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On Unified Eulerian Type Integrals Involving a
Multivariable Gimel-Function with General
Arguments
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ABSTRACT

The aim of the present paper is to evaluate an unified Eulerian type integral. This integral involves the product of function Rﬁf’ %) with multivariable
gimel-function. Further, the argument of this integral are quite general in nature. Next, we give three special cases. A number of other integrals can
also be obtained as special cases of our integral thus unifying several simpler integrals lying scattered in the literature.

Keywords:Multivariable Gimel-function , general sequence of functions RS{"B ), Eulerian integral.

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20

1.Introduction.

We define a generalized transcendental function of several complex variables noted J.
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the right of the contour L, and the poles of ro)” (dy“) — 5](k)sk) G=1,---,mF)(k=1,---r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :
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Following the lines of Braaksma ([3] p. 278), we may establish the the asymptotic expansion in the following
convenient form :
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Remark 1.

If ng=--=np_1=pi, =¢i, ="+ =D0i,_, = ¢,_, =0and Agj = Agji, = Boji, =--- =4, = Ayji, = Brji, =1
Arj = Arji, = Brji, =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [2].

Remark 2.

fng=-=n,=pi,=Q=-=pi, =q;, =0and 7;, =~ =7, =T,0) =+ =Tjy = Ro =--- =R, =RV =
... =R =1, then the multivariable Gimel-function reduces in a multivariable I- functlon defined by Prathima et al.
[71.

Remark 3.

IfAg; = Agji, = Baji, = -+ =Apj = Apji, = Brji, =land Ty, =+ =7, =T,a) =+ =Ty =Ry =-+- = R, = RW

=...=R") =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [6].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the multivariable H-function defined by Srivastava and Panda [10,11].
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Agarwal and Chaubey ([1], p. 1155) have introduced and studied a sequence of functions which will be defined and
represented in the following slightly modified manner

P 4 b)Y cxd + d) P
R zia,b,c,d;p,q;v, 6\ K; (z)] = (az? + [)(, ((Cx) *d) T3 i [(aa? + b)* T (ca? 4+ d)Tw(x)]  (1.5)
rw(w '

n

d 00
where the differential operator 77’ ;; = 5\ +2D,)]", D, = e {K },_, is a sequence of constants, and w(z) is

independent of n and differentiable an arbtrary number of times.

—ST

If wesetw(z)=c¢ "in (1.5), then the explicit series form of this general sequence of functions by Tariq ([12], p.169,

Eq. (8)) is
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where >, =) > > > >
m,v,u,t,e m=0v=0u=0 t=0 e=0

and the infinite serie on the right hand side of (1.6) is absolutely convergent. Now, we give an explicit series form of a
special case of R(*® () for s = 0 in the following form, which will be required in the derivation of the main integral.
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n v n

DD s
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It may be pointed out that R,(f"ﬁ)(x) unifies and extends a large number of named classical polynomials and other
polynomials studied by several research workers.

2. Required result.
The following integral due to Gupta ([4], p.303, Eq. 8) in a slightly modified form will also be required in the sequel

Lemma
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P — A1)Y

q1

|Blpi(pn — A1) + @1)?| < [A(pa — )M - < 1and

min(py,o1) > 0; A, B,wip, v, p € RT
3. Main integral.
In this section, we shall evaluate a unified Eulerian integral.

In your investigation, we shall use the following notations.

- Volume 63 Number 1 - November 2018
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Theorem
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< §A§k)7r where Agk) is defined by (1.4).

Proof
Expressing the sequence of functions in series with the help of (1.7) and the multivariable Gimel-function in terms of

Mellin-Barnes multiple integrals contour with the help of (1.1). Then interchanging the order of summations and
integrations which is permissible under the stated conditions. We obtain (say I)

| . s
I=>" 91(v,u,t,e)yRW/ / G(st,- - s0) [ Or(sn)20"
I Ly k=1

v,u,t,e
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1258 )
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Now we express the binomial term in (3.12) in its contour integral form ([9], p.18, Eq.(2.6.4)) and change the order of
integration (which is permissible under the conditions stated with the main result), we have

91(U7U7t e)le 1 / /. / T 3
_ ; o 0 :
I Z T(v—nd) (2aw) ™' Jp, o Y(s1,0 0, 8r) kl;[l k(sk) 2

v,u,t,e

c

Sr+1 .
(Ey"> I(=sp41)' (v —nd + sp41)

M1 ) .
/ (37 _ )\1)/71+P2R/+Z;:1 P;S¢+P2(15r+1—1(ul _ $)01+02R,+Z;:1 ol8i+02qsry1—1
A

1

r

[1— Az — A" + Blpy(z — \)? + qq]°] < 2 X wisimwaas—l g lqg o ds, oy (3.13)

Finally, we evaluate the x-integral with the help of lemma and interpreting the resulting Mellin-Barnes multiple
integrals contour with the help of (1.1) in term of multivariable Gimel-function of (r + 3)-variables, we get the desired
result (3.11).

4.Special cases.

In this section we shall see two particular cases studied by Gupta and Agrawal [5].

1) The sequence of functions R%a’ﬂ) reduces to the polynomial set Sf{’B’T see Raizada [8] for more details, the
multivariable Gimel-function reduces to Appell’s function ([9], p.89, Eq. 56.4.4)). Takingo, = wy = p} =
py = Wi = wh = 0,2, = zz = —1 therein, we have the following integrals

Corollary 1.

/;l (@ = A)? " =) T L= Az = )" + Blpi(x = M)? + ar]’) 7 ST [y(a — A)P2)

1

’ ’ F g >
Filay, e1, ¢4 015 (p1 — 2)7, (p1 — 2)72]dz = (1 — Al)pﬁm_l% > D Gute)
1 v,u,t,e k=0

(u-)\l)df (pl + P2R/§ 0-, Oap2q5M7 U)v (Ul; Jia Ué7 0-, 0, 0) : (Cl; 1), (6/17 1)7 (’U - 7’1/5; 1). (wl 4+ k. 1), (7/)]{)’ 1)
_____ (u-Ap)72 .
F;&,&é&é qu(,ul - )\1)/)2(1 . (41)
Alp = M)H .
'%(Hl -\ (p1+ 01+ p2 R0, 05,4, 1,0), (b151,1,0,0,0)
provided that
‘(m - ff)g1 <1, ‘(/11 — x)gi‘ <1,
where
v, u,t e) = L(p1 + p2R)[y(p1 — )\1>p2}R, Iw; + k?)(—qu)k b7WKn<_)t+v(_U)u(—t)e(a)ﬂ'v(a/b)t(—a —n7)e

I'(p1 + 01+ p2R') k! vlultle!(1 — o — t)e

the validity conditions (3.11) of are verified.

2) In the first integral, if we reduce multivariable Gimel-function to the product of two fox H-function and then reduce
one H-function to oF; ([9], p.19, Eq. (2.6.8)) and the second H-function to generalized Wright’s bessel function ([9],
p-19, Eq.(2.6.10)) and taking A = py = p| = W} = p, = o4 = 0, we obtain the following integral

Corollary 2.
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/;l(x =) (= )™ L= Az = )P+ Blpa(z = M)+ @)’

1

RED) (y(ur — )72 [1 + Bpi(z — M) + @1]?] 72 oF (1, ¢ dv; —21 (1 — 2)71)

J/U/(Zz[l + B[pl(x — )\1)U + qﬂ"]""é)dx = (Ml — )\1)p1+01_1% Z Z (2(v7u,t,e)

v,u,t,e k=0

21(u=M) (w4 waR k5 0,wh, w24, 0), (01 + 02 R';04,0,024,0) : (c131); (43 1); =5 (v — nd; 1); (—pks 1), (o3 1)
2:2;0;1;2 -7 .
FZ:l;l;O;O -51/’(#1 _ /\1)02(1 . (42)
B (i = M)° (w1 +w2R';0,wh, w0, 0), (p1 + 01 + 02’507, 0,02¢,v) : (di; 1); (14 N, v')

the validity conditions of (3.11) are verified.

where
D(w1 +we R + k)D(o1 + 02 R [y(p1 — A )P % (=BgP)k
v, Ut e) = 01(v, u,t, €)
CQ(U’U, 76) F(w1 +LU2R/)F([)1 + 01 +02R’) I(U7U7 ’6) k!
Remark :

We obtain the same Eulerian integrals with the functions defined in section I.
5. Conclusion.

The importance of our all the results lies in their manifold generality. Firstly, in view of general arguments utilized in
this Eulerian integral, we can obtain a large simpler single finite integrals, Secondly by specialising the various
parameters as well as variables in the generalized multivariable Gimel-function, we get a several formulae involving
remarkably wide variety of useful functions ( or product of such functions) which are expressible in terms of E, F, G, H,
I, Aleph-function of one and several variables and simpler special functions of one and several variables. Hence the
formulae derived in this paper are most general in character and may prove to be useful in several intersting cases
appearing in literature of Pure and Applied Mathematics and Mathematical Physics.
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