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Abstract  

        In this paper, we introduce and study new class ( , )
p

   of meromorphically univalent functions defined in 

{ : 0 | | 1}E z z C a n d z    . We obtain coefficients inequalities distortion theorems, radius of convexity, Closure 

theorems and modified Hadamard products. Finally we obtain application involving an integral transforms and 

neighbourhood properties for the class ( , )
p
 

.  
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I. INTRODUCTION 
 

  Let  * denote the class of meromorphic functions of the form 

   
1

1
( ) , 0

k

k k

k

f z a z a
z 



                                                                                         (1.1)  

  which are analytic in the punctured unit disc { : 0 | | 1}E z z C a n d z     

  
*

( )L e t g z   , be given by  

  

1

1
( )

k

k

k

g z b z
z 



                 (1.2) 

 

 

 

 

  Then the Hadamard product (or convolution) of  f(z) and g (z) is given by  

                    
1

1
* ( )

k

k k

k

f g z a b z
z 



                                                                            (1.3) 

  A function 
*

( )f z    is meromorphically star like of order (0 1)    if 

                           -
( )

R e , ( )
( )

z f z
z E

f z


 
  

 

               (1.4 ) 

  The class of all such functions is denoted by 
*

( ) . A function 
*

f    is meromorphically   

 convex  of order (0 1)    if  
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  - 
( )

R e 1 , ( )
( )

z f z
z E

f z


 
   

 

       (1.5) 

  The class of such functions is denoted by 
*

( )
k
 . The classes 

*

( )  and 
*

( )
k
  were   

 introduced and studied by Pommerenke [6], Miller [4] , Mogra et al [5] and others. 

   

For a function 
*

( )f z   , Frasin  and Darus  [2] defined an operator  
* *

:
n

I     as follows. 

  

   
0

( ) ( )I f z f z  

   
1 2

( ) ( )I f z z f z
z

   

   
2 1 2

( ) ( ( ))I f z z I f z
z

   

  and for {1, 2 .........}n N  , we have 

   
1 2

( ) ( ( ))
n n

I f z z I f z
z


          (1.6) 

                   
0

1

1
, ( {0} , )

n k

k

k

k a z n N N z E
z 



       

  Now, we define a new subclass  ,
p

of   . 

  Definition 1 :  For 1 1,   and 1   , we let  ,
p
  be the subclass of   consisting of  

 functions of the form (1.6) and satisfying the analytic criterion    

  

1 1
( ) ( )

R e 1
( ) ( )

n n

n n

I f z I f z

I f z I f z
 

 
 

   
 

        (1.7) 

  were ( )
n

I f z  in given by (1.6). 

  

II. COEFFICIENT INEQUALITY 

 

  Theorem 2.1 .   A function  f(z) of the form (1.6) is in  ,
p
   if 

   
1

(1 ) ( ) (1 ), 1 1
n

k

k

k k a    





        , and 1  .     (2.1)  

  Proof. It suffices to show that   

                

1 1
( ) ( )

1 R e 1 1
( ) ( )

n n

n n

I f z I f z

I f z I f z
 

 
 

     
 

. 

  We have 

  

1 1
( ) ( )

1 R e 1
( ) ( )

n n

n n

I f z I f z

I f z I f z


 
 

   
 

 

    

1
( )

1 1
( )

n

n

I f z

I f z




    

   

 
1

1

1 ( 1)

1

kn

k

n k

k

k

k

k k a z

k a z
z











 









 

  Letting z → 1 along the real axis, we obtain 
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 
1

1

1 ( 1)

1

n

k

n

k

k

k

k k a

k a











 







 

 This last expression is bounded by 1   if  

  
1

(1 ) (1 )
n

k

k

k k a   





        . 

 

Corollary 2.1.  Let the function f (z) defined by  (1.6) be in the class ( , )
p
   then 

  

 
1

(1 )
, 1

[ (1 ) ]

k

n

k

a k

k k



  






 

  

.       (2.2)  

  Equality holds for the functions of the form  

  
 

1 (1 )
( )

(1 )

k

k n
f z z

z k k



  


 

     

       (2.3) 

     

 

III. DISTORTION THEOREMS 

    

  Theorem 3.1.  Let the function f(z) defined by  (1.6) be in the class  ( , )
p
  .    

   

   Then for 0 | | 1z r   , 

                                 
1 1

| ( ) |r f z r
r r
     

 with equality for the function 
1

( )f z z
z

  ,      (3.2) 

 Proof. Suppose ( ) ( , )
p

f z is in   . In view of Theorem 2.1, we have 

   
1

(1 ) (1 ) ( ) (1 )
n

k

k

a k k    





                                                                                                    

which evidently yields 

1

1
k

k

a





  consequently, we obtain 

   

  

1 1

1 1
( )

k
k

k k

k k

f z a z a z
z z 

 

      

     

1

1

k

k

r a
r 



    

     
1

r
r

   

  Also, 

   

1 1

1 1
( )

k
k

k k

k k

f z a z a z
z z 

 

      

              

1

1

k

k

r a
r 



    
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1

r
r

   

  Hence the results (3.1) follow. 

  Theorem 3.2.  Let the function f (z) defined by (1.6) be in the class ( , )
p
  .  Then for      

0 | | 1z r   ,                                                                                                              

                                
1

2 2

1 1
1 | ( ) | 1f z

r r
     

  The result is sharp, the external function being of the form (2.2) 

 

  Proof  :   From Theorem 2.1, we have 

     
1

1 (1 ) (1 )
n

k

k

n a k k    





           

  which evidently yields 

  

1

1
k

k

k a





  

  Consequently, we obtain 

  
' 1

2

1

1
| ( ) |

k

k

k

f z k a r
r







    

       
2

1

1

k

k

k a
r





    

       
2

1
1

r
   

  Also  

   
' 1

2

1

1
| ( ) |

k

k

k

f z k a r
r







    

               
2

1

1

k

k

k a
r





    

               
2

1
1

r
   

  This completes the proof. 

      

IV. CLASS PRESERVING INTEGRAL OPERATORS 

   

In this section we consider the class preserving integral operators of the form (1.6) 

   

Theorem 4.1. Let the function  f (z) be define by (1.6) be in the class ( , )
p
  . Then the    integral 

operator  

   
1

0 1

1
( ) ( ) , 0

1

z

c k

k

c

k

c
F z c z t f t d t a z c

z c k

 





   
 

   is in ( , )
p
  , where 

   
     

   

1 (1 ) ( ) (1 ) (1 )

1 (1 ) ( ) (1 )

c k k k c

c k k c

     


   

        


      
 

  The result is sharp for function defined in (2.3). 

 

  Proof :  Suppose ( ) ( , )
p

f z    , we have  
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1

0 1

1
( ) ( ) , 0

1

z

c k

k

c

k

c
F z c z t f t d t a z c

z c k

 





   
 

  

  It is sufficient to show that 

  
 

1

(1 ) ( )
1

1 1

n

k

k

k k c
a

c k

  




  


  

         (4.3) 

  Since ( ) ( , )
p

f z is in   , we have 

  
 

1

(1 ) ( )
1

1

n

k

k k   




  




         (4.4) 

 

  This (4.3) will be satisfied if 

  
   (1 )(1 ) ( )

1 1 1

kk c

c k

    

 

        


   
 

  Solving for  , we obtain 

  
     

   

1 (1 ) ( ) (1 ) (1 )
( )

1 (1 ) ( ) (1 )

c k k k c
F k

c k k c

     


   

        
 

      
 

  A simple computation will show that F(k) is increasing and F(k)    F(1). 

 

V. RADII OF CONVEXITY 
 

  Theorem 5.1.  Let the function ( ) ( , )
p

f z    . Then f(z) is Meromorphically convex of order 

  (0 1)    in 0 | |z r   , where      

  
 

1
1

in f (1 ) (1 ) ( )
, ,

1 (1 ) ( 2 )

kn
k k

n k k

   
   

 



    
  

     

   

  The result is sharp. 

  Proof : Let ( ) ( , )
p

f z is in   . Then by Theorem 2.1, we have      

  
1

(1 ) ( ) | | (1 )
n

k

k

k k a   





            (5.1) 

  It is sufficient to show that   

                  

''

'

( )
2 (1 )

( )

z f z

f z
      

  for  , ,z       , where  , ,     is specified in the statement of the theorem. Then 

  

11

''

'
11

2

1 1

1 1

( 1) ( 1)
( )

2
1( )

1

kk

k k

kk

k k

k k

k k

k k a z k k a z
z f z

f z
k a z k a z

z





 

 

 

 

 

  


 

 

 

 

  This will be bounded by (1 ) if 

  
1

1

( 2 )
1

1

k

k

k

k k
a z









  



         (5.2) 

  By (5.1), it follow that (5.2) is true if  

  
 1 (1 )( 2 )

, 1
1 1

n

k k kk k
z k

  

 

        
 

 
 

    or 
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 

1
1

(1 ) (1 ) ( )

(1 ) ( 2 )

kn
k k

z
k k

   

 



    
  

    

        (5.3)  

  Setting ( , , )z      in (5.3), the result follows. 

  The result is sharp for the function 

  
 

1 1
( ) , ( 1)

(1 ) ( )

k

k n
f z z k

z k k



  


  

  
. 

       

VI. CLOSURE THEOREMS 

 

Let the functions fj (z) be defined, for j = 1, 2,................, m, by  

  
, ,

1

1
( ) ( 0 )

k

j k j k j

k

f z a z a
z 



           (6.1) 

 Theorem 6.1. Let ( ) ( , ) ( 1, 2 , . . . . . . . . . . . , )
j p

f z j m    . Then the function  

  
.

11

1 1
( )

k

k j

jk

m

h z a z
z m 

  
   

 
  .         

  is in ( , )
p
  .          (6.2) 

  Proof :   Since ( ) ( , ) ( 1, 2 , .. . . . . . . . . . , )
j p

f z j m    , is follows from Theorem 2.1 that   

    .

1

(1 ) ( ) (1 )
n

k j

k

k k a   





     , 

  for every j = 1, 2 .............,m. Hence, 

    ,

11

1
(1 ) ( )

n

k j

jk

m

k k a
m

  



  
    

 
   

    ,

1

1
(1 ) ( ) 1

n

k j

m

j

k k a
m

   



      . 

  From Theorem 2.1, if follows that ( ) ( , )
p

h z    . 

  Theorem 6.2. The class ( , )
p
   is closed under convex linear combinations. 

  Proof :  Let ( ) ( 1, 2 )
j

f z j   defined by (6.1) be in the class  ( , )

p

  . Then it is sufficient to   

 show that  

  
1 2

( ) ( ) (1 ) ( ) (0 1)h z f z f z              (6.3) 

  is in the class ( , )
p
  , since 

  
,1 , 2

1

1
( ) (1 )

k

k k

k

h z a a z
z

 





    
         (6.4) 

  then, we have from theorem 2.1 that 

    .1 , 2

1

(1 ) ( ) (1 )
n

k k

k

k k a a    





     
   

  (1 ) (1 ) (1 )         

  1    

  so, ( ) ( , )
p

h z    . 

  Theorem 6.3. Let
0

1
( )f z

z
  and 
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 

1 (1 )
( ) ( 1)

(1 ) ( )

k

k n
f z z k

z k k



  


  

  
      (6.5) 

  Then f(z) is in the class ( , )
p
  if and only if can be expressed in the from  

  
0

( ) ( )
k k

k

f z f z





            (6.6) 

  where 0
k

   and  
0

1
k

k







  

 Proof :  Assume that  

  
 0 1

1 (1 )
( ) ( )

(1 )

k

k k kn

k k

f z f z z
z k k


 

   

 


  
     

       (6.7) 

 Then it follows that  

 
 

 

1

(1 )(1 )

1(1 )

n

kn

k

k k

k k

  


  

       

     

  

  
0

1

1 1
k

k

 





     

 which implies that ( ) ( , )
p

f z    . 

 Conversely, assume that the function f (z) be in the class ( , )
p
  . 

 Then  
 

(1 )

(1 ) ( )
k n

a
k k



  




  
 

 Setting 
 (1 ) ( )

, ( 1)
(1 )

n

k k k

k k
a a

  




  
 


 and 

0

0

1
k

k

 





    

 we can see that f (z) can be expressed in the form (6.6) 

 This completes the proof of theorem. 

      

VII. MODIFIED HADAMARD PRODUCTS 

   

For fj (z) (j = 1,2) defined by (4.1), the modified Hadamard product of f1(z) and f2 (z) is defined by 

   

   

     1 2 ,1 , 2 2 1

1

1
* ( ) * ( )

k

k k

k

f f z a a z f f z
z 



         (7.1) 

  Theorem 7.1:  Let ( ) ( , ) ( 1, 2 )
j p

f z j     . Then, (f1 *f2) (z)    ,
p
  ,                (7.2) 

   

The result is sharp for the function fj(z) ( j = 1,2) given by                                                                             

 

                   fj (z) = 
1

z
z
  (j = 1,2)                                                                                     (7.3) 

  Proof :  Using  the technique for Schild and Silvarman [8]we need to find the largest                     

 

           such that 

  
 

,1 , 2

1

(1 ) ( )
1

1

n

k k

k

k k
a a

  




  




        (7.4)      

  Since ( ) ( , ) ( 1, 2 )
j p

f z j    , we readly see that  
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 

,1

1

(1 ) ( )
1

1

n

k

k

k k
a

  




  




         (7.5) 

  and 

  
 

, 2

1

(1 ) ( )
1

1

n

k

k

k k
a

  




  




         (7.6) 

  By the Cauchy Schwarz in equality we have       (7.7) 

  
 

,1 , 2

1

(1 ) ( )
1

1

n

k k

k

k k
a a

  



   



   

  This it is sufficient to show that  

  
 

,1 , 2

(1 ) ( )

1

n

k k

k k
a a

  



  




 
,1 , 2

(1 ) ( )

1

n

k k

k k
a a

  



  


    (7.8) 

 or equivalently, that  

  

 
,1 , 2

1

1
k k

a a








          (7.9) 

 Connecting with (7.7), it is sufficient to prove that  

 
 

1 1

(1 ) ( ) 1
n

k k

 

   

 


   
        (7.10) 

 

 

 It follows from (7.10) that 

  

2
(1 )

1
[ (1 ) ( ) ]

n
k k




  


 

  
        (7.11) 

 Now defining the function ( )k  by 

   

2
(1 )

( ) 1
[ (1 ) ( ) ]

n
k

k k




  


 

  
        (7.12) 

 We see that ( )k  is an increasing function of k ( 1)k  . 

 Therefore, we conclude that           

  (1)              (7.13) 

 which evidently completes the proof of theorem. 

 

VIII. CONCLUSION 

 

The work presented here is the generalization of some work done by earlier researchers. Further the research work can be 

continued by using the differential operator for the class and study the partial sums and integral operators also. 
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