ff(tydt =271, ()
0

Taking 3 = 0 and @ = 1, then replacing by v — 1 in pathway operator (1.1), it transforms to the Riemann-Liouville
(R-L) fractional integral operator.

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.
Also Ng = N U {0}. We define a generalized transcendental Gimel function of several complex variables.

z1 | AJA: A

) ) . . 1 T
U;0,n,:V :
Ao vz) = jX;pmqmnr:Rr:Y ’ ' ) W/I U LS ’ST)Hak(Sk)leckdsl -edsi(1.2)
. . 1 v k=1
z, | B;B: B

with w =+v—1

About the following quantities X, Y, U, V, A, A A/ B, B, B, ¢¥(s1, -+ ,s,) and Ox(sg)(k =1,--- ,r), see Ayant [2] for
more informations.
The generalized polynomials defined by Srivastava ([12],p. 251, Eq. (C.1)), is given in the following manner :
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we shall note a1 [N1, Ky 5 Ng, K]

where My, - - -, M are arbitrary positive integers and the coefficients A[N;, K7;--- ; Ns, K] are arbitrary constants,
real or complex. I we take s = 1 in the (1.3) and denote A[N, K] thus obtained by Ay k, we arrive at general class of
polynomials S/ () study by Srivastava ([11],p. 1, Eq. 1).

2. Required result.

We have the following result.

Lemma

/OTrr) {1 a1 ; ﬁ)t} = ol % F(”)F (1 i TLB; (2.1)
-5

provided 8 < 1, Re(7), Re(o) > 0.

3. Main results.

Let
1 1
A= [(ars; O‘ij)v T 5;)’ 0; Ari)lin,s [7in (@i, O‘ijz,,n T g)z 205 Arji, ) a1, (3.1)
1

B, = [n, (brjiﬁﬁfnjzra”' ,55%,0; Byji, )\,q., (3.2)

We have the first formula

Theorem 1.

Pérﬁ) [xzifl(xh + C)fnsll\\il’,:-’%s [lem (mh +e)TM . Zat (:L'h + C)—Ws]

¥+
P (b -6 — o 2
j[zlx (1‘ +C) 1""7ZT5C (.CL' +C) ]]_mr(l+m>
[N1/Mi] [Ns/M;] s riK;
Z Z H ati jUOn—i-ZV(lO)
ai K ] )]T]K] X5pi+2,qi,+2,73,: R Y;5(0,1)
K1=0 Ko=0
h S S
o R AL =30 Ko b, 151), (1= 0 = 305 Ky hay o ey k1), A 2 A
3.3)
zy.a;'”‘ .
c?rla(L-p)Jrr ) s . . v s . 1) - B .
m B:Bh (1 - n- Zj:l n]K]7 (bl? e 7¢'I'>07 1)7 (1 - m —-6— Zj:l le(ﬁ h17 e 7h7‘7 k7 1) . B: (O, 1: 1)
provided
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Y, 0,75,m5, ki, 0 €Ci(j=1,---,s),(i=1,---,7),Re <1+ ) >0,h,c>0,6<1

-8

Zja Zi7k € Ra Re(,y’éa T5,M5,Pi, d)z) >0

1
arg(zizhi (" 4 ¢) %)< iAgk)w where AZ(-k) is defined by Ayant [2] where ¢ =1, - - - ,r, see Braaksma [3]

Proof
To establish the theorem 1, we con51der (¢t ) 2 Hah + c)*"S]]{,{f’,:' ’JJ\ZS [Z12"™ (2" 4 )™M, Zoa"e (2! + )]
J [zlx Ll 4 e)=% ozl (2t o) } in Pathway fractional integral operator (1.1). Express multivariable

Gimel-function and generalized polynomial with the help of the equations (1.2) and (1.3) respectively. Further, express
(" + )i mKi=3in1 9% the form of the Mellin-Barnes type contour integral by Srivastava et al. [13]. Interchange
the order of integration under the permissible conditions and evaluate the t — integral using the lemma. Then interpreting
the multiple integrals contour in term of the Gimel-function of r-variables. We obtain the theorem 1 after algebraic
manipulations.

Let
1 r 1 r

A = [(agial - al,0,0; A, 70, (argisall, oo ol 0,05 Arji Vas 1, (3.4)
Bo= [ (b : 89 .. 8" 0.8 3.5

2 [Tz,.( 7']2,-7/67”]17‘7 7ﬁr]z7»’ s YUy sz,-)}l,qir ( . )
We have the second formula
Theorem 2.
P(gz yﬁ) |:P(V B)[ 5— 1y6’—1(xh —I—c)fn(yh, + c) nSJ\h [le‘nyrl (m )M (yh/ —&-C/)_%, .

Zoa"oy"s (2 + )~ "S(:ph,+c’)”’;}3 [zl:rhlyhll(xh%—c)_%(yhl+c’)_¢/1,-~~ ez (2l 4 o) TPyl (g 4 )T ¢/r} ]]
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) ( > y?' ( v >
=—— _T(1+ (14 —— ay
ca(l - B))° 1—BJcn[a(1-p)])° 1=p Klzzo KZ:O
H Z; an oyt U30,m,+4:V5(1,0);(1,0)
i1 KK [a(1 - )i [a (1 — BY)]73 % Xipiy +4s0i, +4,7in RriY5(0,1)35(0,1)
lehlyhll

c¢'lc,¢l1 [a(l—[u’)]hl [a’(l_ﬁ’)]h,l A;(].-'f] — Z;:l Y]jKj; ¢1, s ,qﬁh 1, O7 1),

Zrach’“ yhlr
ctr /P [a(1=p))r [0’ (1—p")]"

=PI
k

E;B% (]— - n—- Zj’:l anj;¢17 o 7(157‘)070; 1)7

Yy
o (1=ANIF

=1

(1-6 — Z‘;Zl riKji b, ey K 051), (1= 6" = 300w Ky by, -+ by, 0,K5 1),

(_6_#_Zj:1TjKj;hl7"'7hr7k30;1>7<_61_#_25 1 ] hlv"'virvo k/ )
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(1'77, - Zj’:l n;K]a¢/17 e a¢£‘>07 17 1)7A2 tA

(3.6)
(Ln" =225 MK ¢, -5 40,,0,05 1)+ B; (0, 151); (0, 151)
provided )
77717656/arjanj’hi7¢ian;77n_;7h;7¢; € C; (] = 15 75)’ (7’ = 17 ’T)’Re (1 + m) > 07Re (1 + 1 _5/) >0

Zjazi:k S Ra Re(77677‘j777j7pi7¢i77l:61:7’;:77;'71);79[)2) > O,h,C, h/acl 2 056 < 176/ < 15Zj7kak/ eR
, / 1
arg (zixh"(mh—&- )Pz (2 4 )~ ¢i)< iAgk)w where s = 1,- - - ,r.see Braaksma [3]

Proof
The theorem 2 can be proved if we apply the theorem 1 twice, first with respect to the variable ¥, and then with respect
to the variable  ; x and ¥ are independent variables.

4.Particular cases.
In this section, we shall see two particular cases concerning the theorem 2.

M1, “’M

Let Sy Sy, sl = Sl (x), see [11] ,we obtain the following formula.

Corollary 1.

Péz ’yﬁ ) [PO(Z i) [ LN o) T 4+ )T SY {Zxryrl (2" 4+ o)y + c')*”,]
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(1_77/ - U/K, Qs/la e 7¢;7071;1)’A2 t A
4.1)

(10" =n' K31, ,¢,,0,0;1) : B;(0,1;1);(0,1; 1)
under the same existence conditions that (3.2)
On suitably specializing the coefficients An x, S M) yields a number of known polynomials, these include the Jacobi

polynomials, Laguerre polynomials and others polynomials ([16],p. 158-161).

/

2 2
—BT-F

Let 3,8 — 1, then 1 — 00, we obtain the following formula

Corollary 2

: &8 [p(B) [ 6-1,8 =1/ h —n/ B My, M, o h _ B N
lim P, [P x x4 c) " + ) gMs Zix"y"(z" + )™ +c)The
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4.2)

(L' =325 K5 64, - -, ¢)50,0:1) : B;(0,151);(0,151)
under the same existence conditions that (3.2) with 3,5 — 1

Remarks

We obtain the same relations about the theorem 1.

We obtain the same formulae (3.1) and (3.2) concerning the multivariable Aleph- function defined by Ayant [1], the
multivariable I-function defined by Prathima et al. [10], the multivariable I-function defined by Prasad [9] and the
multivariable H-function defined by Srivastava and Panda [14,15]. The last case has been studied by Ghiya et al. [4].
By the similar procedure, the results of this document can be extented to product of any finite number of compositions
concerning the Pathway operators.

5. CONCLUSION
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In this article we provide the composition formulae of pathway fractional integral operator with generalized polynomial
and Gimel-function of r variable which is expressed in Gimel-function of r+1 variables and r+2 variables. Pathway
operator is related to pathway model and various fractional integral operators, generalized polynomial and multivariable
Gimel-function are general in nature. By specialising the various parameters as well as variables in the generalized
multivariable Gimel-function and class of multivariable polynomials, we get a several formulae involving remarkably
wide variety of useful functions ( or product of such functions) which are expressible in terms of E, F, G, H, I, Aleph-
function of one and several variables and simpler special functions of one and several variables. Hence the formulae
derived in this paper are most general in character and may prove to be useful in several interesting cases appearing in
literature of Pure and Applied Mathematics and Mathematical Physics.
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