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Abstract In this study, we apply binomial transforms to generalized Fibonacci-Like sequences associated with
Fibonacci and Lucas sequences. We obtain the Binet formulas and generating functions of these transforms.
Also, we introduce an infinite triangle consist of the terms of generalized Fibonacci-Like sequences and their
binomial transforms.
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I. INTRODUCTION

Special number sequences such as Fibonacci, Lucas, Pell and Jacobsthal have been studied by
mathematicians for their intrinsic theory and applications. The well known Fibonacci {F,} and Lucas {L,}
sequences are defined by recurrence relations

E,=F, 1+F,, Fy=0 F=1
Ly=Lyq1+Lyy Lo=2 L=1
respectively, for n > 2 [5].

On the other hand, there are so many studies known as Fibonacci-Like sequences in the literature that
concern about these special number sequences such as Fibonacci and Lucas sequences.

Some generalized Fibonacci-Like sequences associated with Fibonacci and Lucas sequences can be
generalized as follows:

Definition 1. [3] Generalized Fibonacci-Like sequence {B,} associated with Fibonacci and Lucas sequences
is defined by recurrence relation
B, =By_1 4 Bp_s, n=2 (1.1)
with initial conditions B, = 2s and B; = s + 1, s being a fixed positive integer.

Definition 2. [4] Generalized Fibonacci-Like sequence {D, } associated with Fibonacci and Lucas sequences
is defined by recurrence relation
D, =D,y +D,_,, n>2 (1.2)
with initial conditions D, = 2 and D, = 1 + m, m being a fixed positive integer.

The relation between Fibonacci sequence and generalized Fibonacci-Like sequences can be written as
B, = F, + sL,
D, = mE, + L,
respectively, where s, m being fixed positive integers. A few terms of these sequences are
{B,} ={2s,1+5,1+3s,2+4s,3+7s,..}
{D,}={2,1+m,34+ m,4+2m,7+3m,...}.
The corresponding characteristic equation of equations (1.1) and (1.2) is
x2—x—1=0

and its roots are a = and 8 = 1_2—‘/5 Then the Binet formulas for generalized Fibonacci-Like sequences
{B,} and {D,,} are given respectively by

1+V5

B =L P a4 g™
NG s(a

an_'gn

+ (@™ + ™).
)@Y
Also, the roots a and f8 verify the relationssuchasa + 8 = 1,a — f = V5, af = —1.

Dn=m(
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In addition, some matrices based transforms can be introduced for a given sequence. Binomial transform is
one of these transforms and there are also other ones such as rising and falling binomial transforms ([6]). Many
researchers studied on these transforms to these number sequences. Falcon and Plaza applied binomials
transforms to the k-Fibonacci sequences ([2]). Bhadouria et al. investigated binomial transforms of k-Lucas
sequences ([1]).

In [7], the binomial transform B of the integer sequence A = {ay, a,,a,, ...}, which is denoted by
B(A) = {b,} and defined by
n
b = Z.: (1) 4

4

In this paper, we define binomial transforms of generalized Fibonacci-Like sequences {B,} and {D,}
associated with Fibonacci and Lucas sequences. The generating functions and Binet formulas given n-th general
term of these transforms are found by using their recurrence relations. Finally, we get an infinite triangle consist
of the terms of generalized Fibonacci-Like sequences {B,} and {D,,} and their binomial transforms.

Il. MAIN RESULTS
A. Binomial Transforms of Generalized Fibonacci-Like Sequences

In the section, we will mainly present binomial transforms of generalized Fibonacci-Like sequences {B,,} and
{D, } associated with Fibonacci and Lucas sequences.

Definition 3. The binomial transforms of generalized Fibonacci-Like sequences {B,,} and {D,,} are defined as
follows:

i. The binomial transform P = {p, } of generalized Fibonacci-Like sequence {B,} is
n

Pn = z (?) B; 2.1

i=0
ii. The binomial transform R = {r,} of generalized Fibonacci-Like sequence {D,,} is
n

r = z (7;) D,. 2.2)

i=0

From equations (2.1) and (2.2), forn > 0, we can write a few terms of binomial transforms P = {p,,} and
R = {r,} of generalized Fibonacci-Like sequences {B,} and {D,,} as follows:

p0=BO=25,
plzBo+31:1+3S:Bz,
Dy =By + 2B, + B, =3 + 75 = B,,

Pn = Bop

and
o =Dy =2,
n=Dy+D;=3+m=0D,,
rn,=Dy+2D;+D,=7+3m=D,,

7, = Dyy,.
The following Lemma is the key in the proof of the main theorem.

Lemma 1. i. The binomial transform P = {p,} of generalized Fibonacci-Like sequence {B,} verifies the

relation
n

Pn+1 = Z (711) (B; + Biy1) (2.3)

i=0
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ii. The binomial transform R = {1, } of generalized Fibonacci-Like sequence {D,,} verifies the relation
n

fuer = ) (3) @+ Dia). 24)

i=0
Proof: Firstly we will just prove to (i), since prove to (ii) can be obtained in the same manner with (i).

i. By using equation (2.1), we obtain
n+1

n+1
Pn+1 ZZ( i )Bi+Bo

i=1

=0

~

where (,',) = 0 and the well known binomial equation ("¥*) = (%) + (,",) . This is desired result.

n+1)

From equations (2.3) and (2.4) by using the equations (2.1) and (2.2), we can obtain

Pn+1 = Pn + Z (:l) Bi+1
i=0
- n

T =T t Z (l) Di+1-

i=0

and

Now we present the main theorem of this paper.

Theorem 1. i. Recurrence relation of binomial transform P = {p,,} of generalized Fibonacci-Like sequence
{Bn} is

Pn+1 =3Pn —Pp-1 for n=1 (2.5)
with initial conditions p, = 2sand p; = 1 + 3s.

ii. Recurrence relation of binomial transform R = {r,} of generalized Fibonacci-Like sequences {D,} is
Tpe1 =31, —Thq for n=>1 (2.6)
with initial conditions r, = 2 and r; = 3 + m.

Proof. Firstly we will just prove to (i), since prove to (ii) can be obtained in the same manner with (i).

i. From Lemma 1 and equation (1.1) and (2.1), we obtain

n

Pn+1 =Z(Tl) (Bi + Biy1)
+Z(l)(3 +B;+ Bi_1)

Bl+

n
=1 l=1

B;_;1+1+3s

!
M:

where B, = 2s, B; = 1 + s. By using equation (2.1), we obtain
n

n
oot = 2p + Z (})Bia+1+3s. @2.7)
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From we have equation (2.7) by using that ("~*) = 0, we get

n-1

n—1 = n—1
=Pn-1+t ( i )Bi+Z( i )Bi1+1+35

n—1 n—1
=DPp-1t Z(z—l) Z( ) i—1|+1+3s
i=1 i=1
n
n—1 n—1
et ) () ()]s
So, we have -
pn1+z B +1+3s 2.8)

where the well known binomial equation () = (”;1) + (7}). From equations (2.7) and (2.8), we obtain
Pn+1 = 2Pn —1 =35 =pp —pp-1 —1-=3s

Pn+1 = 3pn — Pn-1
which is desired result.

1) Binet formulas for the binomal transforms of generalized Fibonacci-Like sequences: In this section, we
give the Binet formulas of the binomial transforms P = {p,} and R = {r,} of generalized Fibonacci-Like
sequences {B,} and {D,}.

The characteristic equation of sequences {p,,} and {r,,} in equations (2.5) and (2.6) is
x2=3x+1=0
where x; and x, be roots of this equation. Also, the roots x; and x, verify the relations such as

X1Xy = 1,
X, +x, =3,
X1 — Xy = \/ga
where x; = ﬂamd 3_2—‘/3

Theorem 2. i. The n. term of the binomial transform P = {p,,} of generalized Fibonacci-Like sequence {B,}
is given by
_ (1453 —2x))xP — (1 +5(3 — 2x,))xy
pn - \/g

where x; = # Xy = i and s being fixed positive integer.

(2.9)

ii. The n. term of the binomial transform R = {r,} of generalized Fibonacci-Like sequence {D,,} is given by

B+m—2x)xt— (3 +m—2x)x7
., =
" V5
3+2‘/§, X, = %g and m being fixed positive integer.

(2.10)

where x; =

Proof. Firstly we will just prove to (i), since prove to (ii) can be obtained in the same manner with (i).

i. The characteristic equation of p,,,; = 3p,, — p,_; recurrence relation is x? — 3x + 1 = 0. The solutions of
this equation are

3+/5
X1 = and Xy =

The general term of binomial transforms P = {p,,} may be expressed in the forms
Pn = Ux} +Vx}
for some cofficients U and V. Giving to n the values n = 0 and n = 1, we obtain
2s=U+V
1+3s=Uxy +Vx,
where po = 2s and p; = 1 + 3s from Theorem 1.

3-/5

ISSN: 2231-5373 http://www.ijmttjournal.org Page 62




International Journal of Mathematics Trends and Technology (IJMTT) — Volume 64 Number 1 — December 2018

Then, we get
1+s(3-2x3) 1+s(3-2x4)
U=—F-"F"=and V=———-""-
V5
So, we take U = % andV = —% in form p,, = Ux{* + Vx3 and obtain desired formula.

2) Generating function for the binomal transforms of generalized Fibonacci-Like sequences: In this
section, we give the generating functions of the binomial transforms P = {p,} and R = {r,,} of generalized
Fibonacci-Like sequences {B,} and {D,}.

A generating function g(x) is a formal power series

[oe]

900 = ) @

n=0
whose coefficients give the sequence {a,, a;, a,, ... }. Given a generating function is the analytic expression
for the nth term in the corresponding series.

Theorem 3. i. The generating function of the binomial transform P = {p,,} of generalized Fibonacci-Like
sequence {B, } is
2s+ (1 -3s)x

2.11
1—3x + x2 ( )

pn(x) =
where s being fixed positive integer.

ii. The generating function of the binomial transform R = {r,} of generalized Fibonacci-Like sequence {D,,}
is
(2.12)
where m being fixed positive integer.

Prof. Firstly we will just prove to (i), since prove to (ii) can be obtained in the same manner with (i).

i. Let the terms of binomial transform P = {p,,} of generalized Fibonacci-Like sequence {B,,} are cofficient of
a potential series centered at the origin and consider the corresponding analytic function p,,(x) such that
Pu(X) = Do +p1x +pox? + -
Then we can write
3pn(x)x = 3pox + 3p1x% + 3p,x3 + -
Pn()x? = pox? + pyx® + ppx* + -
From the above last two equations, we obtain
Pn(x) = 3pn (X)X + pp(X)x? = po + p1x — 3pox
(1= 3x + x®)p,(x) = 2s + (1 + 3s)x — (6s)x
where p,411 = 3Py — Pn_1, Po = 25 and p; = 1 + 3s from equation (2.5). So, the generating function of the
binomial transform P = {p, } of generalized Fibonacci-Like sequence {B,} is
( )_25+(1—3s)x
P = 3 a2
3) Triangles of the binomal transforms of generalized Fibonacci-Like sequences: In this section, we
introduce an infinite triangle consist of the terms of generalized Fibonacci-Like sequences {B,} and {D, } and
their binomial transforms P = {p,,} and R = {r,;}. Let be T an infinite triangle of numbers by using the
following rule:

i. The left diagonal of the triangle consists of the terms of generalized Fibonacci-Like sequences,
ii. Any number off the left diagonal is the sum of the number to its left and number diagonally above it to the
left.

For example, the triangle T = {t,,} for generalized Fibonacci-Like sequences {B,} and its binomial transform
P = {p,} is following:
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2s
1+s 1+ 3s
1+ 3s 2+4s 3+7s
2+ 4s 3+7s 5+ 11s 8+ 18s
347s 54+ 11s 8+ 18s 13+ 29s 214 47s

Note that the antidiagonal sequences {t,} of this triangle verify the t,,,, = t, + t,,_; relation as generalized
Fibonacci-Like sequences {B,} while the all diagonal sequences hold t,,,; = 3t, — t,,_; relation of binomial
transform P = {p,,} of generalized Fibonacci-Like sequences {B,}. That is the sequence on the left diagonal
{2s,1+ 5,1+ 35,2 +4s,3+7s,...} is generalized Fibonacci-Like sequences {B,,} and the sequence on the
right diagonal {2s,1 + 3s,3 + 75,8 + 185,21 + 47s, ...} is the hinomial transform P = {p,} of generalized
Fibonacci-Like sequences {B,,} which was defined in this study. So, every antidiagonal sequence {t,,} of this
triangle verify the relation as generalized Fibonacci-Like sequences {B,} while the all diagonal sequences {t,,}
hold relation of the binomial transform P = {p,} of generalized Fibonacci-Like sequences {B,,}.

Similarly, we can obtain the triangle T = {t,,} for generalized Fibonacci-Like sequences {D,,} and its
binomial transform R = {r,}.

111. CONCLUSIONS

There are a lot of studies on sequences of integer numbers such as the Fibonacci and Lucas sequences are
well-known second order recurrence sequences in to almost every field of science and art. In this study, we
present binomial transforms of generalized Fibonacci-Like sequences associated with Fibonacci and Lucas
sequences. Also, the Binet formulas, generating functions of these transforms are obtained. Moreover, we
introduce an infinite triangle consist of the terms of generalized Fibonacci-Like sequences and their binomial
transforms.

In the future, we intend to discuss binomial transforms of generalized Fibonacci-Like sequences associated
with Pell, Pell-Lucas, Jacobsthal sequences.
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