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Abstract

This investigation is concerned with analytical determination of the out-of-plane normal response, the associated
Airy stress function and the static buckling load of an imperfect, finite but simply-supported toroidal shell segment
that is statically pressurized. Regular perturbation procedures and asymptotic expansions are freely utilized. In the
final analysis, a simple implicit equation for obtaining the static buckling load is obtained and the result is
asymptotic in nature.
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I. INTRODUCTION

The toroidal shell segment is an imperfection-sensitive elastic structure that has been studied for sometime now.
Though its structural configuration resembles that of a cylindrical shell, it however differs from cylindrical shell
segment in the possession of an inner radius namely a, and an outer radius b. Earlier studies on the structure were
done by Stein and McEIman [1] who investigated the buckling of segments of toroidal shell while Hutchinson [2]
similarly investigated the initial post buckling of toroidalshell segments. Relatively recent but insightful
investigations on the subject matter were done by Oyesanya [3, 4], who used asymptotics and perturbation
techniques to analytically study the various restrictions of the structure. Related studies, though not strictly on
toroidal shell segments, were initiated by Kriegesman et al. [5], while Hu and Burguefio [6] investigated elastic post
buckling response of axially loaded cylindrical design. In the same token, Kubiak [7, 8] made substantial
contributions to the subject matter through his investigations on thin-walled structures, while Kolakowski [9, 10]
treated similar subjects in his investigations on thin-walledcomposite structures.

Though the formulation here is situated purely on static settings, the technigque adopted in this work is similar to
an earlier study by Lockhart and Amazigo [11], who investigated the dynamic buckling of externally pressurized
imperfect cylindrical shells. As in Hilburger and Starnes [12], our investigation intends to determine the out-of-plane
normal displacement of the finite but imperfect toroidal shell segment. We shall, in the static setting, determine the
static buckling load of the structure, assuming that the structure is pressurized by a compressive static load that is
either axially or hydrostatically applied. As in [11, 13], our attention shall be focused on a simply-supported toroidal
shell segment where we shall employ expansions in double Fourier series.

Il. FORMULATION OF THE PROBLEM

From [3, 4], the normal out-of-plane displacement W(X, Y) and Airy stress function F(X, Y) of a finite imperfect
toroidal shell segment of length L, satisfies the following equilibrium equation and compatibility equation
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Here, X and Y are the axial and circumferential coordinates respectively, E and h are the Young’s modulus and

ER3 .
2007 where 9 is
the Poisson’s ratio.Wis the stress-free time-independent continuously differentiable function of X and Y while the
symmetric bilinear functional S is such that

thickness respectively, while p is the area density and the bending stiffness D is given by D =

S(P,Q) = PxxQyy + PyyQyy —2PxyQxy %)

Similarly, the symbol V*# is the two-dimensional biharmonic operator defined by

Vi= o + 0\’ 6
“\ox?  9y? (6)
I11. NONDIMENSIONALIZATION OF THE GOVERNING EQUATIONS

We now introduce the following quantities

X Y _ w _w ;
XEL YT TR YT )
1 Lap _IPY12(1 -v?) _h g
" miD’ B m?ah ’ a ®
Here, the symbol A is the nondimensional load amplitude and
1? A
€=W' K(f)=—<1—+5> , 0<eK1 (9)

Here, € is a small parameter representing the amplitude of the imperfection and we shall neglect the boundary layer
effect by assuming that the pre-buckling deflection is constant. In this way, we assume

F= (XZ + ! YZ) + EREL 10
- pa 2¢ m?a(l +f)2f a0
2
_pa (1—-av)
w= T + hw (11)

The parameter a takes the value a = 1, if the pressure contributes to axial stress through end plates, but similarly
takes the valuea = 0, if pressure acts laterally.

On substituting (10) and (11) into (1) — (4), using (7) — (9), the following equations are easily derived
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Viw — K@) (fox +Erfyy) + 2 [% W+ €W, +& (1 - %) (w+ew),,

= —K(&)Hs(f,w + ew) (12)
_ 1
V= A+ O (wy, +Erwy, ) = —EH(l + Os(w + ew,w) (13)
O0<x<m O0<y<2m (14)
w=w,, =f=f,=0atx=0,m (15)

a
where,r = 5

A subscript following a comma indicates partial differentiation, while

2 2\2
Vi= <_ + f?) ’ S(p' q) = Pxx q,yy + p,yy Qxx — Zp,xy q xy (16)

IV. CLASSICAL BUCKLING LOAD, A,

This is the load that is required to buckle the perfect linear structure and is obtained by neglecting all nonlinearities
and imperfections in the governing equations. The relevant equations at this stage are

Tw = K +E7fy) + A 5w + 8 (1-5) w,yy | = 0 (17)

VA = (1 ) (we + 8w, ) = 0 (18)
w=w, =f=f,=0atx=0,x
For the solution of (17) and (18), we have
W, f) = (@i by )sinmxsin(ky + @,,;,) (19)
where, @, isan inconsequential phase and (a,,; , b, ) # (0, 0). Substituting (19) in (18) yields

_(1 + f)zmzamk

bk = GZ ¥ Ek27 + (L 1 ©)7er2k? (20)
Now substituting (20) into (17) and simplifying, yields
am? a K(@)(m? +Ek*r)(1+8)?
(m? + £k2)? — A{T + Ek? (1 - 5)} Sl ey e g il (1)

Batdorf, as cited in [11], had assumed that k varies continuously and so assumed the condition for classical buckling
load as

dA

=0 (22)

Thus, If k = n is the value of k at the maximization (22), the classical buckling load A, is
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2 232 K@) (m2+&n?r)(1+8)?
1= (m” + ) — syt (23)
c am? a
—+ (1 — ;) érn?
On substituting for K (&) from (9) and letting { = én?, we get for m = 1,
A2(1+Gr)
A — (1 + C)Z (1+C)2+(1+§)2Cr (24)
i+(1-9)e
Thus, the displacement and corresponding Airy stress function are
-(1+9° o
w,f) = (1, A+ A+ 000 aq, Sinxsin(ny + 94,,) (25)
V. STATIC DEFORMATION
We now let

(-2 ()< @)

Substituting (26) into (12) and (13) and simplifying yields

Vw® — K@ (P + frfy(l)) +1 [ (w® + ew) + E(l - E) (w® + 6w) ] =0 (27)

0(e)
VD — (1 + f)z(w(l) + Erw(l)) =0 (28)
( Vw® — K@D +erfP) + 2 [% (wh+w)  +¢(1- 2) wi)|
0(e)) = _K(f)H[S(f(l)’W(l)) + S(f(l), v_v)] (29)
VO — (1 +2(w? + frw(z) = —%H(l +O)[s(wD,w®) + s(wh,w)] (30)
Tw® = KOUD +erf)) + 2 [5ws +¢ (1-5)wl]
0(e?) = —K@OH[s(fO,w®) + s(f@,w®) +s(f®,w)] 31
(V4O -+ 2w + Erw(3) = —%H(l +)[s(wD,w®) + s(w®,w®) + s(w®,w)] (32)
w® = =f0= f,g;) =0,atx=0,1 (33)

As noted by Lockhart and Amazigo [11], any time independent stress-free normal displacement w(x, y), satisfying
reasonable smoothness conditions, can be expanded in a double Fourier series. Thus, if the edge effects are
neglected and the origin of the circumferential coordinate is appropriately chosen, such a series takes the form
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w(x,y) = asinxsinny + Z (@, sinky + b, cosky)sinmx (34a)
m=1,k=0
(m,k)#(1,n)
or
w(x,y) = Z (@ Sinky + b,y cosky)sinmx (34b)
m=1,k=0
with by, =0 (34c)

However, in this work, we shall take
w(x,y) = asinmxsinny (35)

Throughout the analysis, we shall use the fact that if, for example,

o0

w(x,y) = Z (lycosqy + l,singy)sinpx (36a)
p=1,q=0
then
Viw = Z (p? + £9%)*(lycosqy + Lysingy)sinpx (36b)
p=1,q=0

Any integration with respect to x shall have 0 and & as the lower and upper limits respectively while integration with
respect to y shall have 0 and 27 as the lower and upper limits respectively.

Solution of Equations of Order €

Let

1

(1) © (€] (€]
w Wy , W, . ,
FO = Z f(l) sinpxcosqy + f(l) sinpxsingy (37)
p=1,4=0 2
We now substitute (37) into (28) and get, using (36b)

z [{(Pz +6¢2% 0 + (1 + &% (g2ré - pz)wl(l)}sinpxcosqy
p=1,q=0

+ {0 + a7 £V + (1 + ©2(q*rg — pP)wPJsinprsingy| = 0 (38)

Multiplying (38) first by sinmxcosny and next by sinmxsinny, and for p = m, ¢ = n in each case, we simplify to
get

FO = —(1+ 9 (*rg - mH)w,"” £ = —(1 +&)*(n*r§ — m2)wy"
1 = (m2 + fnZ)z ’ 2 (mz + S;nZ)Z

(39
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Next, assuming (37) in (27) and multiplying through, first by sinmxcosny and after by sinmxsinny, we get, using
(39)and for p =m,q = n,

oAl (1-9)

M _

W1 : o1 (40)
where,

5 oy mA \? 5 5 n?r& —m? am? 5 a
Q= [(m +f1’l ) +{(m) +n Tf}(l +§) {m}—ﬂ{ > +€7’l (1 —E)}] (41)
So far, it follows that
@
(‘;:(1)> = ( ip )wz(l)sinmxsinny (42a)
—®Po

where,
2 nzrf—m2
=01+ {m}(‘mb)
Solution of Equations of Order €2

We shall now let

) ® ) (2
W( ) W1 3 WZ . .
£ = E f(z) sinpxcosqy + f(z) sinpxsingy (43)
2

p=1,q=0 1

On substituting on the right hand sides of equations (29) and (30), we get

Tw® = KOUD +erf,y) + 25w +¢(1-5)wh

2 ) Wy
2
= —K(&)Hp,mn? (Wz(l) + c_lwz(l)) (cos2mx + cos2ny) (44)
_ 1 2
VHFD — (1 + f)Z(W,gC) + frw,g,)) = EH(l + &mn? (Wz(l) + c_lwz(l)) (cos2mx + cos2ny) (45)

Now substituting (43) into (45), using (36b) and simplifying, we get

z [{(Pz + 6022 fP + g2re? — (1 + é)zpzwl(z)}sinpxcosqy
p=1,4=0

+ {(pz +8¢22 P + ¢Pre?(1 + é)zpzwz(z)}sinpxsinqy]

1 2
= EH(l + &mn? (wz(l) + 6_1W2(1)) (cos2mx + cos2ny) (46)
We multiply (46) by sinmxcos2ny and for p = m, q = 2n, integrate to get (for m odd)

_ 2 2
Z2HA+)mn” (Wz(l) + &Wz(l)) — (1 +8?%*@4n?ré - mz)wl(z)
f(z) — s
1 (m? + 4n2¢&)?

(47a)

Let
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2H(1 + &)mn? 1+ &)?(4n’ré —m?)
V2= P71 = (47b)
m(m? + 4n%é)? m(m? + 4n%§)?
2
£ =~ [ (w7 + aw®) + gyl @70
Next, we multiply (46) by sinmxsin2ny and simplify to get
£2 = —pw? (48)

Using (36b), we next multiply (44) by sinmxcos2ny and integrate and for p = m, ¢ = 2n (m odd) we get, after
simplification

24 \“Hpomn? 2 12 )
@ [((1+§)) - {((1+§)) +4n 5}] (WZ +aw, )
Wi = 2 22\2 Am \? 9 am? a (49a)
e 4020 4, {<m> ramag] -2 {2 e (1-9)
We now assume the following:
2 2 2
_ ( 24 ) Hpymn ( Am ) +an? 49b
= |(m? + 4n25)? + (Am >2+42 Aam2+4 2(1 a) 49
P10 = |UM n-¢ P7 (1+9) n-§ 2 $n 2 (49¢)
@ _Po( W, _
w7 =—\w + aw. 49d
R ) (49d)
Similarly, multiplying (44) by sinmxsin2nyand integrating as usual, yields
w® =0 (50)

It follows at this stage that
w® w®
(f(2)> = f(z) sinmxcos2ny (D
1

Solution of Equations of Order €3

We next substitute on the right hand sides of (31) and (32) and simplify to get

Tw® - KOUD +erfi) + A [5 w® +w)  +¢(1-3)wl
= —m?n?K(§)H[9sin3ny — sinny — cos2mxsin3ny + 9cos2mxsinny] (2w,
+aw?) (52)

@) (2)

VB — (1 + f)z(wm + frw(g)

1
=-gm 2n2H(1 + §)[9sin3ny — sinny — cos2mxsin3ny + 9cos2mxsinny](2w, o (2)

+ awl®) (53)
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Let

W(3) (3) . (3) ' .

( f(3) (3) sinpxcosqy + f(3) sinpxsinqy (54)
p= 1q 0

On substituting (54) into (53), multiplying through by sinmxsinny, we get, for p = m,q = n (and for m odd)

H1+ f) mn? (2 2(1)W1(2) + awl(Z)) (1 + &)2(n%ré — m2)ws)

3) _ W)

2(n) — (m? +n2é)?

(56a)

Let

_ H1+)mn’p,
?5 = n(m? + n2&)2 ¢y (260

Then, we have

3 1 1 1 3
f((n)) ®3 (Zw2 )? + 3aw( )? + aw( )) <P0W2((,)l) (56¢)

Similarly, by multiplying (53) by sinmxsin3ny and for p = m, g = 3n, we integrate to get

3 %(1;&(2 w® +aw®) + (1 + 2 (n?r§ —mHwy

£, 26n) (m? + 9n2é)? (57a)

Let
¢
_ 9H(1 + &)mn? ﬁ A+ O (OnPre —m?) o
$u = 2n(m? + 9n2é)2’ P12 = (m? 4+ 9n%¢)2 (57b)
3 3 _ 2
2((3)n) = [-<p11 (sz(l) + 3aw2(1) + awz(l)) + ‘P12W2(?3)n) (57¢)

To determine w®, we now substitute into (52), multiply through by sinmxsinny and for p = m,q = n (m odd),
we simplify to get

(3) _ _HK(f)mnz

@, @) @, @ @)=
2(n) e, (fz wT w4 fy a)

H(+ Hmn’ Am_y* ), @
2m(m? +n?&)%¢, {(((1 + f)) tn rf) (2w, +aw, )} (58a)

After carefully simplifying (58a), we get

1 2 3 3 2
Wz(?r)l) =— [(9014 + £$13%9 %) Wz(l) +a <2<p14 + M) Wz(l) + a? (<p14 + M) Wz(l)] (58b)
1 P10 P10 P10

2
H( + & mn? (( Am ) (580)

P13 = 2n(m? + n2e)? (1+Q>'“ﬂﬁ
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() o (g +229

(1+¢) 910
= 58d
P14 n(m? + n2é)? ( )

Following (58b — d), we further let

201399 301399 P13P9
Q: = (4’14 + )' Q; = (24314 + >' Q3 = (‘P14 + ) (58e)
10 10 P10
In this case, we get
1 3 2
Wi = 5 (@ + Quaws”” + 0sawy?) (589)

Next, we substitute into (52), multiply by sinmxsin3ny and for p = m,q = 3n (m odd), simplify to get

w®
2(3n)
i 2 2
—gHKf)mn (fz(l)wl(z) + f1(2)W2(1) + C_lfl(z)) + 9Hmn?(1 + &)? {(((f:()) + 9n2r€) (ZWZ(I)WI(Z) + dwl(z))}
= 59a
P15 ( )
where,
2 2 2 Am ? 2 2 2 2
@15 = (M* +9n%é)* + <(1+§,)) +9n%ré | (1 + &€)*(9n*é —m*)
am? a
— - 2 - =
,1{ o+ 9%n (1 2)} (59h)

After simplifying (59a), we get

P9 3 D@7 Qg _ 2
Wz(:gn) =12016 — @17 | 92 +— (@0 + @7) Wz(l) + {3(/’16 — Q17 ( +—(po + ¢7) + 2<p2)}awz(1)
P10 P10 P10
Py _
+ {‘P16 —¢17 ( + </’2>} aZWz(l) (60a)
P10
where,
2
9HmMn?*(1 + §)? {((—Am ) + 9n2r$>}¢—9
_ 1+8€) 910 (60b)
P16 TS
A\2
—9H (—) mn?
Py = —— (60¢)
P15
We now let
Dy
Qs = 2016 — 917 (902 + E(% + ‘P7)> (61a)
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P P P9
Qs = {3¢16 - 917 ( L+ (pp +¢7) + 24’2)} (61b)
P10 P10

Do
Q6:§016_§017< 7+§02>
P10

(61c)
It follows that

3 13 _ (2 (1
Wiy = Qaws? + Qsawy”” + Qediwy” (62)

So far, the normal displacement w® (x, y) and corresponding Airy stress function £® (x, y) at this order of
perturbation are

(WG) = Wz(éz) sinmxsinny + WZ%)")
JiS2 - f(3)

@) |sinmxsin3ny (63)
2(m) 2(3n)
Generally, it follows that
2)
w1\ . _ N
fx,y)) € ® w, “sinmxsinny + € £ sinmxcos2ny
) 0 1
® )
w. w.
+é 2(2’)’) sinmxsinny + Z(S") sinmxsin3ny| + -+ (64)
famy 2(3n)

VI. STATIC BUCKLING LOAD, Ag

To determine the static buckling load Ag, we shall use only the buckling modes that are strictly in the shape of
imperfection as in (35). As in Lockhart and Amazigo [11], the condition for static buckling is

a2 _ 0 65
where, it is tacitly implied that the displacement w(x, y) is an embodiment of the load parameter 2. Amazigo[12]

and Amazigo and Ette [13] had earlier shown that the application of equation (65) should be preceded by a reversal
of the series (64) which we now embark by first letting

— D . 3 . .
€1 = w, “sinmxsinny, 3 = W, sinmxsinny

w=ec +€3c;+

(66a)
To reverse the series, we write

€ =wd; +wid; + -

(66b)
By substituting for wfrom (66a) in (66b), and equating the coefficients of powers of €, we get

d, ==, dy = —

S |a
[N [

(66¢c)
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The maximization (65) is better accomplished using (66b) to get the value of the displacement at static buckling,
namely wg, as

3
o 67a)
Wg 3¢, (

The static buckling load A is next determined by determining (66b) at static buckling to get

2 |
E—g 3_C3 (67b)

On simplification, (67b) gives

[(m2 +n2é)? + <((1ATmf))

2

5 , [ n*ré—m? am? 5 a1
+n rf) a+é (—(m2+n2€)2)_/15{ > +én (1—5)}]
3v3

2
= = 5(@e) {% + gt (1- %)}\/Qloy (680)

where,

_ _ 2
o- b))

Equations (68a, b) give an implicit expression for determining Ag. The result is asymptotic in nature, all depending
on the smallness of the perturbation parameter € in relation to unity. Similar results on cubic and quadratic — cubic
elastic model structures were obtained by Budiansky and Hutchinson [14].

VII. CONCLUSION

We have employed regular perturbation procedures and asymptotic expansions to evaluate the

out-of-plane normal deflection and corresponding Airy stress function of a statically loaded, finite, imperfect
toroidal shell segment that has simply — supported boundary conditions. We have similarly determined the static
buckling load A of the structure and the result is asymptotic in nature. It is expected that similar procedures can be
utilized to analyze cases of dynamic loading of the same and similar structures.
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