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Abstract:

Differential transform method is used to obtain the closed form solution of the
(n+1) dimensional Equal Width Wave equation.In this method the solution is calculated
in the form of the convergent Power series with easily computable Components.The re-
sults demonstrate the reliability and efficiency of this method.

Keywords:

(n+ 1)-dimensional Equal Width wave equation, differential transform method.

1 Introduction

In the past few decades, the traditional integral transform methods such as Fourier and
Laplace transform have commonly been used to solve the engineering problems.These
methods transform the differential equations into algebraic equations which are easier to
deal with.

The well -known Korteweg and de varies (KdV) equation is ut + uux + uxxx = 0 is
a non linear Partial differential equation (PDE) that models the time-dependent motion
of shallow water waves in one space dimension. Morrison et al[1] proposed the one di-
mensional PDE ut + uux − µuxxt = 0 as an equally valid and accurate model for the
same wave phenomena simulated by the KdV equation.This PDE is called the Equal
width Wave equation because the solutions for solitary waves with a permanent form
and speed, for a given value of the parameter µ are waves with an equal width or wave-
length for all wave amplitudes.

In this paper, we have employed the differential transform method to solve the (n+1)-
dimensional equal width wave equation. Few numerical examples are carried out to
validate and illustrate the method.

Let us consider the (n+1)-dimensional Equal Width wave equation as,

∂u

∂t
= µ1

∂3u

∂x2
1
∂t

+ µ2

∂3u

∂x2
2
∂t

+ ...+ µn

∂3u

∂x2n∂t
+ γu

∂u

∂x1
(1)

under the initial condition

u(x1, x2, . . . , xn, 0) = u0(x1, x2, . . . , xn) (2)

1

International Journal of Mathematics Trends and Technology ( IJMTT )  - Volume 63 Number 2 - November 2018

ISSN: 2231-5373                        http://www.ijmttjournal.org                                         Page 109

The (n+1)-Dimensional Equal Width Wave Equation by Differential Transform Method (DTM)



2

where µi’s , i = 1, 2, ..., n and γ is a constant

Zhou [2] was the first one to use the differential transform method (DTM) in engi-
neering applications. He employed DTM in solution of initial boundary value problems
in electric circuit analysis. In recent years concept of DTM has broadend to problems
involving partial differential equations and system of differential equations [3-5]. Some
researchers have lately applied DTM for analysis of uniform and non-uniform beams
[6-10].

2 Differential Transform Method (DTM)

In this section, We give some basic definitions of the differential transformation. Let D
denotes the differential transform operator and D−1 the inverse differential transform
operator.

Definition : 1

If u(x1, x2, x3.....xn, t) is analytic in the domain Ω, then its (n+1)-dimensional
differential transform is given by

U(k1, k2, . . . , kn, kn+1) =

(

1

k1!, k2!, ..., kn!, kn+1!

)

∂k1+k2+...+kn+kn+1

∂xk1
1
∂xk2

2
...∂xknn ∂tkn+1

. u(x1, x2, .....xn, t)
∣

∣

x1=0,x2=0,...,xn=0,t=0 (3)

where

u(x1, x2, . . . , xn, t) =
∞
∑

k1=0

∞
∑

k2=0

...

∞
∑

kn=0

∞
∑

kn+1=0

U(k1, k2, ...kn, kn+1).(x
k1
1
.xk2

2
.....xknn .tk1)

= D−1 [U(k1, k2, ...kn, kn+1)] (4)

Definition : 2

If u(x1, x2, . . . , xn, t) = D−1[U(k1, k2, ..., kn, kn+1)],
v(x1, x2, . . . , xn, t) = D−1[V (k1, k2, ..., kn, kn+1)]
and⊗ denotes the convolution,then the fundamental operations of the (n+1)-dimensional
differential transform are expressed as follows:

(a)D[u(x1, x2, . . . , xn, t).v(x1, x2, x3, . . . , xn, t)] = U(k1, k2, ..., kn, kn+1)⊗ V (k1, k2, ..., kn, kn+1)

=

k1
∑

a1=0

k2
∑

a2=0

...

kn
∑

an=0

kn+1
∑

an+1=0

U(a1, k2 − a2, ..., kn − an, kn+1 − an+1).V (k1 − a1, a2, ..., an, an+1). (5)

(b)D [αu(x1, x2, . . . , xn, t)± βv(x1, x2, . . . , xn, t)] = αU(k1, k2, . . . , kn, kn+1)

± βV (k1, k2, . . . , kn, kn+1). (6)
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(c)D

[

∂r1+r2+...rn+rn+1

∂xr1
1
∂xr2

2
...∂xrnn ∂trn+1

.u(x1, x2, ..., xn, t)

]

= (k1 + 1)(k1 + 2)...(k1 + r1)

. (k2 + 1)(k2 + 2)...(k2 + r2)

... (kn+1 + 1)(kn+1 + 2) . . . (kn+1 + rn+1)

. U(k1 + r1, k2 + r2, ..., kn+1 + rn+1).(7)

3 Computational Illustrations of (n + 1) Dimen-

sional Equal Width Wave Equation:

In this section, we describe the method explained in the previous section 2 by the fol-
lowing examples to validate the efficiency of the DTM.

3.1 Example:

Consider the (n+1)-dimensional Equal Width wave equation by assuming µ’s and γ = 1

∂u

∂t
= µ1

∂3u

∂x2
1
∂t

+ µ2

∂3u

∂x2
2
∂t

+ · · ·+ µn

∂3u

∂x2n∂t
+ γu

∂u

∂x1
(8)

subject to the initial condition

u(x1, x2, .....xn, 0) = u0(x1, x2, .....xn)

= x1 + x2 + · · ·+ xn. (9)

Differential Transform Method for (n + 1)-dimensional Equal Width wave

equation

Taking the differential transform of eqn(8) we have

(kn+1 + 1)U(k1, k2, ...kn, kn+1 + 1) = (k1 + 2)(k1 + 1)(kn+1 + 1)U(k1 + 2, k2, k3, .., kn+1 + 1)

+ (k2 + 2)(k2 + 1)(kn+1 + 1)U(k1, k2 + 2, k3, ..., kn+1 + 1) + ...

+ (kn + 2)(kn + 1)(kn+1 + 1)U(k1, k2, ..., kn + 2, kn+1 + 1)

+

k1
∑

a1=0

k2
∑

a2=0

...

kn
∑

an=0

kn+1
∑

an+1=0

(k1 + 1− a1)

. U(k1 + 1− a1, a2, a3, ..., an, an+1)

× U(a1, k2 − a2, k3 − a3, ..., kn − an, kn+1 − an+1). (10)

From the initial condition eqn(9), it can be seen that
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u(x1, x2, .....xn, 0) =

∞
∑

k1=0

∞
∑

k2=0

...

∞
∑

kn=0

U(k1, k2, ..., kn, 0).(x
k1
1
xk2
2
...xknn )

= x1 + x2 + ...+ xn. (11)

where

U(k1, k2, ..., kn, 0) =







1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2, ..., n
0, otherwise (12)

using eq(12) into (11) one can obtain the values of U(k1, k2, ...kn, kn+1) as follows

U(k1, k2, ..., kn, 1) =







1, ifki = 1, kj = 0, i 6= j, i, j = 1, 2, ..., n
0, otherwise (13)

U(k1, k2, ..., kn, 2) =







1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2, ..., n
0, otherwise (14)

U(k1, k2, ..., kn, 3) =







1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2, ..., n
0, otherwise (15)

U(k1, k2, ..., kn, n) =

{

1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2, ..., n
0, otherwise

(16)

Then from eqn(4) we have

u(x1, x2, ..., xn, t) =
∞
∑

k1=0

∞
∑

k2=0

...

∞
∑

kn=0

∞
∑

kn+1=0

U(k1, k2, ...kn, kn+1)x
k1
1
xk2
2
...xknn tkn+1

= (x1 + x2 + ...+ xn) + (x1 + x2 + ...+ xn)t+ (x1 + x2 + ...+ xn)t
2 + ... (17)

Thus the exact solution is given by

u(x1, x2, ...xn, t) =
(x1 + x2 + ...+ xn)

1− t
, provided that 0 ≤ t < 1 (18)

(19)
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3.2 Example

Consider the (3+1)-dimensional Equal Width wave equation as

∂u

∂t
=

∂3u

∂x2∂t
+

∂3u

∂y2∂t
+

∂3u

∂z2∂t
+ u

∂u

∂x
(20)

with the initial condition

u(x, y, z, 0) = u0(x, y, z) = x+ y + z. (21)

Taking the differential transform of (20) we have

(k4 + 1)U(k1, k2, k3, k4 + 1) = (k1 + 2)(k1 + 1)(k4 + 1)U(k1 + 2, k2, k3, k4 + 1)

+ (k2 + 2)(k2 + 1)(k4 + 1)U(k1, k2 + 2, k3, k4 + 1)

+ (k3 + 2)(k3 + 1)(k4 + 1)U(k1, k2, k3 + 2, k4 + 1)

+

k1
∑

a1=0

k2
∑

a2=0

k3
∑

a3=0

k4
∑

a4=0

(k1 + 1− a1)

. U(k1 + 1− a1, a2, a3, a4)

× U(a1, k2 − a2, k3 − a3, a4) (22)

From the initial condition (20) We see that

u(x, y, z, t, 0) =

∞
∑

k1=0

∞
∑

k2=0

∞
∑

k3=0

U(k1, k2, k3, 0)x
k1yk2zk3 = x+ y + z, (23)

where

U(k1, k2, k3, 0) =







1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2, 3
0, otherwise (24)

using eq(24) in (22) we obtain the values of U(k1, k2, k3, k4) as follows

U(k1, k2, k3, 1) =







1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2, 3
0, otherwise (25)

U(k1, k2, k3, 2) =

{

1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2, 3
0, otherwise

(26)

U(k1, k2, k3, 3) =

{

1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2, 3
0, otherwise

(27)
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Then from eqn(4) we have

u(x, y, z, t) =
∞
∑

k1=0

∞
∑

k2=0

∞
∑

k3=0

∞
∑

k4=0

U(k1, k2, k3, k4)x
k1yk2zk3tk4

= (x+ y + z) + (x+ y + z)t+ (x+ y + z)t2 + .... (28)

The exact solution is

u(x, y, z, t) =
x+ y + z

1− t
, provided that 0 ≤ t < 1. (29)

3.3 Example

Consider the (2+1)-dimensional Equal Width wave equation as

∂u

∂t
=

∂3u

∂x2∂t
+

∂3u

∂y2∂t
+ u

∂u

∂x
(30)

with the initial condition

u(x, y, 0) = u0(x, y) = x+ y. (31)

Taking the differential transform method for (30) we have

(k3 + 1)(k1, k2, k3 + 1) = (k1 + 2)(k1 + 1)(k3 + 1)U(k1 + 2, k2, k3 + 1)

+ (k2 + 2)(k2 + 1)(k3 + 1)U(k1, k2 + 2, k3 + 1)

+

k1
∑

a1=0

k2
∑

a2=0

k3
∑

a3=0

(k1 + 1− a1)

. U(k1 + 1− a1, a2, a3)× U(a1, k2 − a2, k3 − a3). (32)

From the initial condition (31) We see that

u(x, y, t, 0) =
∞
∑

k1=0

∞
∑

k2=0

U(k1, k2, 0)x
k1yk2 = x+ y (33)

where

U(k1, k2, 0) =







1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2
0, otherwise (34)
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using (34) in (32) we obtain the values of U(k1, k2, k3) as follows

U(k1, k2, 1) =







1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2
0 , otherwise (35)

U(k1, k2, 3) =







1, if ki = 1, kj = 0, i 6= j, i, j = 1, 2
0, otherwise (36)

Then from eqn(4) we have

u(x, y, t) =
∞
∑

k1=0

∞
∑

k2=0

∞
∑

k3=0

U(k1, k2, k3)x
k1yk2tk3

= (x+ y) + (x+ y)t+ (x+ y)t2 + ....

The exact solution is

u(x, y, t) =
x+ y

1− t
, provided that 0 ≤ t < 1. (37)

is the exact solution of eqn(30).
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4 Conclusions

1. The differential transform method have been successfully applied for solving the
(n+1) - dimensional Equal Width wave equation.

2. The solutions obtained by this method is an infinite power series for the appropriate
initial condition ,which can in turn expressed in a closed form, the exact solution.

3. The results reveal that this method is very effective,convenient and quite accurate
mathematical tools for solving the (n+1)-dimensional Equal Width wave equation.

4. This method can be used without any need to complex computations except the
simple and elementary operations are also promising technique for solving the
other nonlinear problems.
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