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Abstract: Concerning the distribution of a polynomial a famous result is due to Enestrom — Kakeya which states
n
thatif P(2) = a;z" is an n" degree polynomial, such that

Il
o

an2an_12"'2a12a0>05
Then all zero’s of P(z) lie in |z| < 1.

In this paper we relax the hypothesis in several ways and obtain a generalization of above result, we also present a
result on the zero free region of certain polynomials.
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l. Introduction

Let P(z) = a;z" is an n™ degree polynomial such that

n
i=0

Then according to a well known result of Enestrom — Kakeya [3], deals with the location of zero’s which states as
follows:

n
Theorem A: Let P(z) = Z a;z" is an n™ degree polynomial such that
i=0

Then all zero’s of P(2) liein |z| < 1.

By applying the above result to the polynomial z"p G) we get the following result.

n
Theorem B Let P(z) = Z a;z'is an n" degree polynomial such that
i=0

0<a,<a,1<-<aqag
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Then P(z) does not vanish in |z]| < 1.
In the literature many attempts have been made by various researchers to extend and generalize the Enestrom —

Kakeya theorem, Joyal, Labelle and Rahman [2], dropped the non — negative condition of coefficients by proving
the following:

n
Theorem C: Let P(2) = Z a;z'is an n" degree polynomial such that
i=0

a, =a, 1 =--=20a; =0a
an—ag+lagl

Then P(z2) has all its zero’s in |z| <

lanl

Applying the above result to the polynomial z" P G) we get the following result.

n
TheoremD:Let P(z) = Z a;z" is an n" degree polynomial such that
i=0
a, <a,_1<--<aq

lag|
ap—an+lay|

Then P(z) does not vanish in |z| <

On the other hand Govil and Rahman [1], extended the above results to the class of polynomials with complex
coefficients by proved following result.

n
Theorem E: Let P(z) = Z a;z" is an n™ degree polynomial with complex coefficients such that for some real g
i=0

T
|argai—ﬁ|SaSE , 0<i<n

And la,| = la,_;| = =la;| = |agl, then P(z) has all its zero’s in

1

>

2Sina

la, |

|z] < (sina + cosa) + la;|

Il
o

i
1. Main results

The aim of this paper is to obtain zero free region and generalization of theorem D, E and hence of theorem A. In
fact we prove the following results.

n

Theorem 1:Let P(z) = Z a;z" is an n" degree polynomial, if for some real numbers
i=0

t=1, 0<S<1,suchthat

ta, =za, 1= 2 ap+1 = a,

IA
A
Q
~
=
A
Q

Then P(z) does not vanish in
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|a0|
lagl = SClaol + ag) + 2(a, — a,) + t(a, + la,

lz| <

Forp=q=n, t=S=1,thentheorem 1 reduces to the following result.
n
Corollary 1: If P(z) = Z a;z" is an n™ degree polynomial, such that
i=0
a, > a,_1 = > a > ay

lag|

Then P(z) does not vanish in |z]| < ————
an+|an|_a0

The bound is attained by the polynomial
P2)=z"+z"1+-+z+1
Example: Consider the polynomial
P(z) =2z +42° + 328 + 327 + 22% + 32° + 3z* + 223 + 222 + 6

Here the coefficients satisfy the following

1
2(2)24>323>2<353>22225(6)

1
t=2, a, =2, aq=3 ands=§

For this polynomial P(z), does not vanish in |z| < %

n
Theorem 2: Let P(z) = Z a;z" is an n™ degree polynomial, if for some real numbers
i=0

t,S =0, such that
A —t=<a, 1SSy, 20, 1 2 20gqq1 24, 1 £ <aqu<q,+S

Then P(z) does not vanish in

lay |
25+a0+2(ap —aq)—an + la,| + 2t

lz] <

Remarks: forp =q=n , s=1t =0 ,thentheorem 2 reduces to theorem D.

n
Theorem 3: Let P(z) = Z a;z" is an n™ degree polynomial with complex coefficients such that
i=0

s
larga; — BI SaSE , i=012..n

Forsomereal f, k=1 ,0<p<1 and

kla,| = lay 4| = = |a, 41| = |a,| < |ay_1| < < agia] < lag| = |ag_1| =+ = play
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Then P(z) has all its zeros in

|ap|) + 2|ay| — plagl(cosa — sina + 1) + S

la, |

kla,|(cosa + sina) + 2cosa(|aq| -

lz+k—1] <

n-1
Where S = ZSinaZ
i=0

Remark:For k=p =1, p =q =n, then theorem 3 reduces to theorem E.

I11. Proof of theorems
For the proof of theorem 3, we need following lemma.
Lemma 1: If larga; — Bl < a <, and for some ¢ > 0, then
lta; — a;_1| < [tla;| = la;_¢|]cosa + [tla;| + |a;_|]sina
Above Lemma is due toGovel and Rahman [1]
Proof of theorem 1:Consider the Polynomial
P(2) = a,z" + ay_1z" '+ 4 @y 2P 2P + ot ag 29 a2z + a2z + g
1
Let Q(z) =z"p (;)

=apz" + ;2" '+ a2+ g 2" ot a, 2P 4 a, 2" P a2t g,

And R(z) = (1 —2)Q(2)

= —aoz" + (ag — a)z" + (@, — a)z" ' + -+ (a,q —a,)z" I +
(ag —ag41)z" 0+ + (ay_y — a,)2" P + (@, — a,41)2" P + -+ (ay_y — a,)z + a,
= —apz"* + (Sag — a))z" + (1 — S)apz" + (a; — ag)z"*! + -+ (a,_; — a,)z" 9+

+ (4, = ags1)z" 4t (4y1 = 0,)2" P4 + (@, — @y )27 P +
+ (a,_4 —ta,)z+ (t—Da,z+a,
IR(2)| = |—agz™*! + (Say — a)z" + (1 — S)agz™ + (a; — ag)z" 1 + -+ (aq_l - aq)zn_q+1

+(a, —ag41)z" 0+ + (ay_y — a,)2" P+ (@, — a,41)2" P + -+ (ay_y — tay)z
+(t—-Da,z+a,|

IR()| = lagllz|™+*
—{@ = lagllzl* + 1Sag — ayllz* + -+ |a,_y — a,|1z"* + |a; — ag4q]lz]"~7 + -
+]a,_ = a|lzI"P* + |a, — ap+1||Z|”_” +o ot lag g = tagllzl + (= Dlayllzl + la, |}

1 1

> laolet |1 = o {0~ ol #1500 =l e = el oy s = ) s + Loy = gl +
1 1 la,| la,]

lays = | oo+ lay = @y | o0+ ey = tan | iy 4 (6 - )WJfW}

For |z] = 1, so thatﬁ <1
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IR 2 layllzI" 1]
1

~agl

+lay_y — ap| + |a, = appr| + -+ lay_y — ta, |+ (¢ = Dla, | + Ianl}]

{1 =Dlagl + 1Sag — a;| + la; — ap| + -+ |aq_1 - aq| + |aq - aq+1| + -

1
> |aollz|" [|Z| —m{(l = lagl + la; = Sagl +laz —a;| + -+ |aq - aq—1| + |aq+1 —aq|t
0
+ |ap —ap_1| + |apJr1 - ap| + -+ |ta, —a,_1 |+ @ = Dla,| + Ianl}]
1
= |lagllz|® [Izl —m{(l = Olagl +a; —Sag+a; —a; ++a; —a,4 +a, —a,_; + o
0
—a,ta,_;—a, ++ta, —a,_; + (- 1Dla,|+ Ianl}]
1
= |lagllz|™ [lzl —la—ol{(l = Slayl = Say + 2a, — 2a, +ta, + (- Dla,| + Ianl}]
1
> |agllzI® [lzl —m{laol =S(ap + lagD) + 2(ay —a,) + t(a, + Ianl)}] >0
0

If |z _IaLol{laol —=S(ay + lagl) + 2(a, —a,) + t(a, + Ianl)} >0

2] > lagl = S(ag + lagl) +2(a, —a,) + t(a, + la,|)
|ao|

This shows that all zero’s of R(z), whose modulus is greater than 1 lie in

lagl —S(ay + lagh) + 2(a, — a,) + t(a, + la,|)
lz| < | l" £
2]
But those zero’s of R(z), whose modulus is less than or equal to 1. Already satisfy the above inequality, therefore it
follows all zero’s of R(z) and hence Q(z) liein
lagl — S(ay + lag) + 2(a, — a,) + t(a, + |la,|)
lz| < L
|ao|
Since P(z) = z"Q G), it follows that all zero’s of P(z) lie in
|a0|
|z| >
lagl = S(ag + lagl) +2(a, —a,) + t(a, + la,|)

Hence P(z) does not vanish in
|a0|
lagl = S(ag + lagl) +2(a, —a,) + t(a, + la,l)

|z| <

Hence it completes proof.
Proof of theorem 2:Consider the Polynomial

P(2) = ayz" + a,_1z" '+ 4 @y 2P+ a,zP + ot ag 2 a2zt + L+ aiz+ag
Let Q(z) =z"p G)
=apz" +a;z" 4 a2 a2 e, 2P a2 P a,_1Z+ a,

andR(z) = (1 —2)Q(2)

= —ayz"™ + (ag — a))z" + (a; — a)z" L+ -+ (a1 —ag )2V + (a, — agyq) 2"+
vt (ay_y —a,)z" P+ (a, — ayy)2" P + -+ (@ —a,)z +ay
= —a 2"+ (S+ay—a))z" —Sz" + (a; — ap)z" L+ -+ (a1 —ag )2V + (a, —ag4q)z" T+
+(ay_1 —a,)z" P+ (a, —ay41)2" P + -+ (@, —a, + Dz —tz +a,
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IR(2)| = |—aoz’“r1 +(S+a;—a)z" —Sz" + (a; —ay)z" L+ -+ (aq_1 — aq)zn‘qul + (aq - aq+1)z"‘q + -
+(ayy —a,)z" P+ (a, —ap41)2" P + -+ (ay_g —a, + D)z — tz + a, |

IR(2)| = lagllz|***
— IS+ ag — ayllzI™ + Slz|* + lay — allzI" ™" + -+ + |ay 1 — a, |12[" 71 + |a, — a 44121777
+oot|a,_y —a|lzPH + a, —ay |12 4+ lay g —a, + izl +tlzl +a, ]

IR 2 layllzI" ]
1 1 1
T |{|S+a0 a | +S+la; — |I [t +|ag_y — q|F+|aq—aq+1|W+
Ao
1 1 1 1
+|ap_1—ap|—|zlp_1+|a,, p+1|| I”+ Hlapg —ay gt el s }]
For|z| = 1,s0 that%s 1, then we have

IR = laylzl” [
1
—la—ol{5+a0 - +S+ta—atta g —atagg—agtta,—a, g+ a, —a,
+ta,—a, +t+t+ Ianl}]

1
> lagllzI" [|z| ~Tal@S + a0 +2(ap —ag) = an + lay | +2¢]
0

1
If |z —la—0|[25+a0 +2(a, —a,) —a, + la,| +2t] >0
25+a0+2(ap —aq)—an + la, | + 2t
|ao|
This shows that all zero’s of R(z), whose modulus is greater than 1 lie in
25+a0+2(ap —aq)—an + la,| + 2t
lz| < ]
0
But those zero’sof (z) , whose modulus is less than or equal to 1. Already satisfy above inequality. Therefore it
follows all zero’s of R(z) and hence Q(z) lie in
<25+a0+2(ap —aq)—an+|an|+2t

|z| >

|z| <
|a0|
Since P(z) = Z"Q G), it follows that all zero’s of P(z) lie in
a
|z| > il
25 +aq, +2(ap —aq)—an + la, | + 2t
Hence P(z) does not vanish in
a
2] < |ay|

25 +aq, +2(ap —aq)—an + la,| + 2t
Hence it completes Proof.

Proof of theorem 3:
Consider the Polynomial
F(z) = (1-2)P(2)
=1 =2)(a,2" + 12"+ Ay 2" P+ @y 2Pt a,zP . a4 29T +azt 4+
a1z + ay)
=—a,z""' + (a, — a,_)z" + (a,_1 — a,_5)z" ' + -+ (ap+1 - ap)zp+1 +
(a, —a,_1)zP + ..+ (ag41 — a,)z9" + (a, —ay_1)z7 + -+ (a; — a9)z + aq
=—a,z"" —ka,z" + a,z" + (ka, — a,_1)z" + (@,_1 —a,_)z" 1 + -+
(@41 —a,)2P + (a, —a,_1)zP + ot (ages — a,)z7 + (ay — a,_1)2z7 + -+ (a; — pag)z + pagz — apz
+ay
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= —a,z"" Y (z+ k — 1)+(ka, — a,_)z" + (@, — a,_)z" P+ -+ (ay4, —a,)zP 1 + (a, -
ay-1)z? + ..+ (aq+1 - aq)zqu1 + (aq - aq_l)zq + -+ (a; —pag)z + (p—Dagz+ay
This gives

IF(2)| = a,lz|"lz+k—1]
lka, —ay_qllzI* + lay_1 — ay 2"t + -+ |a, 41 — @, ||2IPH + |a, — a4 |l2I?
- + - |aq+1 - aq||z|qu1 + |aq - aq_1||z|q + la; — payllzl
+(p — Dla,llz| + la, |

> [21" [la |12 + k 1]

1 1 1
- {I ka, —a,_i|+la,_; — an_2|m+ et |ap+1 — a”|—|z|"‘P‘1 + |ap — a”_1||z|T—l’ + -

1 1 1
Flaga = ag| g +lag = a| g + o+ las = paol =y + (0 = Dlaol s
1
+ |ao|W}]
For |z| > 1,therefore L < 1, we have

|z|
IF()| = |zI"[lay ||z + k — 1]
—{lka, —an_sl +lap_y —ay ol + -+ |aps — a,| +|a, —a,_y| + -+ |ag41 —a,
+ |aq — aq_1| + -+ la; — pagl + (p — Dlag| + Iaol}]
IF(2)| = |z"[la, |1z + k — 1]
—{lka, —an_sl +lapy —ay ol + -+ |aps — a,| +|a, —a,_y| + -+ |ag41 — a,
+lay —ag_1| + -+ lay — pagl + 1 = plagl + lagl}]

> |z|*[la, |1z + k — 1
- {(klanl —la,_;Dcosa + (kla, | + |a,_,)sina + -+ (|ap+1| — |ap |)cosa
+ (Iap+1| + |ap|)sina + (|ap| - |ap_1|)cosa + (lap| + |ap_1|)sina + -
+ oy~ g eosa + (an -+ aysuDsine: + (lay| - [ay + )cose +(lag | + e [)sine
+ -+ (la;| = plagDcosa + (la;| + plagDsina + (1 — p)lag| + |a0|}]

|F(2)| = |z|" [Ianllz+k— 1]

- {klanl(cosa + sina) — |a, |cosa — |a, |cosa + |a, |cosa + |a, |cosa — plag|cosa

n-1
+ (1 —=plagl + lagl + plaglsina + ZSinaZ |ai|}l
i=0
> |zI*[la, |z + k — 1]
— {kla, |(cosa + sina) + 2cosa(|a,| - |a,|) + 2las| — plag|(cosa — sina + 1) + S}] > 0
n-1
WhereS = ZSime la;|
i=0
if a1z + k — 1] kla,|(cosa + sina) + 2cos.a(|aq| = |a,|) + 2lay| >0
—plagl(cosa — sina + 1) + S
kla,|(cosa + sina) + 2cosa(|a,| —|a,|) + 2|a0|}

—plagl(cosa — sina + 1) + S
klay|(cosa +sina)+2cosa (|aq |—|ap |)+2|a0|—p lag|(cosa —sina +1)+S

i.elan||z+k—1|>{

ielz+k—1| > |
This shows that all zero’s of F(z), whose modulus is greater than 1 lie in
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kla,|(cosa + sina) + 2cosa(|aq| - |ap|) + 2lag| — plagl(cosa — sina +1) + S

|a,|
Since the zero’sof F(z), whose modulus is less than or equal to 1 already satisfy the above inequality and Since
thezero’s of P(z) are also the zero’s of F(z), it follows that all zero’s of P(z) lie in

kla,|(cosa + sina) + ZCosa(|aq| - |a,,|) + 2lag| — plagl(cosa — sina +1) + S
la, |

lz+k—-1]| <

lz+k—1] <

Hence the proof of theorem 3.
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