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Abstract
In this paper, we introduce and study new class X  (a,p) of meromorphically univalent functions defined in

E={z:zeC and 0 <|z|<1}.We obtain coefficients inequalities distortion theorems, radius of convexity, Closure
theorems and modified Hadamard products. Finally we obtain application involving an integral transforms and

neighbourhood properties for the class S (a.B)
P

Keywords and Phrases : Meromorphic, distortion,Hadamard product and neighbourhood.

2010 Mathematical Mubject Classification : 30C45.
I. INTRODUCTION

Let > * denote the class of meromorphic functions of the form

1z )
f(z)=—+> a,z",(a, 20) (1.1
Z k=1

which are analytic in the punctured unitdisc E ={z:z eC and 0<|z|<1}

Let g(z) e Z*,begiven by

g(z)=£+zbkzk 1.2)
Z k=1

Then the Hadamard product (or convolution) of f(z) and g (z) is given by

1 e8]
(f*g)(z)=—+ ab,z" (1.3)
Z k=1
A function f (z) e X~ is meromorphically star like of order « (0 < a < 1) if
[z f'(2)]
Re/ 2B, e (14)
L f(2) |

The class of all such functions is denoted by > "(«) . A function f € X~ is meromorphically
convex oforder ¢ (0 < o <1) if
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-Re{(1+Z f”(Z)]}>0¢,(Ze E) (1.5)
L '@

The class of such functions is denoted by Z ;(a) . The classes z ’ () and z k () were
introduced and studied by Pommerenke [6], Miller [4] , Mogra et al [5] and others.

For a function f (z) e ¥, Frasin and Darus [2] defined an operator 1" :>" — > as follows.

1°f(z) = f(2)

. 2
1" f(z)=zf"(z2)+ —
z

2 1 2
1°f(z)=z(1"f(2)) + —
z

andforn e N ={1,2......... }, we have
n n-1 2
1"f(z)=z(1""f(2)) +— (1.6)
z
l -’ n k
=—+> kaz,(neN;=NuU{0},zcE)
Z k=1

Now, we define a new subclass > ; (a,B)of .

Definition1: For-1<a <1, and g 21 ,welet ¥ (a,p) be thesubclassof ¥ consisting of
functions of the form (1.6) and satisfying the analytic criterion

Re4(l,]£_al> Iﬂ&_l (1.7)
L1 f(2) J 1" f(z2)
were 1" f (z) in given by (1.6).
I1. COEFFICIENT INEQUALITY
Theorem 2.1. A function f(z) of the form (1.6) isin X («, g) if
S K'[k+B) - (a+p)] |a|s@-a)-1<a<t,and p>1. (2.1)
k=1
Proof. It suffices to show that
I n f(z)_l_ e(l n f(z)—llsl—a
1" (z) L 1" f()
We have
I n f(z)_l_ e(l : f(z)_ll
1" (2) L1"f () |
< (1+ ﬂ) In&—l
1" f(z)

z*‘

(1+8)Y k" (k-1)]a,|
k=1

<

1 k
— z

a, |

o0
_Zk”

|Z k=1
Letting z — 1 along the real axis, we obtain
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This last expression is bounded by 1 — « if

S k" [k+p) ~(a+B)]fa )< @-a).

k=1

Corollary 2.1. Let the function f (z) defined by (1.6) be inthe class X  («, ) then

(1-a)
a, < — k=1, (2.2)
> k'[k L+ B) - (a + B)]
k=1
Equality holds for the functions of the form
1 (1-a) K
f(2) = —+— z (2.3)
z k [k(1+ B)-(a +ﬁ)}

I11. DISTORTION THEOREMS

Theorem 3.1. Let the function f(z) defined by (1.6) be inthe class X  («,f) .
Thenfor 0 <|z|=r<1,

1
——r<|f(2)|<—+7r
r r

1
with equality for the function f (z) = —+ z,
z

Proof. Suppose f (z)isin X ,(a,pB) . In view of Theorem 2.1, we have

(3.2)

[ee]
Q-a)> a, <k"[k@+B)-(a+B)]<(1-a)
k=1
[o¢]
which evidently yields > a, <1 consequently, we obtain
k=1

MOIE :

o0
1 k
+ Y a, 7]
Z] k=1

0
l k
—+ Z a .z
Z k=1

IA

o0
—+ry a,
r x=1

IA
[

+

=
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z ==

= |

Hence the results (3.1) follow.
Theorem 3.2. Let the function f (z) defined by (1.6) be in the class X | («, #) . Then for

O<lz|l=r<1,
1 . 1
—271S| f (z)|< —2+1
r r
The result is sharp, the external function being of the form (2.2)
Proof : From Theorem 2.1, we have
(1-a)> na <k’ [k(1+ B)-(a +ﬁ)] <(1l-a)
k=1
which evidently yields
Z ka <1
k=1
Consequently, we obtain

. 12 1
[ f(z)|<—+D ka,r
r =1

IN

1 o0
—2+ z k ak
r k=1

1

—+1
2
r

IA

Also

1 o0
| f(2)|2 - kar""
r =1

k
1 o0
Z—Z—Z k a,
r k=1
1
>—+1

2

-

This completes the proof.

IV. CLASS PRESERVING INTEGRAL OPERATORS

In this section we consider the class preserving integral operators of the form (1.6)

Theorem 4.1. Let the function f (z) be define by (1.6) be inthe class X (e, #) . Then the integral
operator
—c—lz C 1 - ¥ k o
F(z)=cz j t" f(t)ydt=—+> ———a,z ,¢>0 isin X (5,4),where

) Z y1C+k+1

(c+k+1)[k@+B)—(a+pB)]-[k@+p)-B]cl-a)

(c+k+1)[k@Q+B)—(a+ B)]+cl-a)
The result is sharp for function defined in (2.3).

o <

Proof : Suppose f(z) X  (a,p),wehave
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z

-c-1 c 1 - c K
F(z)=cz " [ t f()dt=—+3% ——a,z,c>0
z

o e c+k+1

It is sufficient to show that

* k"[k@ - (5
5 [k@+ B)-(6+ )] c <1 43)
k=1 1-0 c+k+1
Since f(z)isin X (a,p),wehave
k"[k@ -
[k@+ p) (0t+ﬁ)]Sl (4.4)

o0
2
k=1

l-«a
This (4.3) will be satisfied if
Ka+p-©G+m] e [k@+p)=(a+p)]
1-6 c+k+1 l1-«a
Solving for & , we obtain
5 < (c+k+1)[k@+B)-(a+B)]-[k@+B)-B]lcl- ) CF0)
(c+k+1)[k@+p)-(a+p)]+cl-a)
A simple computation will show that F(K) is increasing and F(k) > F(1).

V. RADII OF CONVEXITY

Theorem 5.1. Letthe function f (z) € X (a, ). Then f(z) is Meromorphically convex of order
5(0<s<l)in0<|z|<r ,where

inf [(1-6)k" [k@+ B) - (a + /3)]14”

n>1| l-a)k (k+2-205)

The result is sharp.
Proof : Let f(z)isin X (e,p).Thenby Theorem 2.1, we have

y(a.B.6)=

S k'[k@+B) - (a+B)]la, < 1-a) (5.1)
k=1
It is sufficient to show that
2+ Zf,(z) < (1-96)
f (2)

for |z|< y =y (a,B,5),where y (a §) is specified in the statement of the theorem. Then

B,
o0 o0 .
S ok(k+1) a2 Y k(k+a, 2|
|: k=1 k=1

<
o0
k+1

‘2+ 2f (2)

; T =
f (Z)| f2+2kakzk’1 1—Zkak|z
k=1 k=1

z

[ <1 (5.2)

This will be bounded by (1 - 6) if
2 k(k+2-05)

— a
By (5.1), it follow that (5.2) is true if
K (k+2—5)| o1 K"[k@+8)-(a+8)]
B S 1Y ’

1-06 l-«a
or

k>1
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[@- o) k”[k(1+ﬁ)—(a+ﬁ)]]%”

|z|< 4 (5.3)
| l-a)k(k+2-05)
Setting |z| = 7 (a, 8,5) in (5.3), the result follows.
The result is sharp for the function
1 l-«a "
f(z2) = —+— z ,(k>1).
z k [k(l+ B)-(a+p)]
VI. CLOSURE THEOREMS
Let the functions fj (z) be defined, forj=1, 2,................ , m, by
l o0
f(z)==—+Y a, 2" (a, 20) (6.1)
Z k=
Theorem 6.1.  Let f (z) eX (a.B)(i=12 ..., m) . Then the function
1 ® (M h )
h(z)=—+> L_z ak'jJ z .
Z k=1 \M
isin X (a,pB). (6.2)
Proof: Since f,(z) e X (a,p) (j=1,2,.ccccns, m) , is follows from Theorem 2.1 that
S k'[k@+B)-(a+pB)]a, < (l-a),
k=1
foreveryj=1,2 ... ,m. Hence,
© i (1 m \
>k [k@+ )= (a+ 'B)]L_Z akij
k=1 m -1
1 m
==y (k"[k(1+ B) - (a +,B)]ak’j) <l-a.
m J::I.
From Theorem 2.1, if follows that h(z) e X  (a,B) .
Theorem 6.2. The class X | («, B) is closed under convex linear combinations.
Proof : Let f (z) (j=1,2) defined by (6.1) beintheclass %  (a,p) . Thenitis sufficient to
P
show that
h(z) =pf(z)+ Q- u)f,(z2) (0= <1 (6.3)
isintheclass X  (a,p),since
1z )
h(z)==+3 [wa,+@-wa,,]z (6.4)
Z k=1

then, we have from theorem 2.1 that

S k"[k(@+ B) - (a+ B)] [u a,, + (- ,u)aksz
k=1

Spul-a)+(1-u)(1-«a)

=l-a«

s0, h(z) e X, (a,p).

1
Theorem 6.3. Let f (z) = — and
z
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1 1l-a)
f(z2)=—+— z (k 21) (6.5)
z k' [k@+p)-(a+p)]

Then f(z) isin the class X  (a, B) if and only if can be expressed in the from

f(2)=3 uf(2) (6.6)
k=0
where #, >0 and ) u, =1
k=0
Proof : Assume that

f(2) § f(2) = - § €2 ‘ 6.7)
z) = He TW(Z)=—+ n HZ '
k=0 z Lk [k(1+ﬂ)_(0‘+ﬂ):|

Then it follows that

© - a) kK" [k@+8)-(a+8)]

z n #k

o K [k@+ ) - (a+B)] 1-a

0
=> u,=1-pu,<1
k=1

which impliesthat f (z) e X (a,8).

Conversely, assume that the function f (z) be in the class X~ (a, 8) .

A-a)
Then a, < —
K"[k@+ B) - (a + B)]
k"[k@ - *
Setting u, = [KaxA) (a+ﬁ)]ak,(ak >1)and u, =1- % u,
(1-a) k=0

we can see that f (z) can be expressed in the form (6.6)
This completes the proof of theorem.

VII. MODIFIED HADAMARD PRODUCTS

For f; () (j = 1,2) defined by (4.1), the modified Hadamard product of f,(z) and f, (z) is defined by

+3 a,a,,z" = (f,* f,)(2) (7.1)

1

M s

1
(1)@=
z

k
Theorem 7.1: Let f (z) e X (a.B) (j=1,2) .Then, (fi*F) (2) € X (& 8). (7.2)

The result is sharp for the function fj(z) (j = 1,2) given by

fi(2) = L G=12 (7.3)
z

Proof : Using the technique for Schild and Silvarman [8]we need to find the largest

& such that
;) kK'[k(@+ B) - (a+ B)] .

k-1 1-¢
Since f(z)eX (a,p)(i=12),we readly see that

ko B, =1 (7.4)
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C k" [k@+ B)- (o +
3 [k@+h) - (e ﬂ)]akylg (7.5)
k=1 l-«
and
C k"[k@+ B) - (a +
> [kd+ A - (a 'B)]akzsl (7.6)
k=1 l-a '
By the Cauchy Schwarz in equality we have (7.7)
© k"[k@+ B)-(a+ B)]
Z k1 ak 2 <1
k=1 l-a
This it is sufficient to show that
kK"[k@+ B) - (a+ B) k"'[k@+ B)-(a+B)] ——
[ ] ak‘l ak,2 < ak,l ak,z (78)
1-¢ l1-«a
or equivalently, that
1-¢
a,, a,, < (7.9)
-«
Connecting with (7.7), it is sufficient to prove that
1-a 1-¢&
< (7.10)

kK'[k@+ )~ (a+B)] 1-a

It follows from (7.10) that
(1-a)’

<1-— (7.12)
k'[k(1+ B) - (a + B)]
Now defining the function ¢ (k) by
1_ 2
(k) =1- ¢-a) (7.12)

kK'[k@+ B) = (a + )]
We see that ¢ (k) isan increasing function of k (k > 1) .
Therefore, we conclude that

E<d )=« (7.13)
which evidently completes the proof of theorem.

VIll. CONCLUSION

The work presented here is the generalization of some work done by earlier researchers. Further the research work can be
continued by using the differential operator for the class and study the partial sums and integral operators also.
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