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ABSTRACT

The aim in this paper is to establish the images of the product of certain special functions and multivariable Gimel function with 2th (t* +c*)"Pas
an argument pertaining to the multiple Erdélyi-Saigo operator due to Galué et al. The results encompass several cases of interest for Riemann-
Liouville operators, Erdélyi-Kober operator and Saigo operators et cetera involving the product of certain special functions of general arguments.
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1.Introduction and definitions

The multiple Erdélyi-Kober operator of Weyl type introduced by Galu¢ et al. [4] is defined as :
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The class C'E is defined in the form ([3],page.56) .

Ch={f(z) =af;q < B, f € C(0,00),|f(z)] < Af} and * < maz (A, w) (1.2)

Galué et al. ([3],p.56) have shown that :
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Srivastava and Garg [8] introduced and defined a general class of multivariable polynomials as follows

wiki+-wsks <TL ..Lkl xkg
W1, W . 1 " Ys
Snl s[xl"" ;33'3]: E (_n)W1k1+'~+wsksA(na ki,- ks ) ] (1.4)
kqal--- k!
ki, ,ks=0
n,wi, - ,Ws are integers and the coefficients A(n; ki,---, k:s) are arbitrary constants real or complex.

For s = 1 the polynomials (1.4) reduces to e general class of polynomials due to Srivastava [7]
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[n/w)]
S¥(x) = Z %Amkxk,n eN (1.5)

k=0

where % is an arbitrary positive integer, the coefficients Amk (TL, keN ) are arbitrary constants real or complex.

[n/2] ( >k !
n—2k
a) Since H,( ,; . W — 2k (22) (1.6)

defines Hermite polynomials therefore in this case, if we take

w=2 A = (—)* S3(x)— 2"/2H,(1/2\/x) 1.7)

at+B8+n+1)
(a—i—l)k

a+n a
b) On setingw = 1, A, j, = < n > ( » S! reduces to the Jacobi polynomials ple (1—2z)

defined by Szego ([11] ,p. 68, eq . (4.3.2)),

n k n—k
- £ () () (5
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The following series representation of the H-function given in [3] will be required in the proof.
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H (D(f +EE) HJ 1,j#h [(1 —e; + E5) (L11)
Hf:K+1 (L= fi + FO T 1 Tlej + Ej€) '

we note 77(5) =

which exits for 2 # 0if 4 < 0 and for|z| > Sif =0
g R R R _F
= E]‘:1 Fj — Zj:l Ejand 8 = Hj:1(Ej)E] Hj:l(Fj) Fi

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

Also Ny = NU{0}.

We define a generalized transcendental function of several complex variables noted 1.

71
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1) [(4;987]1 0, stands for ({5747, -+, (37 (D).

2 ng, e, m® 0 T 0 g RoyTays e Din Gy Ry T i s Qe Ty, R € N and verify :

0< my,-,0 <m0 < ng < piyy-oe,0<ny < iy, 0 <MY < gy, -, 0 <M < gy
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The contour Ly is in the si(k = 1,- -, r)- plane and run from ¢ — ico to o + i0o where o if is a real number with

2
loop, if necessary to ensure that the poles of T427 [ 1 — ay; + Z ag;)sk> (j=1,--,ng), 487 (1 —azj + Z g sk>
k=1 k=1

r
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the right of the contour Ly, and the poles of ro) (dg.k) - Sj(k)sk) (G=1,---,mP)(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zk)| < §A§k)7r where

) n(®) q® ;
(k) _ (k) s(k) (k) . (k) (k) (k) (k)
A7 = Z Dj7o;" + ZCJ i T T Z Dﬂ(m n(k) + Z CionVjitm |+
J=1 j=1 j=m*) +1 j=n) 41
Piy Pi, iy,
k k
= Asji, o) + Z Baji, B, | ==, > Arji, o)+ > Brji, B). (1.15)
j=natl j=n.+1 j=1

Following the lines of Braaksma ([2] p. 278), we may establish the the asymptotic expansion in the following
convenient form :
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J(zlv"' ,Zr) - O( |21|a15'” ) |ZT|QT) ’ mafv( ‘Zl|7"' ) ‘ZT‘ ) —0

21, 20) = 0( |21 )+ 2l ) , min( |z, -+, |20] ) —> OO where 4 =1,--- ,r

(@) @) _
- @ (% @ (e 1
;= min Re|D; @ || and Bi= max Re |C; 6
1<i<m® Iy 1<<n® :
J 7
Remark 1.

fno=-=n_1=pi, =iy ="+ =Di,_, = ¢,_, = 0and Agj = Agjs, = Boji, =+~ =Ar; = Apjs. = Bpji, =1
Arj = Arji, = Brji, =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

Remark 2.

o= =n,=py,=q,==pj,=¢, =0andr, = =7, =7,0) = =7, =Ry = =R, =RV =
.= R =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[6].

Remark 3.

IfAg; = Agji, = Boji, = -+ =Apj = Apji, = Byji, = land 7, =+ =7, =7,0) =+ =7y = Ry =+ = R, = RV

=...=R") =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [5].

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the multivariable H-function defined by Srivastava and Panda [9,10].

In your investigation, we shall use the following notations.

1 2 1 1 2
A [(323’ O‘éj)a a(2])7 AZJ)]l n2» [7—12 (02]12, agj)ZQ ’ aéjm A2JL2)]TL2+17:D¢2 [(afﬁv ai(’,])7 aéj)’ 053] ’ A3J)]1 ng»

1 2 3 1 r—1)
[7—13 (CLS]”,OJ:()’])Z?, OC:())])137 05:())])13)143]7,5)]7134»1,1),3 HN [(a'(r—l)j; agf‘)—l)j7 e aET‘ 1)]a A('r 1 )1 N — 1]

1 r—1
[Tz‘r,l(a(rfl)jir,ﬁOéEr)_l)ji?_l, : Er 1;]ZT 0 A(rfl)jir,l)nr,l—&-l,p”_l] (1.16)
1 r 1 r
A = [(aialy ol Ain s [ (e ol ol A Jagg, ] (1.17)
1 1 1 1 1 1

A= [(C§ )7 ’Y](' ); C]( ))1,n(1)}7 [Ti(l) (ci'i()l) ) 'VJ(-i()l) ) C;i()l))n(1)+17p§1)]§ T
[(c (r)ﬁjr) C(r))Lm(r)L [Tic (C;Z()rw'Yg()rﬁCj(-:()w)m(v-)ﬂ,pg”] (1.18)

B = [r3, (b2jini Bty Bsory: Bajia)|t.ay [T (b3iss B30, BSrly - Bl Bajia g+ 3

iy rmygin i B syjas o B e Bt ) (1.19)
B = [r (bji; ﬁﬂ o ﬁﬁ;% Byji )1,q:, ] (1.20)
B = (&5, 85" DJ)1 o] [rson (i 05300 DYy ) gy oo+ 5

[(dy)"51(‘r);Dy('r))17m<"'>]7 [Tic (dgzzrwfsj(z(er;:()r))m( M 4+1,q" n] (1.21)
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U = 07n2; O’ng; N ;OanT—l; V — m(l),n(l)’m(2)7n(2); e ;m(r)7'n,(r) (1.22)

X = Pins Qi Tin; B2y 3Dy 15 Qi s Tins = Ree13Y = iy, sy, oy s RY; -+ 50y, oy Ty R (1.23)

For the sake of brevity, and an empty product is interpreted as unity We shall note.

w (&

i j

D! <5@>1 >0 (1.24)
J

Al = Re (t + unRe m/1<nM (

RIS

2. Images under multiple Erdélyi-Kober operator.
We shall consider the Gimel-function of r-variables.
Theorem.
If will be shown here that , if

zix M (a4 )P xP(zh 4 )~
f(x) = 2P (z* +c*)=° 1] ’ Sy Ws

zpx T (xu + k) =Pr xPr (zH + ety —ar
I [ 4oy

(er, ER)] @.1)

(fs, Fs)

’
T

1
/\_ Z—al‘ld’/} pao—hmpz(l_l 7T)apiaQi(i:17""S>>Oand

with Re(—A;+ nliln (M)
i=1 i=1

\

1
|a7‘gzk| < §Az(‘k)7r ,see (1.15), then there holds the following formula

wiki+-wsks<n
Rt s RS cTH 2= Giki

w (Cw p— — Lo .
K(:w) Oy [f(@)] = 2Pt ) z}; ) (=1 )wr kst by AN 1y J%)W
1,7, Rs=

. i | [l + BB B,
Z )t KL( ) JUO?LT+T LV . ’
llp,ul =T ) Xspi+r'+1,qi,.+r'+1,7, R Y . h
1= Zr 3B,[1'771 C]—{_E?)\?‘..’)\_?j;]‘}lrl
xhrerpr J ’
7[1'A_l;1017"' apr;l},A:A
C (2.2)
7[1_A;p17"'710?”;]—} : B
where
Cp+ i pikipl -t s
E= ¥ 7A—0+;%‘ki—77§ (2.3)
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and the serie defined by the equation (2.2) is convergent.

1 T
Proof : Let M = W/ / Y(s1,-++,87) Hgk(sk)zgk 24
Ly Ly k=1

zix M (xh + cH) =P xP1(gh 4 cH) ™0
and f(z) =a(a" +c*)=7 ] ) Sy s
er_h'r (x.“‘ + c.U')_/)'r Xps (:I:P‘ + CH)_qS
KL i/ n . uv—n (€r,ER)
Hp's [zx (xt + ) (fs. Fs) ] (2.5)

First, we express the multivariable Gimel-function , general class of polynomials and H-function by using equations
(1.12), (1.4) and (1.9) respectively.

We have : f(x) = 2P (z* + )~ M { [xihl (xH + cﬂ)*l)l} & [xihf(x” + Cu)*pr} —£,~]

wiki+wsks<n [ (2# +c“)_Q1]kl (2P (2P Jrc“)*q-*]ks
Z (_n)w1k1+"'+wsksA(n; klv"' 7ks) ! - o]
k1, ,ks=0
o ()0 (L ¢
Z Z o E—h (Z.’E_t(;y“ + cu)—n) } d€1 c. dé‘r 2.6)
h=1v1=0 '

Now, change the order of integration ans summation (which is easily seen to be justified due to the absolute
convergence of the integral and the summations involved in the process), we thus find that

w1k1+ wsksgn L

) A 7k o 7ks \vy -
flw) = ar Z DI Cl) ISR (i by ) ) ne) ¢

...k |
ki, ,ks=0 h=1v1=0 kl- ks. V- E}L

M (I S M T b 4 o)~ Sk b s, @)
with algebraic manipulations, we obtain
wik1+wsks<n I

> A(?’L, kl? te ,ks) (*)vl 77(5) -
flz) = Z Z Z w1k:1+~-+wsks kil k! vl B o

ki, ,ks=0 h=1v1=0

M {:L»P*f$+22=1 hi&i+3 54 piki(l + %) —oHNEHEY iy piki— i qikicﬂ(—ﬂ—knﬂ-zzﬁ Pi&i—2 71 Qiki}
C
dsqy ---ds, (2.8)

Use the binomial formula, we get
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wiki+wsks<n A(TL, klv e 7k5) (_)Ul 77(5) —£

f(x) = Z SN () wr kot ke Tyl k] ol E,

ki, ,ks=0 h=1v1=0

> (l— M {(o =1 = Y1_1 piki + D5y qiks), OIS i P2 aiki)
1=0
Pl =377 hi&i+307, Piki}dsl .- ds, (2.9)

Now to establish the images under multiple Erdélyi-Kober operator of the function defined in equations (2.1) and
(1.3) ,we get :

w1k1+ wsks<n L [ele]

Z Y Y- Al by, k) (4)7 0(€)
K(le)v(gw)/ 2)] = y vl )y Ivs n o
o ) F—o hSiezo R YOOy N T )
o0 _ l . ' |
Z(l') M{(U—Uf—z;l pi§i+Zf:1 qik:i)l c”( o—=l4ng—>21_, pi&i—>07_1 qiki)
1=0 ’

[77 pHul—tE+3T_ i35 pk:|

X . ” s

v P+Ml—t£+zi: hL£L+E,L: piki
H [ g, — MR hi£i+z;;1pikif ! ! }d51 ds, (2.10)
wel " e

Finally interpreting the result thus obtained with the Mellin-barnes contour integral with the help of (1.12) and use also
the equation (1.9), we arrive at the desired result (2.2).

3. Applications.

Taking s = 1 in the equation (2.2), the polynomial (1.4) will reduce to .S, (x) which is defined by the equation (1.5) and
consequently, we obtain the following result

Corollary 1.

[/l N
A(n; k)P (Nl )
(1), (Cw) =aPc A —qpk (=)= K.L( i —
Koo v LA(@)] = aPemie E X c Z T Hpk (zzterm)
k=0 a =0
R = * hy
xhicrel A[lnj—l—E,/\’...,)\_j;l}l’r/
U;0,np+r'4+1:V .
Xspip+1'+1,qi +1'+1,7, : RptY Co ,
Zr : B’ [1_77]_<J+E*7)\_17 7}\_7j;]':|17’/
xhrcppr J )

7[1'A*_l;p17"' 7pr;1}7A:A
B.1)
a[l_A*;plv"' 7p1"a1:| : B
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p+pk+ pl — €

A =0+ gk —né 3.2
Aj

where E* =
ziz M (gh 4 cH) P

and  fi(z) = 2P (x4 c*) ] ’ SY (2P (zH + ) 9)
er_hr (:C.u' + cﬂ)—Pr

Hgé‘ [zx_f(x“ + )™

E
<&§ZF§>)] (3:3)

under the same validity conditions that (2.2)

Setting s = 1, w = 2, An,k = (—)k in (2.2), then by vertue of the result (1.7), we have the following result.

Corollary 2.
[n/2] —k

l . .
K @) = 2eve 37 () (mn)ap—g—a?™ 3 G Hi (e o)
2 P

Z1

TPl chrPT A:[l-nj+E*;§_;a"'7§_;;1}lr’
U;0,np 41/ +1:V ' |
Xipip 4/ +1,qi, 41 +1,70, R Y . e h h
i : B, [LT}j—Cj—i_E*;)\_;’.“’A_;;l}l’rl
xrcHhPr
,[1—A* —l;p1,- c ,/07~§1},A : A
C (34)
a[l_A*;pla T Pry 1} : B
zx M (xh 4 cH)—r
N . ) I K\q/2
and f2(33) — ij+7(ﬂf” + CM)*G*TJ Hn [%}
zpx o (zh 4 )P
K,L —in =1 (GR,ER)
Hps [Zx (2" + ) (fs, Fs) >

a+6+n+1)k
(Oz+1)k

. n+a)( :
Next, if weset s = 1, w = 1l and 4, 1 = n in (2.2), then by vertue of the result (1.8), we

have the following result under the same validity conditions and notations that (3.1).

Corollary 3.
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n

—kan 0 L.ul

(Nw),(Cw) _ —uo n+a (a+ﬂ+n+ 1)k _ ¢ pk (_) !t K,L —t —un

K(Tw)v()\w)v"' [f3(x)} - .’I}‘DC : Z ( n ) (O[ + 1)k ( n)k k! o ; “Oul HRVS (Z:L‘ ‘ )
k=0 =

Z1

: .h hyr.
xzP1ckPL A.[l—nj +E*,)\_;,... ’A_j’l}l,r’
U;0,n, 47" +1:V .
X;pip+1'+1,qi, +7'+1,75,:Ry:Y ) Ce . .
P g B, [l =G+ B T ’/\j’l}l,r’
J1-A* = Lipy, - pril], A A
C (3.6)
J1-A% o1 s 1] 2 B
z1x M (gh 4 )P
and f3(z) =2 (2 + )77 ] ’ PP 1 — 2P (2 + ) ~1]
zpx (a4 )P
i . ER)
HEL Tl HY—7) (er, ER
8 [zx @+ e, ) (3.7)

under the same validity conditions and notations that (3.1)

4. Conclusion.

In this paper we have evaluated the images of the product of certain special functions and multivariable Gimel-
function , a class of polynomials and Fox's H-function of one variable pertaining to multiple Erdélyi-Kober operator

.The images established in this paper is of very general nature as it contains multivariable Gimel-function, which is a
general function of several complex variables studied so far. Thus, the integral established in this research work would
serve as a key formula from which, upon specializing the parameters, as many as desired results involving the special
functions of one and several variables can be obtained.
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