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Abstract  

This paperinvestigates the integer solution of Diophantine Equation (DE). We also discuss the different 

applications of DE 
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I. INTRODUCTION 

The Theory of Numbers has been a favorite subject of study and research by leading mathematicians 

and thousands of amateurs ([1], [6]-[12]). The subject matter is very concrete set of whole numbers though the 

solutions of certain problems of linear Diophantine equation involve use of higher arithmetical theories real or 

complex numbers. In which encounters greater variety in type of proofs or in which find more simple problems 

to stimulate for interest, challenge ability and increase the mathematical strength ([2]-[5], [13]-[16]) . 

 

A. Greatest Common Divisor 

If the integers a, b > 0, then we define greatest common divisor of a andb, as the largest number that 

divides both a and b. It is used by (a, b) = c or gcd(a, b) = c. We use (a, b) to denote the greatest common divisor.  

Example:  Find gcd of 15 and 35. The divisors of 15 are  ±1, ±3, ±5, ±15 and the divisors of 35 are ±1, ±5, ±7, 

±35. So the common divisors of 15 and 35 are ±1, ±5. Thus the greatest common divisor is 5 .So the gcd of 15 

and 35 is 5 and by notation (15, 35) = 5. 

 

1) Theorem: The Diophantine equation𝑎𝑥 + 𝑏𝑦 = 𝑐, has solution if gcd(a,b) | c. If so, it has infinitely many 

solutions and any one solution can be used to generate the other entire one. 

 

Proof: Since the gcd(a,b) divides both ax and by, hence divides c if there is a solution . This gives the 

necessity of the condition.  

From the extended Euclidean Algorithm, gives any integers a and b, we can find s and t such that  

as + bt = gcd (a,b )     (1) 

the numbers s and t are not unique . Once we find s and t.  

Since we are assuming that gcd(a,b) divides c, there exits an integer k such that  

gcd(a,b)k = c 

Multiplying by k in (1), we get  

a(sk )+ b(tk) = gcd (a,b)  = c 

So this gives one solution with x = sk and y = tk. 

Now suppose that  a x1 +b y1 =c  is a solution and ax +by =c is some other solution . Then  

(ax1 – x )  + b (y1 – y ) = 0 

Therefore,  

a (x1 – x )  =  b ( y – y 1)     (2) 

This means that a dividesb ( y – y1)   and therefore 
𝑎

𝑔𝑐𝑑 (𝑎 ,𝑏)
divides (y – y1) 

So, y = y1 +r 
𝑎

𝑔𝑐𝑑 (𝑎 ,𝑏)
, for some integer r.  

Hence,equation (1) becomes   

a(x1 – x) =rb. 
𝑎

𝑔𝑐𝑑 (𝑎 ,𝑏)
 

                  So,                                   x= x1 – r. 
𝑏

𝑔𝑐𝑑 (𝑎 ,𝑏)
 

Thus if a x1 +b y1 = c is any solution, then all solutions are of the form  

  x= x1 – r. 
𝑏

𝑔𝑐𝑑 (𝑎 ,𝑏)
,  y = y1 + r 

𝑎

𝑔𝑐𝑑 (𝑎 ,𝑏)
 

Example: We consider an equation 258x +147y  =  369  
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 From Euclidean Algorithm, first we have to find gcd(147,258), the primitive equation on the far right is how we 

will use this equality after we are done with the computation. 

258  =  147 (1)  +  111,   equivalently,  111  =  258  -  147 

147 =  111 (1)  +  36,   equivalently,  36  =  147 -  111 

111  =  36 (3)  +  3,   equivalently ,  3  =  111  -  3 (36) 

So ,gcd(147, 258) .  Since 3 |369, the equation has integral solutions.  

Now we have to find a way of writing 3 as a linear combination of 147 and 258 by the Euclidean Algorithm 

computation above and the equalities on the far right, we get  

3  =  111  -  3(36) 

=  111  -  3(147  - 111)  =  4(111)  -  3(147) 

=  4(258  -  147)  -  3(147)  

       = 4(258)  -  7(147) 

Then we take   258(4)  +  147(-7)  =  3 ,  and multiplying by 123; why 123 ?   

Because  3 (123)  =  369,we get 

258(492)  +  147(- 861)  =  369 , 

So, the solution is  x = 492  and  y  =  -861 

All other solutions will have the form  

X  =  492  -  147 r /3  = 492  -  49r 

Y  =  -861  + 258r/3  =  86r  -  861  , r∈Z 

Here we take choose,  r = t  +  10 then reduce those constants by making a simple change of variable, we have  

X =  492  -  49(t+10)  =  2  -  49t 

Y  =  86(t+10)  -  861  =  86t  -  1,    t∈Z 

The solution of the linear Diophantine equation in other perform via row- reduction on augmented matrix – 

analogous to methods used in linear algebra. 

For instance,  mx  +  ny  =  gcd(x,y) 

One begins with two rows ( n      1      0 ) and  ( n    0    1 ) representing the two equations  

n  = 1n  +  0n,   

n  =  0n  + 1n 

Then one executes the Euclidean algorithm on the numbers in first column, doing the same operations in parallel 

on the other columns.  

Here we take an example:       d =  x(80)  + y(62) 

                                          In equation form                   In row form 

80  =  1(80)  +  0(62)  80      1       0 

62  =  0(80)  +  1(62)                    62     0       1 

row1 - row2  =>18  =  1(80)  -  1(62)                      18      1      -1 

row2 - 3 row3 =>    8   =  -3(80)  + 4(62)                       8       -3       4 

row3 -2 row 4   =>   2   =  7(80)  -  9(62)                      2         7      -9 

row4  -  4row5  =>   0    = -31(80) -  40 (62)                   0      -31    40 

=> row2 – row 3 = row 4 on the identity –augmented matrix. 

In effect we have row– reduced the first two rows to the last two. The matrix effecting the reduction is in the 

bottom right corner.It starts as the identity, and is multiplied by such elementary row operation matrix. Henceit 

accumulates the product of all the row operation, namely:  

The 1st row is the particular solution: 2 =7(80)-9(62) 

The 2nd row is the homogenous solution:0 =-31(80) +40(62) 

So the solution is my linear combination of the two: 

nrow 1 + m row 2  =>  2n = (7n-31m) 80+ (40m − 9n)  62 

The same row/ column reduction techniques tackle arbitrary systems of linear Diophantine equation. Such 

techniques generalize easily to similar coefficient rings possessing a Euclideanalgorithm, e.g. polynomial rings 

F(x) over a filed, Gaussian integers Z .There are many analogous interesting methods. 

 Another method: It does not require finding an initial solution, but it may require finding a modular 

multiplicative inverse. We take an example instead of a generalization.  

Example: Solve 2x  +  3y  = 5 

Solution:  We can write ,2x  = 5(mod 3) 

Divide both sides by 2 ,gcd (3,2) = 1 

x = 1 (mod 3)    =>x = 3n +1 ,n ∈ Z 

Substitute this value of x into the original equation: 

2(3n + 1) +3y = 5  =>y= 1-2n , n ∈ Z 

Ans: (x,y) = (3n +1,1-2n), n∈ 𝑍. 

 

2) Theorem:  A solution to the linear Diophantine equation 
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m1 x1 +m2x2 +……..+ mp xp = l, 

wherethe solution will depend on (p –1)parameters exactly as expect from linear algebra. 

 

Proof:  We consider the linear Diophantine equation 

m.x +n.y =l 

Case 1:  Suppose (m,n) |∕ l,then 

(m,n)| (mx +ny) =l 

Which contradicts our supposition?This shows that there cannot be a solution. 

 

Case 2:  Suppose (m,n) |l. Writel= k (m,n),  for k ∈ 𝑍. . There are integers m and n such that 

mu+ nv =(m,n) 

Then 

muk + nvk  = (m,n)k 

 

Hence, x = uk , y = vk , is a solution. 

Suppose x = xo, y = yo , is a particular solution. Then 

m(
𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
k +xo ) + n ( –

𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
 k + yo) =

𝑚𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
 – 

𝑚𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
 +m xo +n yo = 0 +l 

This proves that x =
𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
 k + xo   ,  y =  –

𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
 k + yois a solution for every k∈ 𝑍.  

Finally, we want to show that every solution has this form. Suppose then that ( x ,y)is a solution. Then mx + ny 

= l and mx0 + n y0 = l 

 =>m ( x - x0 ) +n( y -  y0)= l –l = 0  

Therefore, 
𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
( x - x0 )+ 

𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
(

𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
)   = 0 

𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
( x - x0 ) = –    

𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
( y -  y0) ……………     (1) 

 

Now 
𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
 divides the left side, so it divides the right side. However, 

(
𝑚

(𝑚 ,𝑛)
 ,

𝑛

(𝑚 ,𝑛)
)=1 

Therefore, 
𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
 |  ( y -  y0) ,  or ( y -  y0)= k. 

𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
, for some k 

Thus, 

y = y0  +k.
𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
 

From equation  (1) 
𝑚

𝑔𝑐𝑑 (𝑚 ,𝑛)
(x - x0) = –    

𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
( y -  y0)   =–    

𝑛

𝑔𝑐𝑑  𝑚 ,𝑛 .

𝑚

𝑔𝑐𝑑  𝑚 ,𝑛 .
k 

x - x0  =–    k 
𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
 

x = x0 –    k 
𝑛

𝑔𝑐𝑑 (𝑚 ,𝑛)
 

This is the required solution in the theorem with an unimportant switch of k and -k. 

 

Example: Find the solution of the linear Diophantine equation   

50 x +20 y = 300,   where initially(x0, y0) =( 2, 10) 

Solution:Since, gcd (m,n) = gcd(50, 20) =10  

              So,  x = x0 + 
𝑛

(𝑚 ,𝑛)
.k , y = y0 – 

𝑚

(𝑚 ,𝑛)
 .k ,     k∈ 𝑍. 

Therefore, x = 2+
20

10
.k = 2 + 2k,  y = 10  -–

50

10
 .k = 10 – 5k ,  k∈ 𝑍.  

Thus , { (x, y) : x =2 +2k , y= 10 – 5k },          k∈{ -1, 0,1,2} 

Figure: Graphical Solution of DE  
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II. CONCLUSION 

In this paper, we have investigated the integer solution of Diophantine Equation (DE). We also 

discussed the different applications of DE  
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