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Abstract: 

 A positive integer n is said to be a superperfect number, if 𝜎 𝜎 𝑛  = 2𝑛. k-hyperperfect number, if 

𝜎 𝑛 =
𝑘+1

𝑘
𝑛 +

𝑘−1

𝑘
 where the function 𝜎 𝑛  is the sum of all positive divisors of n. In this paper we investigate 

some general results on k-hyperperfect numbers and super hyperperfect numbers.  
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I. INTRODUCTION 

For a natural number n we denote the sum of positive divisors by 𝜎 𝑛 =  dd|n . A positive integer n is 

said to be a perfect number if the sum of all its positive divisors is equal to two times the number. For any 

perfect number n, 𝜎(𝑛) = 2𝑛. 

All perfect numbers known are even. The question of existence of an odd perfect number still remains 

open. Euler proved that an even perfect number is of the form 2𝑝−1(2𝑝 − 1) where p and 2𝑝 − 1 are prime[6]. 

Prime numbers of the form 2𝑝 − 1where p is a prime are called Mersenne primes. 

D.Suryanarayana[2] introduced the notion of superperfect numbers in 1969. A positive integer n is 

called superperfect if 𝜎2(𝑛) = 𝜎 𝜎 𝑛  = 2𝑛. Even super perfect numbers are of the form 2𝑝−1, where 2𝑝 − 1 

is a Mersenne prime. If any odd superperfect number exists then they are square numbers and either n or 𝜎(𝑛) is 

divisible by atleast three distinct primes. 

Manoli and Bear[3] introduced the concept of k-hyperperfect number and they conjectured that there 

are k-hyperperfect numbers for every k. A positive integer n is said to be k-hyperperfect number if                    

𝜎 𝑛 =
𝑘+1

𝑘
𝑛 +

𝑘−1

𝑘
. A number is perfect if and only if it is 1-hyperperfect number.  

D Suryanarayan[2] introduced the concept of super perfect numbers in the year 1968 and at first he 

considered only 2-superperfect numbers. He proved that the numbers of the form 2𝑝−1 are 2-super perfect 

numbers only if 2𝑝 − 1 is a prime. Later in 2009, Antal Bege and Kinga Fogarasi have investigated some new 

ways of generalizing the perfect numbers. They have proved that if a number is of the form 3𝑘−1(3𝑘 − 2) where 

3𝑘 − 2 is a prime then the number is a 2-hyperperfect number. They have proved that if a number is of the form  

3𝑝 − 1 where p and 
3𝑝−1

2
 are primes then the number is a super hyperperfect number. 

 

Main Results 

 

Theorem 1. If k+1=p is a prime then the number of the form 𝒏 = 𝑝𝑞−1 𝑝𝑞 − 𝑘   where  𝑝𝑞 − 𝑘  is a prime is a 

k-hyperperfect number. 

 

Proof:  

𝑛 = 𝑝𝑞−1 𝑝𝑞 − 𝑘  

𝜎 𝑛 = 𝜎 𝑝𝑞−1 𝑝𝑞 − 𝑘   

            = 𝜎(𝑝𝑞−1)𝜎 𝑝𝑞 − 𝑘  

               =
𝑝𝑞 − 1

𝑝 − 1
(𝑝𝑞 − 𝑘 + 1) 

                       =
𝑝. 𝑝𝑞−1(𝑝𝑞 − 𝑘)

𝑝 − 1
+

𝑘 − 1

𝑝 − 1
 

       =
𝑝

𝑝 − 1
𝑛 +

𝑘 − 1

𝑝 − 1
 

       =
𝑘 + 1

𝑘
𝑛 +

𝑘 − 1

𝑘
 

 

Conjecture 1. Every k-hyperperfect numbers are of the form 𝒏 = 𝒑𝒒−𝟏 𝒑𝒒 − 𝒌 , where 𝒑𝒒 − 𝒌 is a prime. 
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Theorem 2. Every 2-hyperperfect number is an odd number. 

 

Proof: Let n be a 2-hyperperfect number. Then n is of the form 𝟑𝒒−𝟏(𝟑𝒒 − 𝟐) such that 𝟑𝒒 − 𝟐 is a prime. 

We shall show that 𝒏 ≡ 𝟏(𝒎𝒐𝒅 𝟐). 

We know that          𝟑 ≡ 𝟏(𝒎𝒐𝒅 𝟐) 

𝟑𝒒 ≡ 𝟏(𝒎𝒐𝒅 𝟐) 

and also                                                                 𝟑−𝟏 ≡ 𝟏(𝒎𝒐𝒅 𝟐) 

𝟑𝒒−𝟏 ≡ 𝟏(𝒎𝒐𝒅 𝟐) 

Since 𝟑𝒒 is odd for every 𝒒 ∈ 𝑵 we have, 
𝟑𝒒 − 𝟐 ≡ 𝟏(𝒎𝒐𝒅 𝟐) 

𝟑𝒒−𝟏(𝟑𝒒 − 𝟐) ≡ 𝟏(𝒎𝒐𝒅 𝟐) 

𝒏 ≡ 𝟏(𝒎𝒐𝒅 𝟐) 

Hence the proof. 

 

Theorem 3. The distance between 2-hyperperfect numbers is a multiple of 4. 

 

Proof: Let 𝜻 𝒒𝟏 = 𝟑𝒒𝟏−𝟏 𝟑𝒒𝟏 − 𝟐  and 𝜻 𝒒𝟐 = 𝟑𝒒𝟐−𝟏(𝟑𝒒𝟐 − 𝟐)  be any two 2-hyperperfect numbers and 

𝜻 𝒒 = |𝜻 𝒒𝟏 − 𝜻 𝒒𝟐 | be the distance between them 

WLOG let  𝜻 𝒒𝟏 > 𝜁 𝒒𝟐  
𝜻 𝒒 = 𝜻 𝒒𝟏 − 𝜻 𝒒𝟐  

                                               = 𝟑𝒒𝟏−𝟏 𝟑𝒒𝟏 − 𝟐 − 𝟑𝒒𝟐−𝟏(𝟑𝒒𝟐 − 𝟐) 

                                                         = 𝟑𝟐𝒒𝟏−𝟏 − 𝟑𝟐𝒒𝟐−𝟏 + 𝟐. 𝟑−𝟏(𝟑𝟐𝒒𝟏 − 𝟑𝟐𝒒𝟐) 

We know that 𝟑𝒎 =  
𝟏 𝒎𝒐𝒅 𝟒                  𝒊𝒇 𝒎 ≡ 𝟎  𝒎𝒐𝒅 𝟐 

−𝟏 𝒎𝒐𝒅 𝟒                  𝒊𝒇 𝒎 ≡ 𝟏 (𝒎𝒐𝒅 𝟐)
  

 

Case 1: 𝒒𝟏 ≡ 𝟎 𝒎𝒐𝒅 𝟐  and 𝒒𝟐 ≡ 𝟎 𝒎𝒐𝒅 𝟐  
𝜻 𝒒 = 𝜻 𝒒𝟏 − 𝜻 𝒒𝟐  

                                                        = 𝟑𝟐𝒒𝟏−𝟏 − 𝟑𝟐𝒒𝟐−𝟏 + 𝟐. 𝟑−𝟏 𝟑𝟐𝒒𝟏 − 𝟑𝟐𝒒𝟐  
    ≡ 𝟎 (𝒎𝒐𝒅 𝟒) 

 

Case 2: 𝒒𝟏 ≡ 𝟏 𝒎𝒐𝒅 𝟐  and 𝒒𝟐 ≡ 𝟏 𝒎𝒐𝒅 𝟐  
𝜻 𝒒 = 𝜻 𝒒𝟏 − 𝜻 𝒒𝟐  

                                                        = 𝟑𝟐𝒒𝟏−𝟏 − 𝟑𝟐𝒒𝟐−𝟏 + 𝟐. 𝟑−𝟏 𝟑𝟐𝒒𝟏 − 𝟑𝟐𝒒𝟐  
    ≡ 𝟎 (𝒎𝒐𝒅 𝟒) 

 

Case 3: 𝒒𝟏 ≡ 𝟏(𝒎𝒐𝒅 𝟐) and 𝒒𝟐 ≡ 𝟎(𝒎𝒐𝒅 𝟐) 

𝜻 𝒒 = 𝜻 𝒒𝟏 − 𝜻 𝒒𝟐  
                                                        = 𝟑𝟐𝒒𝟏−𝟏 − 𝟑𝟐𝒒𝟐−𝟏 + 𝟐. 𝟑−𝟏 𝟑𝟐𝒒𝟏 − 𝟑𝟐𝒒𝟐  

           ≡ 𝟒. 𝟑−𝟏 (𝒎𝒐𝒅 𝟒) 

But 𝟑−𝟏 ≡ 𝟑 (𝒎𝒐𝒅 𝟒)  
   ≡ 𝟎 (𝒎𝒐𝒅 𝟒) 

 

Case 4: 𝒒𝟏 ≡ 𝟎 𝒎𝒐𝒅 𝟐  and 𝒒𝟐 ≡ 𝟏(𝒎𝒐𝒅 𝟐) 

𝜻 𝒒 = 𝜻 𝒒𝟏 − 𝜻 𝒒𝟐  
                                                        = 𝟑𝟐𝒒𝟏−𝟏 − 𝟑𝟐𝒒𝟐−𝟏 + 𝟐. 𝟑−𝟏 𝟑𝟐𝒒𝟏 − 𝟑𝟐𝒒𝟐  

           ≡ 𝟒. 𝟑−𝟏 (𝒎𝒐𝒅 𝟒) 

But 𝟑−𝟏 ≡ 𝟑 (𝒎𝒐𝒅 𝟒)  
   ≡ 𝟎 (𝒎𝒐𝒅 𝟒) 

Hence the result 
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Theorem 4. If 
𝒑𝒒−𝟏

𝒑−𝟏
 and 𝒌 + 𝟏 = 𝒑 are primes then 𝒎 = 𝒑𝒒−𝟏 is a super k-hyperperfect number. 

 

Proof:  

𝒎 = 𝒑𝒒 − 𝟏 

𝝈 𝒎 =
𝒑𝒒 − 𝟏

𝒑 − 𝟏
 

𝝈 𝝈 𝒎  =
𝒑𝒒 − 𝟏

𝒑 − 𝟏
+ 𝟏 

                           =
𝒑. 𝒑𝒒−𝟏

𝒑 − 𝟏
+

𝒑 − 𝟐

𝒑 − 𝟏
 

                          =
𝒑

𝒑 − 𝟏
𝒎 +

𝒑 − 𝟐

𝒑 − 𝟏
 

                               =
𝑘 + 1

𝑘
𝑚 +

𝑘 − 1

𝑘
 

Hence the proof. 

 

Conjecture 2. Every super k-hyperperfect number is of the form 𝑝𝑞−1 where 𝑝 and 
𝒑𝒒−𝟏

𝒑−𝟏
 are primes. 

 

II. CONCLUSIONS 

In this paper we have seen few generalized results for hyperperfect and super hyperperfect numbers. 

We can see some rigorous works done in perfect numbers and these topics are evolving and are interesting to 

work. We can see more conjectures rising in this field. We can also see couple of conjecture in this article. 

Solving these would lead to more interesting results. 
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