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ABSTRACT

In this paper, first we present two integrals pertaining to some special functions like biorthogonal polynomials, Aleph-function, multivariable aleph-
function and the general class of multivariable polynomials. Later, we give two Fourier series for the product of some special functions like
biorthogonal polynomials, Aleph-function, multivariable aleph-function and the general class of multivariable polynomials which have been obtained
by the application of the integrals derived in first time.
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1. Introduction

We use the following results in our investigations.
Uy (z, k) and V,,(z, k) pair of polynomials sets have been given by Prabhakar and Tomar [3]. Where

s =S () i (5
and
Vil k) = jio(_)j C) “Jf:j“ (1 2x>kj (1.2)

The generalized polynomials defined by Srivastava ([6],p. 251, Eq. (C.1)), is given in the following manner :

[‘NI/MI] [Ns/]ws]

My M, B (=N, (=Ns)um,k, N KiK.

S syl = Y e Y K AN KNG K (1)
K1=0 K,=0
we shall note
(=N, (=No)m, x

a1 = Ko ANy, K- Ny, K )

1 Kl! Ks! [ 17 17 J ] (1 4)
where My, - - -, M are arbitrary positive integers and the coefficients A[Niy, K1;--- ; N, K] are arbitrary constants,

real or complex. I we take s = 1 in the (1.3) and denote A[V, K] thus obtained by Ax k, we arrive at general class of
polynomials S/ (z) study by Srivastava ([5],p. 1, Eq. 1).

The Aleph- function , introduced by Stidland et al. [9,10], however the notation and complete definition is presented
here in the following manner in terms of the Mellin-Barnes type integral :

s A, [ei(agis Aji)lngt par 1 M,N -
N :NM,N ) (ajy 7)1 |Ci\Wyjiy Aji ) In+1,p;;r _ 0M ) sds (15
() =Rpgue| 2 ( b, Bj)ims [€i(0jis Bji)lm1,q0 | 27w J, — FoQuesr (5)"ds (.5
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for all z different to O and

M N
O M.N (S) _ Hj:l I'(b; + B;s) Hj:l (L —a; — A;js) (1.6)
P;,Qi,ciir’ B ! P; i '
@isesir Soisy i Tl v Dagi + Ajis) T3y 40 D(L — bjs — Bjis)
1 M N Qi P
With \argz\<§7TQ whereQ:ZBjJrZAjfci Z sz'+ Z Aji >0,i:1,~~',T/
=1 i=1 J=M1 J=N11

For convergence conditions and other details of Aleph-function , see Siidland et al [9,10]. The serie representation of
Aleph-function is given by Chaurasia and Singh [2].

M oo M,N
M,N ()99, 0, i (8)
NPiﬁQmCi;T’(Z) - Z Z Beag! ’ 1.7
G=1g9=0
. bc +yg M,N o
With s = ng 4 = B ,Pi < Qi 2] < Tand Qp (. .u(8) is given in (1.2) (1.8)
We will use the contracted form about the multivariable aleph-fonction R(zy, -+ ,2,) by :
A
. . 1 u
N(z1,- -, 2 :NO"""‘/T_' ) . : :7/ / V(81,50 0l (s)22kdsy - - - dsy 19
( ) =R W ' ' 2rw) )y, L (s1 )kl;[l k(5k) 2 (1.9)
, | BiD
with w =+v—1

See Ayant [1], concerning the definition of the following quantities V, W, 1’ (s1,- -+ ,s,.), 4, B,C, D and 0} (sk).

The complex numbers z; are not zero. Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

A M-series was introduced and developed by Sharma and Jain [4] as

]& ()= i (@) - (ap)k 2 (1.10)
PMa)= 2 G gy TR D) '

Here, a € C, Re() > 0 and (a;)i, (b;)x are the Pochammer symbols. The series (1.10) is defined when none of the
parameters bj s,j=1,2,,q, is a negative integer or zero. If any numerator parameter a; is a negative integer or zero,
then the series terminates to a polynomial in z. From the ratio test it is evident that the series in (1.10) is convergent for
all z if p < q, it is convergent for if P4 +1 Sll’ld divergent, if p > q + 1. When p = q + 1 and |z| = 1, the series can

converge in some cases. Let (= Zaj - Zb]— . It can be shown that when p = q + 1 the series is absolutely
j=1 j=1
convergent for |z| = 1 if Re(8) < 0, conditionally convergent for z = —1 if 0 < Re(8) < 1, and divergent for |z| = 1if 1 <

Re(8).

We shall note a :
Cr =
* 7 00k (b)x D(ak +1)

2. Main integrals.

In this section, we shall establish two integrals pertaining to some special functions like biorthogonal polynomials,
Aleph-function, multivariable aleph-function and the general class of multivariable polynomials.

Theorem 1.
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/()2c0s2u9(sin9)”Un(1 2sin?" 9, k:)Ngg v (2 (sin0)2P'1)p]€4q(y(sin 0)202)

SN N ya(sin €)%+ g (sind)*P X[z (sin )7, - -, 2 (sin0)77]d6 =
0o n oo [Ni/Mi] [Ns/Ms]

() v (VG er(s)
DI Z <> (VTR —

G=1g=05=0k=0 K1=0

s 1
(*) r (5 + u) averf KL K OtV
V2R 20, NGy P20kt S, 20K, CLCRY UL Ys " Spitlqir2,mRW
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provided that

. / / . .
0;>0,i=1,---,rand Re(v+2p1ng,g+2p2k)+2;allgr§1ir71ane

M N

Qi P
|largz(sin 0)%°1] < 7rQ where {1 = ZB —|—ZA ci Z Bj; + Z Ajil >0,i=1,---,1

Jj=1 j=1 j=M+1 j=N+1
1
larg(z;(sin 0)*7%)| < iAgk)ﬂ' where Agk) is defined by Ayant [1]

Proof

Express Up (1 — 2 sin?" 6; k), the Aleph-function, the M-serie and the multivariable polynomial in series with the help
(1.1), (1,7), (1,10) and (1.3) respectively and expressing the multivariable Aleph-function in multiple Mellin-Barnes
integrals. Interchange the series and Mellin-Barnes integrals and interchanging the multiple Mellin-Barnes integrals
and #-integral due to absolute convergence of the series and integrals involved in the process. Now evaluate the inner 6
-integral with the help of the following integral

Fv+ 1) (3 +u)
2uHIT (2 £ % +1)

w/2
/ cos 2uf(sin 0)Vdf = Re(v) >0
0

and interpret the expression in multivariable Aleph-function, after algebraic manipulations, we obtain the result (2.1)
with the help of the above integral.

Theorem 2

us
a

/ “cos 2ub(sind)° V(1 — 2sin" g; k)R B e (2(5in 0)270) , M, (y(sin 6)72)

0
SN TS 07y (sind) IRz (sin )72 (sinf)7]d6 =
- [NUMG] - IN/M] M,N
Z iii i 1 | i < > + n)kj kj (_)gQP,:,chi7r/(5) J
j 1
G=1 g=0j=0k=0 K,=0 X (D)g; Bag!
(=)°T (3 £ u) oK e 0LV
D+ 2hi+20 NGy +2o K ¥ 2okt (1KY 1 it lqi+2,m R W
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471y (-v-2hkj-2p'nc.g — 205k — > _1_1 P K < 201, -+ ,20,), A; C
2.2)

L+ % —hkj— ping.g — phk — > pKi o1, 0p), D

d\”
L >0
(55»”)]

provided that

o;>0,i=1,--- rand Re(v+ 2pina.q+ 2p5k) +2ZJZ min Re

1<j<m;

M N Qs Py
|largz(sin )| < ﬂ'Q where {1 = ZB + ZA -G Z Bji + Z Aji | >0,i=1,--- 7'
j=1 j=1 j=M+1 j=N+1
020 < L 4R
|larg(z;(sin 0)*7%)| < §Ai T

To prove the theorem 2, we use the similar method that theorem 1.

Remarks:
We can calculate the integrals of following functions:

9(8) =cos 2ub(cos0) U, (1 — 2 cos*" 6; k)NgIg e (2(cO8 0)2PI1)SI]:}111”,:"’]<,V§S [y1(cos 0)%°1, - ys(cosf)?]
pMy(y(cos 0)%> W[z1(cos 0)* - - - | 2,.(cos0)?"]

and

R(6) =cos 2uf(cosh)"Vy, (1 — 2 cos*™ 0; k:)Nggc . (z(cos 0)21 IN[z1(cos 0)%71, - -+ | 2. (cosh)?7]
SIA\?;”,:"’N: [y1(cos 0)%71, - -+ ys(cosf)?°=], M, (y(cos 9)202)

Concerning the proof of these integrals, the method is similar, we evaluate the inner 6-integral with the help of the
following integral

7wl (u+1)
20HIT (L + % +1)

w/2
/ cos 2uf(cos 0)dl = Re(v) >0
0

3. Fourier series.

The following results related to Fourier series for several special functions and product of biorthogonal polynomials
have been established in this section by making use of the results derivated in the section 2.
Theorem 3.

a

(5in0)"U,, (1 — 2sin® 0; KR0S (2(sin0)%1), M (y(sin 0)*72)
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k_ Y Pi,Qi,ci,r’ —S8
2 338 Y 3 () ,
M 0 ES 1 g=0j=0k=0 K;=0 i) (1/k)n Beg!
(=)°T (3 £ m/) cos2m’ Ol V
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4%y (-v-2hj-2p'nc.g — 205k — > 1_1 200K < 201, -+, 20,), A4; C

(3.1)
4’”."3:7, B,(—% + 5 —hj—pingg — p’zk - Z?:l 201K : 01, - ,ar) ,D
under the same conditions that theorem 1.
Proof
Let
F(8) = (sin6) Uy (1 — 2sin®" 6; kIRID - (2(sin 0)4), M, (y(sin )%
SN N [ (s 0)27 -y (sind) P N[z (sin )27, - - 2 (sinf) 277 )= Z Apy cos2m/0,0 < O (3.2)

m’=0

i
The above equation is valid since f(0) is continuous and bounded variation in the open interval (0, 5) Now
multiplying both sides of (3.2) by cos 2uf and integrating with respect to ¢ from 0 to /2, we obtain

/ cos 2ub(sinf)" Uy (1 — 2sin®" 5 KRES - (2(sin 0)271) , M, (y(sin 0)2¢2)
0 I 11y

SN [ (sin €)%+ y (sin) PR [z1 (sin )27, - 2, (sind)?77]d =

m/2 O w/2
/ Z Ay cos 2m’ 6 cos 2ufdl = Z A / (cos 2m’6)2d6, itm =u
0

m/=0

= > Aw % (3.3)
m’=0

Now using the theorem 1 and the above equation, we obtain

M oo n oo [N1/Mi] [Ns/M,] M,N
b= e SIS e () e,
—ov—1 . '
T2 G im0 Ko : (1/k)n Bag!
(=) (% ﬂ:m’) arcalF K K. g0+ 1V
111G gl g12v 2RI T 2o NG g T 2opR A, 20ik; LR U pit1,qit 2, RaW

479 (-v-2hj-2p'nc.g — 205k — > 11 200K, < 201, -+, 20,), A; C
(3.4)

=+ % - hj *P'N?G,g 7pl2k - Z;:l 2lel P01, aUT’) aD

With the aid of equation (3.3) and (3.4) ,we obtain the result.

Theorem 4.

(5in0)" Vo (1 — 2sin®" 0: KR0S (2(sin 6)0), My (y(sin 0)22)

SN N (s )y (sinf) IR [0 (sin 0)270, - 2 (sind) 77 )=
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3.5)
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under the same conditions that theorem 1. The proof is similar that theorem 3.

Remarks :
We can calculate the Fourier series by the same method of following functions:

9(0) = cos 2ub(cos0)" Uy (1 — 2cos*" 6; k:)Ngg er (2(CO8 H)QPi)p]{llq(y(cos 6)%2)

SJ]\%I,’“.. v, [y (cos 0)%1, - 7ys(cos9)2pb]N[Zl(C05 9)201 w2 (cosf)* 7]

and

R (6) =cos 2uf(cosh)"Vy, (1 — 2 cos®™ 6; k)R jg’,gi,ci;w (=(cos 0)*" )p]&q(y(cos 0)%2)
SN A [ (cos )%, yy(cos0) < |N[z1(cos )27 - - -, 2, (cos)>]

We obtain the same relation with the multivariable H-function defined by Srivastava and Panda [7,8].

4.Conclusion.

By specializing the various parameters as well as variables in the multivariable Aleph-function, the aleph-function, the
M-serie, the biorthogonal polynomials and the multivariable polynomial, we get a several formulae involving
remarkably wide variety of useful functions ( or product of such functions) which are expressible in terms of E, F, G, H,
I, Aleph-function of one and several variables and simpler special functions of one and several variables. Hence the
formulae derived in this paper are most general in character and may prove to be useful in several interesting cases
appearing in literature of Pure and Applied Mathematics and Mathematical Physics. We can obtain a large number of
integrals and Fourier series.
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