International Journal of Mathematics Trends and Technology ( IIMTT ) — Volume 64 Number 1 — December 2018

On Some Topological Indices of Tensor Product
Graphs

K.V.S.Sarma’, 1.V.N. Uma& I.H.N.Rao®
!Associate Prof., Department of Mathematics, Gayatri Vidyaparishad College for Degree and P.G courses,
School of Engineering, Rushikonda, Visakhapatnam-45, India
2 Senior Faculty, Delhi public school, Hyderabad, India
%Sr.Prof. G.V.P. - LIAS , GVP college of Enginering(A), Madhurawada, Visakhapatnam-48, India

Abstract - A topological Index of a graph is a real numbers associated with the graph that is invariant under its
automorphisms. The elementary topological indices are numbers of vertices and edges of a finite graph. The well-
known one is Wiener Index due to Wiener [4]. It has wide applicability in molecular chemistry.

The concept of Geometric — Arithmetic degree Index of a graph H, denoted by G/H degree (H), is
introduced by Mogharrab and Fath — Tabar [2] as follows.
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. INTRODUCTION
In this paper, we consider topological indices of standard graphs and that of tensor product graphs.

A topological index of a graph is a real number associated with the graph that is invariant under its
automorphism.

The elementary topological indices are the number of vertices/edges of a finite graph. The well known one
is Wiener index due to Wiener [5]. It has wide applicability in molecular chemistry.

I1. PRELIMINARIES

We now present the necessary definitions and observations needed for the development of further ones in
the succeeding sections.

The concept of Geometric-Arthimetic degree (deg) index of a graph H, denoted by G/A deg(H), introduced
by Mogharrab and Fath-Taber [2] is the following:

Definition 1.1: Let H be a non-empty, connected, simple and finite graph. Then

G.M of {d(u),d(v)} .
G/A-deg(H)= > , Where u, ve V(H) (vertex set H), E(H) is the edge set
ween) AM of {d(u),d(v)}
of H and dy, is the degree function of H. (when there is only one graph under consideration we omit and write V(H),
E(H), and dy, as V, E and d respectively and the edge with ends u & v is denoted by uv.

Similarly, we can define the squared Geometric-Arthimetic degree index of H as

. (G.M)? of {d(u),d(v)}
G/ A-deg (H)= :
UVGZE(H) A.M of {d(u),d(v)}
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The Geometric-twiced Arthimetic degree index of H denoted as
G.M f {d ,d
G/2A-deg(H)= ¥ ( ) of {d(u),d(v)}
ween) 2(AM ) of {d(u),d(v)}

and the squared Geometric-twice Arthimetic degree index of H, denoted as

G’/2A—deg (H)= ¥ (GM) of {d).dv)}
wee(ny 2(AM ) of {d(u),d(v)}
Observations 1.2:

(@) IfHisaregular graph then d(u) =d(v) forallu, v € V and so G.M of {d(u), d(v)} = A.M of {d(u), d(v)}
for allu, v e V and hence

G/A-deg(H)= > 1

uve E
=|E]
=The number of edges of H, if H is a finite graph
(b)

1
(NG /2A-deg(H)=—G /A-deg(H) and
2

1
(i) GZIZA—deg(H)z;GZIA—deg(H).

(c) There is no interest in either empty or infinite or disconnected graph.
So by a graph we mean a non-empty, finite, simple and connected one.

In the following section, we consider these indices for standard graphs.
8§ 2. Basic results concerning standard graphs
Theorem 2.1: For the complete graph K, (n being any integer > 2),

Q) G/A — deg(K,) =n(n-1)/2 and
(ii) G%A - deg(K,) = n(n — 1)%/2.

Proof: We know that K, has n vertices and any two vertices in K, are adjacent. So itisa (n — 1)-regular graph with
n(n-1)/2 edges.

Hence G/A — degree (K,) =|E(Ky)| = n(n —1)/2.

d (u)d
By definition, G/A —deg(K) =2 3 _d(ud(v)
e=uveE (K ) d (U) +d (V)

_y (n-1)°
ecE(K,) 2(n-1)
= (n—1)EK)
=n(n-1)%2.

Theorem 2.2: For the cycle C,, (n being any integer > 3),
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(i) G/A —deg (C,) =nand
(i) G%/A—deg (C,) = 2n.

Proof. We know that C, has n vertices and is a 2-regular graph; hence it has n edges. So, by the observation
(i) G/A—deg(C,) ==|E(C,)| = nand
d(u)d(v)

4
(i) G/A—deg(Cy=2 Y ———==2 Y —=2E(Cy)|=2n.
E:UVEE(Cn)d(u)+d(V) ecE(C)

Theorem 2.3: For the path P,, (n being any integer > 2),

(i)
(1ifn=2,
G/A —deg (Py) = J 4
L(n-3)+ ifn>3.
(i)

1lifn=2,
G?A — deg(P, )= 8
2(n-3) + —ifn > 3.
L 3
Proof. Since P, = K,, we have G/A —deg (P,) = 1.
Let n be any integer > 3 and V(P,) = {Vv1, V>, ..., Vn}-
Now E(P)) ={ujuis1 :1=1,2, ...,(n-1)},
d(uy) =d(uy) =1and d(uy) =2,i=2, ..., (n-1).]

So when n=3,

G/A —deg (p)—zj\/d(”l)d(”z) N \/d (u,)d (u;)
3 |d(u)+d(u,) d(u)+d(uy)

=2

+
Ll+2 2+1J

_ a2

3

a2

=(3-3)+ ——.
3

Let n be any integer > 4, Now,

"fd(u)d (u,
GIA - deg(Py =2y Vo))

i d(u)+d(u,)
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_Zde(ul)dwz) S Jowd,) Jd(un,nd(un)l

- [du)+d(u,) Sd)+du,) du, )+d,)|

l

=2

2

1+2 5, 2+2 2+1J

:2{\/2_+i(n—2—2+1)+£1

3 2 3 J

:ijx/z_ (n—3)l
| J

+
3 2
4+/2
=(n-3)+ J_ .
3
Now let us consider G%/A — deg (P,).
G%A — deg (P,) = GYA — deg (Ky)
2(2-1)°
_2(2-1 -1

2

Whenn=3,GZIA—degree(P3)=24[ d(u,)d (u,) + d(u,)du,) l :2{£+ 2'1}
(d(u)+d(u,) d(u,)+d(u,)] 1+2 2+1

=8/3 = 2(3-3)+8/3.
Letn>4; now

"Iod(u.)d(u. )
2 i i+1
%d(uiﬂd(um)

G?/A — degree (P,) =
i+1

(d(u)+d(u,) d(u)+d(u,,) d(u _)+d(u)]

[ d(u,)d(u,) +"*2 d(u)d(u,,) . d(u, )d(u,) |

1.2 "? 22 2.1
:2( ]

+> +

(142 T 2+2 2+1]

4
:2{—+((n—2)—2+1)}
3

4
:2{—+ (n—B)}
3
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8
=2(n-3)+—
3

Theorem 2.4: For the complete bipartite graph K, (M, n being any positive integers)

) 2(mn)3/2

(1) G/A —deg (Kpp) = — and
m+n

2(mn)2

m+n

(ii) GYA — deg (Knny) =

Proof. We know that if {X, Y} is a bipartition of K, , with [X| = m, and |Y| = n, then for any edge e=uv of K, with
Ue Xandv e Y = deg(u) =nand deg(v) =m.

Kmn has (m+n) vertices and mn edges. Now, by definition

’\/ nm
GIA - deg(Knp) =2 3

e=uveE n + m

Jmn

m+n

=2

|E(Kmn)l

3/2
—2( )

m+n
(Observe that Ky ; = K, and G/A -deg(Ky) =1).

nm

By definition, G/A — deg (Kp,)) = 2 |E(Kmn)|

n+m

_, (mn)’

m+n
(Observe that G%/A — deg (Ky4) =1).
Theorem 2.5. For the star graph S; ,, where n is any integer > 3.

3/2

(i) GIA —deg (Syp) = 2 .
(n+1)

2
n

(n+1)

(ii) GYA — deg (S1) = 2

(Observe that S;; = K, =P, and S;; = P3 = Ky . So we consider the case when n > 3).
Proof: Let V(S;,) = {Uo,V1, Vo, ..., Vo},
where deg(up) = n and deg v; =1 for j=1,2,...n.

By definition,
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»Jdeg(u,)deg(v)
GIA-deg (S1)=2 %
=, (deg(u,) + deg(v,))

_ Z”: A/n@)

i (n+1)

kl

n n
> 1

(n+1) 7o

=2

" deg(u,)deg(v. n 1 n on?
By definition, GY/A — deg (i) = 2% s deolv) g (M@ _, o 1=
= (deg(u,) +deg(v,)))  Tu(n+l) M+ T (n+1)

Theorem 2.6: For the wheel graph K; V C,, (n being any integer > 3),G/A —deg (K; V C,) =

24/3n K
n). ’
n+3 ’

1+

(i) G%A-deg(K;V C,) = 9n(n+1)/(n+3). !
Vn1—% Uo V2

Proof: Let the vertex set V(K; V C,) = {Uq, Uy, Uy, ..., Un.g, Un}. \

Now E(K; V C) ={upvj:j=1, 2, ...,n} U{vvju1:j=1,2,...,n} \
(with the convention v,.1 = v1). So v, 1

d(up) =n, deg(v;) =3 forj=1,2,...,n

. " «/d(uo)d(v,-) " d(v,)d(v,,,)
By definition,G/A-deg (Ki V Cp) = 2y ————+ 2

@) +d(v) T v+ d(v,)

- 22”: \J(M)(3) N 22": \(3)(3)

i1 (n+3) i (3+3)
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an

=2 +1)n
(n+3)
= (1+2 \/3_n )n
(n+ 3)
n ,‘/d(uo)d(vj) n d(v,;)d(v,,,)
G%/A-deg(K1 V Cp) = 2% +2y
Td(uy) +d(v) T (d(v,) +d(v,,)
_ 22": J()(3) +ZZ” \/(3)(3)
i1 (n+3) i1 (3+3)
n2
=6 +3n
(n+ 3)
=3n(1+ n \:3n(3(n+1)\:9n(n+1)'
L n+3J (n+3) (n+3)

83. Results related to Tensor Product Graphs
For the development of these results, we need the following:

Definition 3.1 [ 3 ]: H; and H, are disjoint graphs, then the tensor product of H; and H,, denoted by H;"* H, is the
graph whose vertex set is V(H,) U V(H,) and the edge set being the set of all elements of the form (uy, v4), (U,, V»),
where UilUp e V(Hl), ViVoe V(Hz), UiUo e E(Hl) and ViV e E(Hz)

Result 3.2 [ 3]: Hy, H, be simple and connected graphs, then H;” H, is connected iff either H; or H, contains an odd
cycle.

Result 3.3 [1]: A non-empty connected graphs is Eulerian iff every vertex of the graph is of even degree.
Result 3.4 [1]: A simple graph is bipartite iff it contains no odd cycle.

Result 3.5 [4]: For integers m, n > 2, Ky, * K, is a simple, finite and (m-1)(n-1)-regular graph with mn vertices and
Yamn(m —1)(n — 1) edges. Further it is connected if one of m, nis > 3.

Theorem 3.6: For integers m, n > 2, with m+n > 5,

(i) G/A —deg (Kn*Kp) =% mn(m-1)(n-1)
(i) GYA —deg (K. Ky) = % mn[(m-1)(n-1)]%

Proof: K" K, is a connected, regular graph. By the observation (1.2)(a) follows that
G/A —deg (KnKy) = [E(KnKy)]
= Y% mn(m-1)(n-1) (By Result 3.5)
Let wy = (ug, V1), Wy = (Up, Vo) € V(KiKp)

Now, by definition,
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d(w,)d(w
GYA — deg (KnK,) =2 z M
wow, <€ (K, 7k, 0 (W) +d(w,)

{(m -1)(n-1)}
ww,eE (K K. ) 2(m _1)(n _l)

=2

=(m-1)(n-1) | E(Kn"Ky)|
=% mn[(m-1)(n- 1]

Result 3.7 [ 4 ]: For integers m, n > 3, C,,» C, is a simple 4-regular graph with mn vertices and 4mn edges. Further,
it is connected iff atleast one of m, n is odd.

Theorem 3.8: For integers m, n > 3, when one of m, n is odd,

(i) G/A—deg (Cy"Cy) =2mnand
(i) G*/A—deg (C, C,) = 8mn.

Proof: Since C,,» C, is a 4-regular graph, it follows that
G/A —deg (Cy"* Cy) = [E(C"C)|

=2mn.

4)(4
Further, G/A—deg (Cx"Cp)= 2 Y (4)(4)

ecE(c rc,) 4+ 4

= 4E(Cn"Cp)l
=8mn.
Result 3.9[4]: K, ~ C,, is a connected graph iff n is odd. Further it is isomorphic to Cs,.

Result 3.10[4]: Ky~ C,, (m >2, n > 3) is a simple, finite and 2(m — 1)-regular graph with mn vertices and (m —
1)(mn) edges.

Theorem 3.11: For the graph K; * C, (n being an odd integer > 3),

(i) G/A —deg (K Cy)=2nand
(i) GYA —deg (K;” C,) =4n.

Proof: By Result 3.9, K, C, is isomorphic to C,,.
Hence, by Th.2.2,

(i) G/A —deg (K Cy)=2nand
(i) GYA —deg (K,” C,) = 4n.

Theorem 3.12: For the graph Ky, * C,, (m, n > 3)

(i) G/A—deg (KACp)=(m-1)mn and
(i) GYA —deg (Kn™C,) =2(m—1)*>mn.

Proof: By the result 3.10, K" C, is a 2(m — 1)- regular graph with mn vertices and (m — 1)mn edges. So

ISSN: 2231 - 5373 http://www.ijmttjournal.org Page 44




International Journal of Mathematics Trends and Technology ( IIMTT ) — Volume 64 Number 1 — December 2018

d d
GIA-deg (KA C=2 ¥ Naw)dw,)

emwyw, < (K, nc,) d (W) +d(w,)

2(m -1)
=2———|E(K, C)|
4(m —1)

= |[E(Kn" Cp)l
=(m-1)mn.

d(w,)d(w,)

G%A — degree (Ky\ Cp) = 23
d(w,)+d(w,)

:24(m -1)°
4(m -1)

[E(Kn” Co)l

=2(m - 1)[E(Ky" Cy)|
=2(m-1)’mn.

I11. CONCLUSIONS

In this paper, we obtain the Geometric-Arthimetic degree, squared Geometric-Arthimetic degree, and
Geometric-twiced Arthimetic degree index of H and the basic results concerning to Ky, Cy, Pn, Knp, S10 and KyvC,

graphs. The results regarding tensor product of graphs are also discussed.
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