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ABSTRACT

Recently, Raina and Srivastava [7] and Srivastava and Hussain [12] have provided closed-form expressions for a number of a general Eulerian
integrals about the multivariable H-functions. Motivated by these recent works, we aim at evaluating a general class of multiple Eulerian integrals
involving a multivariable Gimel-function defined here with general arguments. These integrals will serve as a key formula from which one can
deduce numerous useful integrals.
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1. Intrduction and preliminaries.
Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.
Also Ny = N U {0} We define a generalized transcendental function of several complex variables, see Ayant [1] for

more details,

We define a generalized transcendental function of several complex variables noted 1.
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Vi €Cili=1, RO (G=n® 41, pw)i(k=1,---,7).

The contour Ly, is in the si(k = 1,--- ,7)- plane and run from o — ico to o + ico where o if is a real number with
2
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the right of the contour L, and the poles of ro)” (dy“) — 5](k)sk) G=1,---,mF)(k=1,---r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :
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Following the lines of Braaksma ([3] p. 278), we may establish the the asymptotic expansion in the following
convenient form :

N(zl,... ,ZT):O( |z1|a1,... ,‘Zrla’"),mailf( |Z1|,"' 7‘ZT|)—>O
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Remark 1.

If ng=--=np_1=pi, =¢i, ="+ =D0i,_, = ¢,_, =0and Agj = Agji, = Boji, =--- =4, = Ayji, = Brji, =1
Arj = Arji, = Brji, =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [2].

Remark 2.

fng=-=n,=pi,=Q=-=pi, =q;, =0and 7;, =~ =7, =T,0) =+ =Tjy = Ro =--- =R, =RV =
... =R =1, then the multivariable Gimel-function reduces in a multivariable I- functlon defined by Prathima et al.
[6].

Remark 3.

IfAg; = Agji, = Baji, = -+ =Apj = Apji, = Brji, =land Ty, =+ =7, =T,a) =+ =Ty =Ry =-+- = R, = RW

=...=R") =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [5].

Remark 4.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the multivariable H-function defined by Srivastava and Panda [13,14].
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The well-known Eulerian Beta integral

/b(z —a)* b —t)’7rdt = (b— a)*TP1B(a, B)(Re(a) > 0, Re(B) > 0,b > a) (1.5)

is a basic result for evaluation of numerous other potentially useful integrals involving various special functions and
polynomials. Raina and Srivastava [7], Saigo and Saxena [9], Srivastava and Hussain [12], Srivastava and Garg [11] etc
have established a number of Eulerian integrals involving various general class of polynomials, Meijer's G-function and
Fox's H-function of one and more variables with general arguments.

The explicit form of the generalized polynomial set [8, p.71, (2.3.4)] is

Sﬁ’ﬂ’T(x) = Z C(e,p,u,v)xR(l — Txr)‘sn_” (1.6)

e’p7u7v

where C(e, p, u,v) =

BI(=)P(=p)e(a)p(—0)u(—a — gn)e (—é - S")U (=) (67”‘7““> (A>b (1.7)

ulvlelp!(1 — a — p)e l B

where Z :zn:izn:zp: andR=In+vw-+p

e,p,u,n v=0u=0 p=0 e=0

We recall here the following definition of the general class of polynomials introduced and studied by Srivastava [10]
(v/U]

SY(z) = Z (EVunAviy 27 (1.8)

|

n=0 "
where V' =0,1,--- and U is an arbitrary positive integer. The coefficients Ay, (V,n > 0) are arbitrary constants, real
or complex. On suitably specializing the coefficients Ay, Sg(m) yields a number of known polynomials, these

include the Jacobi polynomials, laguerre polynomials and others polynomials ([15], p. 158-161.)

The multivariable Gimel-function defined in the paper is a generalized transcendental function of several complex
variables. It is defined in term of multiple Mellin-Barnes type integral :

2. Required result.

In this following section, we shall use the required integral and the notations (2.1) and (2.2).

X; = (bj —a;) +pj(t; —aj) +0;(bj —t;) (2.1)
1—7v;—6;

y, = (tj —a;) (b — ;)% X 2.2)
T Bi(by —ay) + (Bipg +aj — Bi)(t; —aj) + Bio(b; — ;)

for j=1,---,s

Lemma. ( [4] p.287)

)b —t)P ! (1)1 +p)"PT(a)L(B)
/{bfaJr)\ (= a) f b= s = (EONCEY) 2:3)

witht € [a;b] a # b, Re(a) > 0,Re(B) >0, n+At—a)+ulb—1t)#0

3. Main integral.
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In this section, we shall establish the following Eulerian multiple integral of multivariable Gimel-function and we shall
use the following notations (3.1) to (3.11). In your investigation, we shall use the following notations.

1 2 1 1 2
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Theorem.

We have the following result

v b‘“ﬁ(tj—aj)“(bj—j“s H i (b —t;)"
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J
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We obtain a Gimel-function of (r + 1)—variables

Provided that

() Ny g 8587, Giovs) > 0,8 £ 0,b; —a; £ 0,p5 # —1,05 — 1,
(bj —aj) +pi(t; —
(i) |(B;

(iii) When min(S;, T;) > 0
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) . g L, (2) @ (%
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When S; > 0,7T; < 0 inequalities (a) and (d) are satisfied.
When S; < 0,7; > 0 inequalities (b) and (c) are satisfied

s o

arg | z; H v, ||< AE’“)W where AE’“) is defined by (1.4).

1
2
The multiple series of R.H.S. of (3.12) converges absolutely.

Proof

To establish the multiple integral formula (3.12), we first use the series representations for the polynomials sets SV ()
and S%#7 () respectively with the help of (1.8) and (1.7) respectively of in its left hand side. Further, using the Melin-
Barnes multiple integrals contour representation for the multivariable Gimel-function and then interchanging the order
of integrations and summations suitably, which is permissible under the conditions stated above, we find that

(v/U]

A 1
Lis= Y. Y EORERE e G [ |
L] L,.

K=0 e,p,u,n

b1 t —aj; A i +KS; (b —t; )“jJrKTj ¢GRS S"L)(i)
Sz J i=1°"t"j
CICIPERIEY / /a H /\ S AR (S;4T5)+2 Y; ’
s j=1
n—v
S
1—rat [] v Aty -, dtsdsy -+ ds, (3.13)
In—v
S
Now by writing | 1 — 72° H ijq in terms of contour integral and changing the order of integration therein, we
j=1
obtain
X UKAVK 1
ens= 3 3 SRR G o [ f
K=0 e,p,u,n Ly L, J L,y

T by b
(81, 8) H@(S,)zfl (—Tbt>sr+1 T(—=s,41)T (v — 0n+ sp41) [/ /
=1 ai as

s ) AN+ KS; ) AN +KT; r (2)

bt —a) NS (b — ) ED Ry sl s,
| I & ])AJ-+M+K((§J+TJ-§3L2 vy PR - dtg | dsy - dspds,g (3.14)
j=1 X;

Substituting the value of Y; from (2.2) and after simplifications, we get

[(V/U]

UKAVK JEBR 1
LHS= Z Z b C(eapau7v) (27TCU)T+1 /Ll/L /L+1

K=0 e,p,u,n
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H9 (=76 T(=8p41)T(v — 6n + 5p11)

)A G TESi+v5 20— 151 +’YJ<J(R+tSV+1)

b1 (tj —a;
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KT;+46; s,v R+vs,. CGR+Y SzU +C7 Sp41)
(b]._t)#ﬁ” 505 2 JF’YJ@J( +rsrq1) (1_(ﬁj_05j)(tj_aj)) (GR+227 vSr4 }

(RG+1_y siv§ +¢esmin) B X;

B

dty---,dts|dsy ---ds,.ds,1

i — o) (t; — aj .
" (85 ﬂ]»))((‘] ) < 1,t; € [aj;bj] forj =1, ;s
J

then use the binomial expansion is valid and we thus find that

L.HS= [V/ZU] Z UKAVK a® b Cle,p,u,v) 7 ) (B =)
2u0) ] i
T

K=0 e,p,u,n j=1

1 . Si T\Sr+1
e, [, e s Tt (o T san @ = o0+ o)

i=1

_y 508 4 ¢ (Rtes )+

b1 t 7a))\+KS+'yJ i—1
A +,uj+K(S +T5)+24(7;+6,) (R +307_ 1 84 v;_'iugjtsrﬂ)wj

f[ { (T] + RC] + Zz 1 8i U + C]tST+1)5_(RCj+Z::1 Si’UJ(-i)+Cjtsr1)}
(RCJ + 21 1 5i U + CJtSH—l)

i=1

(bj . );L]+KT 40 S, sw s, CJ(R+rs7+1)dt ,dts] dsy - --ds,ds, 11
Now using (2.1) and then evaluating the inner-most integral by using the lemma (2.3), we get

[V/U]
LHS = H{ bj —aj)” 1+p) /\J—1(1+0j)—uj—1 Z Z UKAVK JEDR

K=0 e,p,u,n

s — ;)7 (1 KjSj—viCGGR=75(1 N—KT;j—6;G R
Cle,p,u,0) H S R
Tj!ﬁjj 7
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1 — t\Sr+1
(2rw)r+t /L1 N ./r Lo CICITE H0 =70 )" T (=8p11)T(v — 01 + 5741)

li[ {F(rj +RG+ > ij(@) + Cjtsrﬂ)ﬂ—(joJrz::l sw;i>+<jrsr+l)}

i=1 T(RG + iy sivf) + (jtsrq1) !

{ Tj+>\ + KS; +'Y]CJR+“/JZZ 1SU +’Y]Cjt3r+1+1)
j=1 DN+ pj + K(Sj 4+ Tj) + (v + 0;)(GR+ X 1 55 +CJt5r+1)+TJ+2)

I(=sp41)T(v = 0n 4 sp41)T(pj + Kij + 6;¢G R+ 05 Z 8V, D45 55ty + 1)}
=1

() Spi
s =75 =65 ) i1 Sy s =569 N=0;CGa(_rpr) )
H{<1+p]) J(1+U]) J} H{(1+p]) 357 (1+O']) AV ( Tb)} dS] "dsrdsr—‘rl (317)
1

) Gt
=1 A = B85’

Finally, reinterpreting the multiple Mellin-Barnes contour integral in terms of multivariable Gimel-function, we obtain
the result (2.12).

4. Particular cases

The multivariable Gimel-function occurring in the main integral can be suitably specialized to a remarkably wide
variety of special functions which are expressible in terms of E, G, H and I-function of one and several variables. Again
by suitably specializing various parameters and coefficients, the general class of polynomials and the general sequence
of functions can be reduced to a large number of orthogonal polynomials and hypergeometric polynomials. Thus using
various special cases of these special functions, we can obtain a large number of others integrals involving simpler
special functions and polynomials of one and several variables.

On taking V' = 0,U = 1 and Ay in (3.12), the general class of polynomials SY () reduces to unity an we get
Corollary 1.

b b 21l Yjuj
' 11 G )M =) s | TT ve .
/ / H XAJ+MJ+2 STL7 ’ bHYJ;tataQ7A7Bak;l J . dtldts
ai Qs j:l ]

j=1 (™
J
2 15, Y

- H{(bj_aj)71(1+pj)*/\1*1(1+0j),uj,1 Z Z

j=1 €,p,u,n T1,  , Ts=

H = 03)7 (L ) W (L ) KGR

Cle,p,u,v) TIGR
. J J
785
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21 [[5=; {B;(L+ p;) 5 (1 + ;)% s
jl{] J J)} A;AQ,A:A
U;0,n,+3s:V;1,1
X;5piy+38,qi, +28,75, :Rp:Y31,1 . “4.1)
—p(™ .
2 [ {Bi(L+p)) (L +0)%} " | B. B, By: B
b IL oy {3504 )7 (L)}
where
A2:<1_TJ Cj ; jv Ty ;T))C]t 1)157( _ijCjR_Tj;’Yjv‘;f" aﬂYjv](‘r)vfijjt;l)l,sv
(_Mj - 6j<j — 753 5]’11], s ,5j1}](~r),5j<jt; 1)1’3 (42)
By = (=XNj = pj = G (v + 0)R = 75 — 1; (95 4 0;) v, -+, (5 + 5],)%@, (v +9;)¢t D)1,
( CJ ) _77"' ) ]r)acjt 1) (43)
with the same notations and corresponding validity conditions that (3.12).
Putting s = 1 in (3.12), we arrive at the following integral form
Corollary 2.
Pt —a) o= 0F [ (= an)¥ (b — )"
BT . .
/ XA Tu2 Sy |a XS5+T Sy [byqvty t, Q7A7-Bak7l}
al j
ZlY'U/
J . dt1-"dts={(blfa1)71(1+p) A—1 (1+0)7H 1}
ZTYU(T)
(V/U] . KRS e
Sy S A o [0 Q) ) KT
, D, U, T!BTJFCR
K=0 e,p,u,n 11=0
2 [ {81+ p) 7 (14 0j)% i
jl{] ] ! } A; As; A A
U;0,n-+3:V;1,1
Xpir+3,qip+2,7i, R Y 51,1 . (44)
— (’") .
2 [ B+ (14+0)%} ™ | B. B, Bs: B
b*11 31{5]1+PJ%1+U }CJ

where
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Az =(1—7 — (R, -+ 00 (1), (A = KS — (R — ;70,901 (s 1),

(—p— KT —8CR — 7300, 60" 6¢n; 1), (4.5)
Bs = (-A—p—K(S+T)=C(y+ )R- — L;(y+ )0/, -+, (v + O™, (v + 8)¢x; 1),

(1—CR;V -+, 0\, (1), (4.6)

with the same notations and corresponding validity conditions that (3.12).

Putting t; = b;(b; — aj)v;;7 =1, - ,sin (2.12), we obtain the following result.

Corollary 3.

T
1—1)]’\ ”’ (1 =w5) ;" s
II o,B,7 Il G .
/ / H X/)\ + +2 X/S+T Sn b Yf,t,t,q,A,B,k:,l

Jj=1

’
s Vj
71 Hj:l Y,

s [V/U]
] ' dty--odts = [T {0 +p) N 04075 >
’ o™ 7j=1 K=0 e,p,u,n

LTHJ 1YJ

i M p,u,v) H o — o) (L4 py) EiSi=7GR=Ti (1 4 o)) T ETi—0:G R KR
K €D, Tj!ﬁ;——jJerR

7-11"'17—5=0 =
21 T {851+ )5 (14 0)}
4=1 { ! j ! } A A ACA
U;0,n-+3s:V;1,1
Xipip+35,q5,+28,7;,. R Y ;1,1 . : (47)
2 Ly {Bi (1 + p) 5 (1 + 0))° el BB, B :B
T <.7
b*]1 31{531+PJ%1+0 a8
where
Xj=wilpy—0j) +p;+1 (4.8)
and

_ (- Uj))‘jv?j (XJ’.)l—'Yj—éj
77 (o + Bip) (1 =) + (1+07)Bv;

(4.9)

for j=1,---,s
with the same notations and corresponding validity conditions that (3.12).
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Remark : We obtain the same multiple Eulerian integrals about the functions cited in the section I.

5. Conclusion.

The importance of our all the results lies in their manifold generality. Firstly, in view of the multiple Eulerian integrals
with general class of polynomials and general arguments utilized in this study, we can obtain a large variety of single,
double and multiple Eulerian integrals. Secondly by specialising the various parameters as well as variables in the
generalized multivariable Gimel-function, we get a several formulae involving remarkably wide variety of useful
functions ( or product of such functions) which are expressible in terms of E, F, G, H, I, Aleph-function of one and
several variables and simpler special functions of one and several variables. Hence the formulae derived in this paper
are most general in character and may prove to be useful in several interesting cases appearing in literature of Pure and
Applied Mathematics and Mathematical Physics.
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