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ABSTRACT

In this paper, fractional order g-integrals and g-derivatives involving a basic analogue of I-function of two variables have been obtained. At the end of
this paper, we give an application concerning the basic analogue of I-function of two variables and one variable and g-extension of the Leibniz rule
for the fractional g-derivative for a product of two basic functions.
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1. Introduction.

The fractional g-calculus is the g-extension of the ordinary fractional calculus. The subject deals with the investigations
of g-integral and g-derivatives of arbitrary order, and has gained importance due to its various applications in the areas
like ordinary fractional calculus, solutions of the g-difference (differential) and g-integral equations, g-transform
analysis see ([1] and [9]). Motivated by these avenues of applications, a number of workers have made use of these
operators to evaluate fractional g-calculus formulae for various special function, basic analogue of Fox’s H-function,
general class of g-polynomials etc. One may refer to the recent paper [4]-[6], [11] and [12]-[17] on the subject.

In this paper, we have established three theorems involving the fractional g-integral and g-derivative operator, which
generalizes the Riemann-Liouville and Weyl fractional g-integral operators. We shall see an application of g-Leibniz

formula.

In the theory of g-series, for real or complex a and |g| < 1, the ¢-shifted factorial is defined as :

=TT ariy = @00
(a’Q)n_g(l q)_(aq";q)oo ( GN) (1'1)

so that (a;q)o =1,

or equivalently

Lgla+n)(1—q"
Iy(a)

(a,q)n = (a#0,—-1,-2,---). (1.2)

The gq-gamma function [4] is given by

ry(a) = (@91 =9)*"  [1—qla—1 _ (q,_q;) o

(4°0) o (1—gq) 1 (1 70,- ) (1.3)

The g-analogue of the familiar Riemann-Liouville fractional integral operator of a function f(z) due to Al-Salam [3], is
given by

IH{f(x)} = /Om(a: —tq)u—1f(t)dgt  (Re(a) > 0,q| < 1). (1.4)

Ly(n)

also

(2 =yl =" ﬁ [ill?—fr} (19)
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Also the basic integral, see Gasper and Rahman [4] are given by

o0

/ Fdgt = 21— ) > ¢ f(ad") (1.6)

k=0

The equation (1.4) in conjonction with (1.6) yield the following series representation of the Riemann-Liouville
fractional integral operator

It ()= Z ¢*[1 = ¢* o1 f (") (1.7)
=0
In particular, for f(:l:) 1, the above
L A—1 — (A) Ap—1
Is (w ) T,00+ ) e (1.8)

2. Basic I-function of two variables

Recently I-function of two variables has been introduced and studied by Kumari et al. [8], it’s an extension of the H-
function of two variables due to Gupta and Mittal. [7,10]. In this paper we introduce a basic of I-function of two
variables.

We note
o0 -1 1
G(¢") = [H(l —q‘“r")] = — (2.1)
o (4% 9)oo
We have
z1 {(ais s, Ais Ai) bprs {(eas B Ei) bapy s {(935 Gis Gi) Faps
. 0,m1;m2,n2,m3,M, . . .
I(21, 22;q) =Ly sz pands o4 .
Z9 {(bs; Bi, Bis Bi) }1,q0, { (fis Fis Fi) b1 {(his His Hi) b1 gy
= % / d(s,t;q)01(s; q)02(t; @)y dgsdyt (2.2)
(QWW) Ly J Lo
where

HTL1 ( lfaiJra'A'erAiAit)

o(s,t;9)= =7 —— A (2.3)
;1:1 G(q1 b;+8:Bis+B;B; t) P n1+1G<qa% a;A;s A,A,,t)
0 ( ) H G(qfl F;F; s)H ( 1— ei+EiEis)
1\8;4) = o) o\ o
gim2+l G(g=FithiFis) fzn2+1 G(q ~EiEis)G (gl ~5) sinms
o(t: ) T2, Gl M) [T72 Glg o 66 25)
;Jimﬁ_l G(q1 hi+H; Hit) f;nﬁ_l G(ql—GiGit)G(ql—t) sin 7t

where = and y are not zero and an empty product is interpreted as unity. Also m;, n;, p;, ¢;(i = 1,2, 3) are all positive
integers such that 0 < m; < ¢;;0 < n; < pi(i =1,2,3). The letters o, 3,A,B,E,F,G,H and A,B,C and are all
positive numbers and the letters a, b, e, f, g, h are complex numbers. The contour L is in the s-plane and runs from
—woo to +woo with loops, if necessary, to ensure that the poles of , G(¢/7 ~¥i¥)(j = 1,--- ,my) are to the right and all
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the poles of G(g' ~@ T A sTAA) (5 =1 ... ny), G(g 9 TEEi%)(j = 1,--- ,ny) lie to the left of L. The contour
Ly is in the t- plane and runs from —woo to +woo with loops, if necessary, to ensure that the poles of
G(q"HiHi%)(j =1,... 'm3) are to the right and all the poles of G(g'=%TiAistAAly ;=1 .. ny),
G(qt9iTGiGit (5 —1 -,n3) lie to the left of L,. For large values of |s| and |¢| the integrals converge if
Re(slog(z1) — log sin 7Ts) < 0 and Re(tlog(zz) — logsinmt) < 0
The poles of the integrand are assumed to be simple.

we shall note

A={(ai; 0, Ai; At p A = {(€3; B Ed) Y poy {(963 G Gi) Fops (2.6)

B = {(bi; 8i, Bi:Bi) 1,013 B = {(fi: F5: Fi) } .00 { (his His Hi) 11 g, 2.7

3. Main result

We have the following results
Theorem 1.

For Re (1) > 0, p and o being any positive integers, the Riemann Liouville fractional g-integral of a product of two
basic function exists an under

le'p A N A
pd A—170,n15m2,n2,m3,n3 : . . _ o AFu—1
Iy D1,013P2:42iD3,d5 ) v 4 ) =(1-q’z
z9x? B;B’
z12” (1-X;p,051), A; A
0,n1+1;m2,n2,ms3,n3 . .
IP1+17¢11+1 3P2,925P3,93 . v d . (31)
. . . /
Zox® B,(1-A — u; p,0;1); B

where Re(slog(z1) — logsinms) < 0 and Re(tlog(zz) — logsinnt) < 0
Proof

To prove the above theorem, we consider the left hand side of equation (3.1) (say L) and make use of the definitions
(1.4) and (2.2), we obtain

L:L’;{l’

interchanging the order of integrations which is justified under the conditions mentioned above, we obtain

b(s,t;9)01(s; q)02(t; )25 y" dysd t} (3.2)

Ly L2

_ ]‘ 2 . . . s, tin pst+ot+Ai—1
(27rw)2 /Ll /[,2 7T ¢(Sa ta q)91 (5’ Q)62(t7 q)x Yy jq {1‘ }qudqt (33)
We use the formula (1.8) and we obtain

(QPSJFUH/\JFM’ 7)o pPstottAtu—1
T [, [, Pl s sy - o dysiyt (33)

Now, interpreting the g-Mellin-Barnes double integrals contour in terms of the basic I-function of two variables, we get
the desired result (3.1).
If replace o by —pt and use the fractional q derivative operator defined as :
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I79 () = DI f () = I { f(a)} = ﬁ /O (@ = y0)—pr F(B)dgy (3.4)

where Re(u) < 0 and we have the following result
Theorem 2.

For Re (1) < 0, p and o being any positive integers, the Riemann Liouville fractional g-integral of a product of two
basic function exists and we obtain

z12P AN
I A—170,n13m2,n2,m3,n3 : . : (1 _ M A—p—1
Do\ L aiips asivssds ! _ =(1-q) "z
zox? B;B’
71 (1-X;p,051), A; A
0,n14+1;m2,n2,m3,n3 . . .
P1+1,q141;p2,q2:P3,93 ) 14 _ (3.5)
2227 B,(1-A + p; p,0;1); BY

where Re(slog(z1) — logsinms) < 0 and Re(tlog(zz) — logsinnt) < 0
The proof of the theorem 2 is similar that theorem1.
4. Leibniz’s application.

We have the g-extension of the Leibniz rule for the fractional g-derivative for a product of two basic functions in terms
of a series involving the fractional g-derivatives of the function in the following manner :

Lemma 1

n(n+1)

D U@V (@)} = 3o T p U0z, 0 ) @
n=0 v n

We have the formula
Theorem 3.

For Re (1) < 0, p and o being any positive integers, the Riemann Liouville fractional g-integral of a product of two
basic function exists and we obtain

, . ) LA
71 (1-X;p,051), A; A
IO,n1+1;m2,n2,m3,n3 . . ' —
P1+1,q1+1;p2,92;p3,93 . 14 . -
. 1) B
zox® B,(1-A — u; p,0;1); B
!
- - VAR (0;p,0;1), A; A
(7)nqn)\+ g [CI?H; Q]n 0,n1+1;m2,n2,m3,n3 . . . 4.2)
P1+1,q1+1;p2,92;P3,93 . 4 :

o (@@)n(e@)n- )
’ ' 2917 B,(n;p,031); B’

where Re(slog(z1) — logsinms) < 0 and Re(tlog(zz) — logsinnt) < 0

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 161



International Journal of Mathematics Trends and Technology ( IJMTT )  - Volume 62 Number 3  - October 2018

ISSN: 2231  - 5373                                 http://www.ijmttjournal.org                                   Page 161



International Journal of Mathematics Trends and Technology (1JMTT ) - Volume 62 Number 3 - October 2018

Proof
z12P A A
On taking in the q-Leibniz rule U(z) = 2* 'and V() = Ig{i‘;l;;”;j:{gﬁgﬁ’sns i q .
Zox? B; B’
We get (see the above Lemma).
z12P AN i)
o] ninrl) o _
D 4 pA—170n15ma,n2,m3,n3 . 7 q ’ _ (_)nq 2 [q #§Q]n
x : 1D3,q- ) =
q P1,915P2,925P3,93 . . = ((Z§ q; )n(‘]? Q)n—u
zox? B;B’
D" (g™ DR (2127, 2027)} (4.3)
Using the theorem 1 and let A = 1, we obtain
712P (0;p,031), A; A/
—#,,—p70,n1+1ma,n2,ms3, : . :
D;q{f(zlxp’zgx")}: (1—q) "z MIP1Tl,q1T12;;:L22,qT;2>£Zs ' :q . (4.4)
2517 B,(u; p,031); B’

Now using the equations (4.4) and (1.8), we obtain the theorem 3 after several algebraic manipulations.
We have the following relation concerning the basic analogue I-function of one variable.
Corollary 1

For Re (1) < 0, p and o being any positive integers, the Riemann Liouville fractional g-integral of a product of two
basic function of one variable exists and we obtain

(1-A;p,051), (@i; s Ai)1py

0,n1+1 p . .
IP1+17Q1+1 zX » d =

(bi; Bi;Bi)1.gu, 1 = A — s p, 03 1)

o n(n—1)

(030,03 1), (ai; o3 Ag)1p,
= [g7H;q)n 70,m1+1

(@3¢ )n(g; ) i | 2x75a : (@.5)
n=0 1y4y )N ) n—u
(bi; Bi3 Bi)1,q1» (03 p, 05 1)

(=) g™t

where Re(slog(z) — logsinms) < 0

Remarks
We obtain the same formulaes with special functions of several variables.
If the I-function of two variables reduces in H-function of two variables, we obtain the results of Yadav et al. [17].

5. Conclusion.

The importance of our all the results lies in their manifold generality. By specialising the various parameters as well as
variables in the basic I-function of two variables, we obtain a large number of results involving remarkably wide variety
of useful basic functions ( or product of such basic functions) which are expressible in terms of basic H-function [10]
Basic Meijer’s G-function, Basic E-function, basic hypergeometric function of one and two variables and simple],r
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special basic functions of one and two variables. Hence the formulae derived in this paper are most general in character

and may prove to be useful in several interesting cases appearing in literature of Pure and Applied Mathematics and
Mathematical Physics.

[1] M.H. Abu-Risha, M.H. Annaby, M.E.H. Ismail and Z.S. Mansour, Linear g-difference equations, Z. Anal. Anwend.
26 (2007), 481-494.

[2] R.P. Agarwal, Certain fractional q-integrals and q-derivatives, Proc. Camb. Phil. Soc., 66(1969), 365-370.

[3] W.A. Al-Salam, Some fractional g-integrals and q-derivatives, Proc. Edin. Math. Soc., 15(1966), 135-140.[4] G.

[4] Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cam-bridge, 1990.

[5] L. Galue, Generalized Weyl fractional g-integral operator, Algebras, Groups Geom., 26 (2009), 163-178.

[6] L. Galue, Generalized Erdelyi-Kober fractional g-integral operator, Kuwait J. Sci. Eng., 36 (2A) (2009), 21-34.

[7] K.C. Gupta, and P.K. Mittal, Integrals involving a generalized function of two variables, (1972), 430-437.

[8] S. Kumari, T.M. Vasudevan Nambisan and A.K. Rathie, A study of I-functions of two variables, Le matematiche,
59(1) (2014), 285-305.

[9] Z.S.1. Mansour, Linear sequential g-difference equations of fractional order, Fract. Calc. Appl. Anal., 12(2) (2009),
159-178.

[10] P.K. Mittal and K.C. Gupta, On a integral involving a generalized function of two variables, Proc. Indian Acad. Sci.
75A (1971), 117-123

[11] R.K. Saxena, G.C. Modi and S.L. Kalla, A basic analogue of H-function of two variable, Rev. Tec. Ing. Univ. Zulia,
10(2) (1987), 35-38.

[12] R.K. Saxena, R.K. Yadav, S.L. Kalla and S.D. Purohit, Kober fractional g-integral operator of the basic analogue
of the H-function, Rev. Tec. Ing. Univ. Zulia, 28(2) (2005), 154-158.

[13] R.K. Yadav and S.D. Purohit, On application of Kober fractional g-integral operator to certain basic
hypergeometric function, J. Rajasthan Acad. Phy. Sci., 5(4) (2006), 437-448.

[14] R.K. Yadav and S.D. Purohit, On applications of Weyl fractional g-integral operator to generalized basic
hypergeometric functions, Kyungpook Math. J., 46 (2006), 235-245.

[15] R.K. Yadav, S.D. Purohit and S.L. Kalla, On generalized Weyl fractional g-integral operator involving generalized
basic hypergeometric function, Fract. Calc. Appl. Anal., 11(2) (2008),129-142.

[16] R.K. Yadav, S.D. Purohit, S.L. Kalla and V.K. Vyas, Certain fractional g-integral formulae for the generalized
basic hypergeometric functions of two variables, Jourla of Inequalities and Special functions, 1(1) (2010), 30-38.

[17] R.K. Yadav, S.D. Purohit and V. K. Vyas, On transformation involving generalized basic hypergeometric function
of two variables. Revista. Técnica de la Facultad de Ingenieria. Universidad del Zulia, 33(2) (2010), 1-12.

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 163



International Journal of Mathematics Trends and Technology ( IJMTT )  - Volume 62 Number 3  - October 2018

ISSN: 2231  - 5373                                 http://www.ijmttjournal.org                                   Page 163



	[10] P.K. Mittal and K.C. Gupta, On a integral involving a generalized function of two variables, Proc. Indian Acad. Sci. 75A (1971), 117-123



