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LINTRODUCTION

The concept of fuzzy set was introduced by Lotfi.A.Zadeh[1]. It is an extension of the classical sets. Many
authors extended the idea of fuzzy set in different directions. In [2] and [3], Atanassov introduced the concept of
intuitionistic fuzzy set(IFS), using a degree of membership and a degree of non-membership, under the
constraint that the sum of the two degrees does not exceed one. IFS is one of the most successful extension of
fuzzy set used for handling the uncertainties in the data. Modal operators, topological operators, level operators,
negation operators and aggregation operators are different groups of operators over the IFS due to Atanassov[2].
In [4], T.K.Mondal and S.K.Samanta introduced the concept of generalized intuitionistic fuzzy set (GIFS)S =
{(x, us(x),vs(x)): x € E} where ug: E - I and vg:E — I satisfy the condition pgs(x) Avg(x) <0.5,Vx €
E .E.Baloui Jamkhaneh and S.Nadarajah[5] defined anextension of generalized intuitionistic fuzzy set and
introduced new operators D, F, s and G, g over GIFS.In [6], E.Baloui Jamkhaneh and H.Garg defined some
new arithmetic and geometric mean operations over GIFS and found the relation between these operations.
E.Baloui Jamkhaneh and S.Nadarajah[7] defined new modal types of operators over an extended generalized
intuitionistic fuzzy set and some of the basic properties of the new operators.In this paper, we introduce new
operators G, 5 over GIFS. In section 2, we give some basic definitions and in section 3, we introduce the new
level operators on GIFS and derive their properties.

II. PRELIMINARIES

Definition 2.1[1]Let E be an universal set.A Fuzzy Set S in a universal set E is defined by,
S ={{x,us(x)): x € E}
Where the function ug: E — [0,1] defines the degree of membership function of the element x € E and
satisfying 0 < us(x) < 1 foreachx € E.
Definition 2.2[2]Let E be a non-empty set. An Intuitionistic Fuzzy set S in a universal set E is defined byS =
{x, s (), vs (0)): x € E},
Where ps:E — [0,1] and vg: E — [0,1] define the degree of membership and degree of non-
membership functions of the element x € E respectively andsatisfying 0 < ug(x) + vg(x) < 1.
Definition 2.3[5]Let E be a non-empty set. A Generalized Intuitionistic Fuzzy Set (GIFS) S in E, is defined
byS = {{x, us(x), vs(x)): x € E}

Where the functions us: E — [0,1] and vs: E — [0,1] define the degree of membership and degree of non-
membership functions of the element x € E respectively and satisfying 0 < ug(x)% + vs(x)® < 1 for each
x € E where § = nor % n is a natural number greater than 0.
Definition 25[5]Let S and T be two GIFS suchthat S = {{x,us(x),vs(x)):x € E} and
T = {(x, ur(x),vr(x)): x € E},define the following relations and operationson S and T

0] S c Tifandonly if pus(x) < pr(x) and vs(x) = vy (x),Vx EE,

(i) S =T ifand only if ug(x) = ur(x) and vg(x) = vy (x),Vx € E,

(iii) SUT = {(x, max(ps(x), 7 (x)) , min(vs (x), vy (x))): x € E},

(iv) SN T = {(x, min(us(x), pr (x)), max(vs (x),vr(x))): x € E},

V) SHT = {Gous(0 +pr(0)° = ps(0)°-pr (), vs ()2 v (1)) x € E},

Vi) ST = {(x ps (). ur (0)%, vs(0)° + vr(x)° = vs(x)®.vr (x)°): x € E},

(vii)  § = {{x,vs(x), us(x)): x € E},

(viii) S@T = {(x’ﬂs(x)‘;HT(x)‘VS(X);'VT(X)):x € E},
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(i) S$T = {{x,yusCur (0, Vs GIvr (x)): x € E}.
Definition 2.6Let E be a non-empty finite set, and S € GIFS,asS = {(x, us(x), v¢(x)): x € E}.Baloui Jamkhaneh
and Nadarajah[5] introduced the following operators over GIFS:

1
(i) oS = {(x, s (), (1 — pus(x)®)°):x € E} (modal logic: the necessity measure),

(i) 0S = {(x, (1- vs(x)‘s)%, vs(x)):x € E} (modal logic: the possibility measure),
(iii) C(S) ={(x,K,L):x € E}, where K = max,eg ts(y), L =minycgvs(y)

(iv) 1(S) = {{x, k,l):x € E}, where k = miny e us(y),l = max,eg vs(y)

v) Gap(S) = {(x, a%us(x),B%vs(x)):x € E} wherea + < 1.

(V) Gop(@S) = 0o, @i (@), B3 (1 - s (0)°)7) i x € B

1
(Vi) Gup(0S) = {(x, a%(l —vs(x)?)?, B%vs(x)) (X € E}
Remark : [7]For every GIFSS, the following results are valid
(i) ooS = as,
(i) 005 =05,
(iii) o¢S=0S,
(iv) 0 oS =oS.

III. MAIN RESULTS
In this section, we will introduce new level operators over GIFSand discuss its properties.

Definition 3.1Letting &, 8 € [0,1], where « + 8 < 1 and S € GIFS, we define the operator as follows

1 1
Go s (8) = {{x, (1 — @) (x), (1 = BYsvs (x)): x € E}
Definition 3.2Let E be a non-empty set. Let S and T be two GIFS in E, we define the following relations and
operationson S and T

(0.6 () € Gip (T) iff (1 — )5 (o) < (1 — )ipey () and (1 — BYivs () = (1 — B)ivy(x) ¥ x € E,
(). G35 (5) = 6o (TifF (1 — @)ipas(x) = (1 — )py(x) and (1 — Bsvs(x) = (1 = PIvy (XY x € E,
(i), 63,5 (9) = {(x, (1 — @)7vs (), (1 — BYous () 1 x € E}

(i0).G2p (SUT) = {(x, (1 — )9 max(ps (), () , (1 — B)# min(vs (), vy () x € E]

(). G2p (S N T) = {{x, (1 = ¥ min(s (), a7 (1)), (1 — B)max(vs (o), vy (1)) 1 x € E]

(wi). G} 4 (S@T) = {(x, A —a)s (M) ,(1—pB)s (w)) x € E}

Wi G35 (SST) = {(x, (1 = @)/ s G G0, (1 = ) vs IV () x € )
(wiid). ;.4 (€)) = {(x, (1 = )T maze w0, (1 = B miny ey vs @)} x € E)
(. 62,4 (165)) = {tx, (1 = T min s ), (1 = B)F maxvs()):ix €

Theorem 3.1For every S,T € GIFS and «, 8 € [0,1], where @ + 8 < 1, we have
(i) Gapg(SUT) = Ggp(S)UGgp(T),
(i) Gopg(SNT) = Ggp(S) NGy p(T),
(iii) Gap(S@T) = Gop(S)@G, 5 (T).
Proof:
(i) Gop(SUT) = [(x. 1 -a) max(ps(x), ur (x)), (1 — B)s min(vs(x),vr(x))):x € E}

= ((x,max ((1 — ) (), (1 a)%uT(x)) ,min ((1 — B)svs(x), (1 — ﬁ)%vrcx)>>: x € F}

= {{ (1 = s (), (1 = )55 () € E} U ({2, (1 = g (), (1 = BYivy () x €
= Gop(S) U Gap(T)
Hence G, z(SUT) = Ggp(S) UG, (T).
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() GopS D) = {00 (= T min(usC0, 1y (), (1 = BYmax(rs(x), vy (1)) 1 x € E}
= {(xmin ((1 ~ @ius (), (1 - a)%m(x)) ,max ((1 — s, (1 - m%vr(x)>>: x € E)
= ({0 (1 = s (), (4 = 55 (0) € B} ({2, (1 = g (), (1 = BYiwy () x €

= Ggp(S) N Gap(T)
Hence G;;(SNT) =G} z(S) NG, (1.

(i) Gp(s@T) = {(x, (1 — a)7 (BE2HO) (4 _ pys (B2 ¢ )

(1 — @)ps () + (1 — @)z () (1= BYvs(0) + (1 — BSvr(x)
2 ! 2

={(x, Y:x €EE

= {06, (1 = s (), (1 = BYPvs () x € E} @ {{x, (1 — )iy (), (1 — B)ovy (1)) i x € E)
= G2,y ()@G; 4 (T)
Hence G, ;(S@T) = G, 3(S)@G, 4(T). o

Theorem 3.2For every S € GIFS and , 8 € [0,1], where a + 8 < 1, we have
i) Gup(c®) =c(Gip(®),
i) Gip(1)) =1(6ap(®),

(i) Gy () =G5 (S).
Proof:

i) 6p(C(9) = {(x (1~ ) maxyep ), (1 — Y minyep vs(») i x € E}
= {(omax(1 - s min( = Bivs ()i x € B} = C(G;,5(5))
HenceG,, ;(C($)) = C (G;;ﬁ (5)).
(i) Gop(19)) =[x (1 — @) minyep us), (1 — B max, e vs (7)) 1 x € E}
= {tomin(l - @5us ), max(1 = BFvs () x € B} = 166 (S)
Hence G;4(1(S)) =1 (G;ﬁ (S)).
(iii) Since S = {{x, us(x),vs(x)):x € EYand S = {{x,vs(x), us(x)): x € E}
G () = [, (1 = )ivs (@), (1 — BYiss()) i x € )
Gop( = {<x, 1- B)ius(x). (1- a)%vg(x)) 1X € E} ......... )
G () = {(x, (1 = BYoHs(0), (1 — )3vs (X)) 1% € B} o (1)
From (1) and (1), we haveG;, ; (S) = Gz . (5). u]

Theorem 3.3For every two GIFSS and T, and «, 8 € [0,1] where a + < 1, we have
(1) Gap(S@T) = G, 5 (T@S),
(i) Gap(SST) = G, 5 (T$S),
(i) Gp(S@S) =Gy (S),
(iv) Gl*—a,l—ﬁ (S@s) = Ga,ﬁ (S).
Proof:

i) GLp(s@D) =[x, (1 — @) (B0 (g  pys (W1 5 ¢ )

_ {(x, 1-ay (“—T(x) ;”‘5(")) (1= By (—"T(x) ;VS(X)>>:x € E} = G, 4(T@S)

Hence G, ;3 (S@T) = G, 5 (T@S).
(i) Gop(S$T) = {6, (1 = @) s (), (1 = B3y us v () i x € E
= {tx, (1~ 3 rr s (), (1~ B\ vrGvs () x € E} = G 5 (T$S)

Hence G, ;(S$T) = G, 5 (T$S).
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* * ®)tus(x) vs(x)+vs(x)
(iii) Ga'ﬁ(S@S) = Ga,ﬁ {(X,HS x 2#3 x ’vs x sz x Vix € E}

= G {15 (0, v5 (O x € B) = {(, (1 = @)Ts ), (1 = Bivs ()} x € B} = G (5)
Hence G;, 5 (S@S) = G;, 4(S).
(iv) Giq1-p(5@S) =G _o1 4 {(x’l‘s(x)-zﬂls(x),vs(x);—vs(x)): Y E}
= Giq1-p {00, 1500, v5(0)): x € B}
= {(r. (1= (1 = @)is (@), (1 = (1 = B))ovs () :x € E
= {(x aus (), Bivs() 1 x € B} = G 5)
Hence Gi_q1-5(S@S) = Gop(S). O

Theorem 3.4 Forevery S,T € GIFS and a, 8 € [0,1] where a + § < 1, we have
Q) Gi—a1-5(00S) = G 5(DS),
(i) Gf—a,l—ﬁ @0S) = Gap s,
(ili) G415 (008) =Gap(0 ),
(iv) Gi—a1-5(0 OS) = G 3 (0S),
(v) G415 (S)OGI_15(T) = Go g (S@T).
Proof:

since G 5(5) = {1 - @55 (), (1 — B)5vs(x)) :x € E}
() Giia1-p(00S) = G g g0 {0 sCO), (1 — us(0)P)) i x € E}
= Gi_enp [5G0, (1 — ps(0*)0) 1 x € E)
= {te (1~ (1~ ) s, (1~ (1= FF(L s x € E]

1 1 1
= {(x, a5 (), B3(1 — ps(0)°)7) : x € E} = G (05)
Therefore Gi_, 1_5(00S) = Gy 5 (0S).

(i) Gl s (008)= c;_all_ﬁu{oc, (1= vs ()P, v5 () i x € E}
= Glgop {0 (1 - v () vs () x € i}
= {1~ (L~ @) (1~ %), (1~ (1~ B x € )
_ {(x, (1= vs (X)), Bivs () i x € E} = Gop(05)
Therefore Gi_, 1_5(005) = G (0 S).
(i) Giia1p(008) = Giyyp 0 {(x, (1= vs ()P, v5 () i x € E}
= 61y {<x, (1 = v ()° P, v () i x € E}
= {tr, (1 (L~ @) (1~ v @), (1~ (1~ B x € )
- {<x, a5 (1 = vs ()Y, Bivs () i x € E} = Gop(05)
Therefore Gi_, 1_5(00 S) = Gg (0 S).
V) Giarp©08) = 6o O {ComsG, (1 = w57 ix € E)
= Gianop {0 50, (1 = is(0P)0)  x € B}
{w(-a- Y5O, (1 = (1~ BYF(1 — s (Y)F) 1 x € 5}

= {(x, aps (), B (1 = ps(0)°)5) : % € B} = Gy (05)
Therefore Gi_, 1_5(0 OS) = G, 5 (0S).
(V) Gi_ai—p (5)@Gf—a,1—ﬁ ()
= G;—a,l—ﬁ{(x- ts(x),vs(x)): x € E}@Gl*—a,l—ﬁ{(x' pr(x),vr(x)):x € E}
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={r (1= - 0)us@, (1 A - PY sy € Bl @
fx, (1= (1 = @) (o, (1= (= ) vy () x € B}
= {(x, s (), B75 (1)) x € E} @ {(x, @i (o), B ()i x € B

s () + apy () BFvs(x) + vy (x)

= (x, 2 ) 2 ):x EE
+ +
_ {(x, A (Ils(x) 2 Mr(x)>’ g (Mx) 2 w(x)>>:x . E} — G,y (s@T).
Therefore Gi_, 1 S@G{_ 14T = G 3 (S@T). o

Theorem 3.5For every two GIFSS and T and for every a, 8 € [0,1], where « + B < 1 we have
0] a<y=G (S5 cGyp(S), whereg is fixed.
(i) B=<Yy=Gap(S) cGgy(S).  whereais fixed.

Proof:

(i) Since G 4(S) = {(x, a1- a)%,ug(x), 1= ﬁ)%vs(x)) 1x € E}
6;.4(8) = {(x, (1 = Y)ous (), (1 = Byivs () x € E}
Sincea<y, =(1- 06)% =1 —V)%
Wehave (1 —@)ips(x) > (1—)ops(x) andso G, (S) < G y(S).
(i) since G;,(8) = {00, (1 - s (), (1 = Y)ivs(@)) s x € B}
Since p<y= (1—[3)% > (1 —Y)%
We have (1— B)5vs(x) = (1 —)ivs(x) and s0 G4 (S) € Gy (S).0

IV. CONCLUSION

In this paper, we have introduced the new level operator over GIFS and established some of its properties.
My future study will be on level operators on GIFS and their applications in various fields. This paves way for
further research.
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