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Abstract

In this paper we investigated some Step Grid St,, related families with their
graceful labeling. We obtained graceful labeling for t—super subdivision of the step
grid graph, open star of step grid graph S(t - St,) and one point union for path of
step grid graph P,'(tn - St,,). We also obtained graceful labeling for path union of
cycle Cy, (m =0 (mod 4)) with step grid graph.
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1 INTRODUCTION

The graceful labeling was introduced by A. Rosa [1] during 1967. Golomb [2] named
such labeling as graceful labeling, which was called earlier as f—valuation. Kaneria and
makadia [3] introduced a Step Grid Graph St,, n > 3 and proved that it is graceful.
Kaneria et al. [4] introduced open star of graph, one point union of path graphs. They
discussed gracefulness of open star of ¢ copies of K, ,,, P,, X P,,, and also discussed graceful-
ness of one point union for path of K, ,. Kaneria and makadia [5] discussed gracefulness
of t—super subdivision of P, x P,, and path union of cycle C,(p = 0 (mod 4)) with grid
graph P, x P,,.

We begin with a simple, undirected finite graph G = (V, E) with |V| = p vertices and
|E| = q edges. For all terminology and notations we follows Harary [6]. Here are some of
the definitions which are used in this paper.

Definition—1.1 : A function f is called graceful labeling of a graph G = (V, E) if
f:V — {0,1,...,q} is injective and the induced function f* : E — {1,2,...,q}
defined as f*(e) = |f(u) — f(v)] is bijective for every edge e = (u,v) € E. A graph G is
called graceful graph if it admits a graceful labeling.

Definition—1.2 : A graph obtained by replacing each vertex of K, except the apex
vertex by the graphs G, G, ...,G, is known as open star of graphs. We shall denoted
such graph by S(Gy, G, ...,.G,).

If we replace each vertices of K, except the apex vertex be a graph G.ie. G; = G,
Gy =G, ...,.G, = G, such cycle of a graph G is denoted by S(n - G).
Definition—1.3 : A graph G is obtained be replacing each edge of K;, by a path P,
of length n on n 4 1 vertices is called one point union for ¢ copies of path P,. We shall
denoted such graph G by P,".
Definition—1.4 : A graph G is obtained by replacing each vertices of P," except the cen-
tral vertex by the graphs G, G, ..., Gy, is known as one point union for path of graphs.
We shall denoted such graph G by P’ (G1,Gs, ..., Gy,), where P, is the one point union
of t copies of path P,.

If we replace each vertices of P,' except the central vertex by a graph H. i.e.

G, = Gy = ... = Gy, = H, such one point union of path graph, we shall denoted it
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by P, (tn- H).

Above three definitions 1.2,1.3 and 1.4 are introduced by Kaneria et al. [4].
Definition—1.5 : Let G = (V, E) be a graph with p vertices and ¢ edges. A graph H is
said to be a t— super subdivision of G if H is obtained from G by replacing every edge e
of G by a complete bipartite graph Kj; for some ¢t € N.

Definition—1.6 : Let G be a graph and G1,G,,...,G,, n > 2 be n copies of graph G.
Then the graph obtained by adding an edge from G; to Gi11 (1 < i < n —1) is called
path union of G.

Definition—1.7 : Take P,, P,, P, 1,..., P, paths on n,n,n — 1,n — 2,...,3,2 vertices
and arrange them vertically.

A graph obtained by joining horizontal vertices of given successive paths is known as
a step grid graph of size n, where n > 3. We shall denote it by St,,.

Obviously |V (St,)| = 5(n* +3n —2) and |E(St,)| = n® +n — 2. Above definition 1.7
was introduced by Kaneria and Makadia [3].

In this paper we have discussed graceful labeling for t—super subdivision, open star
and one point union for path of step grid graph St,. By joining cycle C,, (m = 0 (mod
4)) and a step grid graph St,,, with a path of arbitrary length t is graceful labeling graph
as well. An extensive survey on graph labeling and bibliographic references are given in

Gallian [7].
2 MAIN RESULTS :

Theorem—2.1 : t—super subdivision of St,,, where n > 3 is graceful.

Proof : Let G be a step grid St, with t—super subdivision. Let V' (St,) be vertex
set of step grid graph St,,, where V(St,,) = {u;;/i =n,n—1,...,1,57=1,2,...,1, where
[ = min(n,n +2 —1)}.

We know that [V (St,)| = p = 5(n® +3n —2), |E(St,)| = ¢ = n® +n—2 and |[V(G)]
=P =p+iq |[E(G) =Q = 2tq.
Let v jr (i =n,n—1,...,n,5 =1,2,...,i,k = 1,2,...,t) be vertices for the vertical
edges in G and w; j, (1 =1,2,...,n—1,7=1,2,...,i+1,k=1,2,...,t) be vertices for
the horizontal edges in G.
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Thus V(G) = V(St,) U{vije /i=nn—1,...,n37j=12..,ik=12,...,t} U
{wijn /i=12.. . n—1,j=12. i+1k=12,..th
We define the labeling function f: V(G) — {0,1,...,Q} as follows.
fluig) =Q —5(n—i)(n+3—i) —tn+2—(i+7)),
Vi=nn—1,...,2,Vj=1,2,...,[,where | = min(n,n + 2 — i);
flur)) =Q —~L(n—1)(n+2)—tn—7j), Vji=12...,m
fvign) = (52 Bi+2) + (i = )]t + (k= 1),
Vi=1,2,....n—1,Vjij=12,...,¢,Vk=12...t
Flongw) = [T526n+2) + (n—j—Dt+(k—1), Vji=12...,n-1,Vk=12....t
flwijn) =[5 +1) +2j = 3]t + (k= 1),
Vi=1,2,....n—1,Vy3j=12,....«4+ 1, Vk=12 ...t

Above labeling patten give rise a graceful labeling to the graph G. So G is a
graceful graph.

Ilustration—2.2 : St; with 3—super subdivision and its graceful labeling shown in

figure—1.
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Figure—1  st; with 3—super subdivision and its graceful labeling.
Theorem—2.3 :  Open star of step grid graph S(t - St,) is graceful, Where t € N — 1.
Proof : Let G = S(t- St,) be a graph obtained by replacing each vertices of K;; except
the apex vertex of K, by the graph St,. Let wug is the apex vertex of K, i.e. It is

central vertex of the graph G.
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Let ug;; (1 =n,mn—1,...,1,7 = 1,2,...,m, where m = min(n,n + 2 — 7)) be the
vertices of k™" copy of St,, in G,V k = 1,2,...,t. Where the vertices of £ copy of St,, is
p = +(n® + 3n — 2) and edges of k™ copy of St, is ¢ =n®* +n — 2.

We know that the step grid graph St, is graceful graph, where f be the function
for graceful labeling of St, as we proved in [3]. In graph G, we see that the vertices
[V(G)] = P =tp+1 and edges |E(G)| = Q = t(qg+ 1). Join the vertex wuy o with the
vertex ug by and edge to from the open star of graph G,V k=1,2,... ¢

We define labeling function g : V/(G) — {0,1,...,Q} as follows.

g(ug) = 0;

g(urig) = fluig) +1, when f(u;;) < 4,
= f(ui;) +(Q —q) when f(ui;) > §;
g(uzz) = g(uriz) +(Q —q—1), when g(uy;;) < %,
= g(uriy) = (@ —q—1) when g(uy; ;) > §;
9(uri;) = g(ur—2,;) + (¢ + 1), when g(ug_2;;) < %,
= g(ug—24;) — (¢ +1) when g(ug—2,;) > %, Vk=3,4,.. ..t

Vi=nn-—1,...,1,Vj=12,...,m, where m = min(n,n + 2 — ).
Above labeling patten give rise a graceful labeling to given graph G.
Ilustration—2.4 : Open star of 4 copies of St and its graceful labeling shown in figure—2.
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FlgU_re—2 An open star of St4 and its graceful labeling.
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Theorem—2.5 : one point union for path of step grid graph P,'(tn - St,,).

Proof : Let G = P,'(tn - St,,) be a graph obtained by replacing each vertices of P,’
except the central vertex by the graph St,,. i.e. G is the graph obtained by replacing
each vertices of K, except the apex vertex by the union of n copies of the graph St,,.
Let ug be the central vertex for the graph G with ¢ branches.

We know that the step grid graph St,, is graceful graph, where f be the func-
tion for graceful labeling of St,, as we proved in [3]. Where the vertices of St,, is
p1 = %(m2 + 3m — 2) and edges of St,, is ¢ = m? +m — 2.

Now first we shall defined the path union of n copies of St,, is called graph H. Let
ki (t=m,m—1,...,1,7=1,2,...,r, where r = min(m,m+2—i)and k =1,2,...,n)
be the vertices of k' copy of St,,. Join the vertices uy 11 t0 Ugi1m1 for k=1,2,...,n—1
be an edge to from the path union of n copies of step grid graph. In graph H, the vertices
\V(H)| = %(m?+m — 1) = p, and the edges [E(H)| =n(m*+m —1) —1 = .

We define labeling function g : V(H) — {0, 1,...,¢2} as follows

9(ui,ig) = fluiy) if fluig) <%,
= fluig) + (@ —aq) i fuy) > %
9(uk,ig) = g(uk-1,5) + % if g(ur-1,5) <%,
= g(uk-145) — (5 +1) if glun-145) > §;
Vk=23,....n
Vi=mym-—1,...,1,Vj=1,2,...,r, where r = min(m, m + 2 — 7).

Above labeling pattern give rise graceful labeling to the path union of n copies of St,,.
Which lies in s** branch of the graph G, where s =1,2,...,t

Now we shall define the graph G. Let usy;; (i = m,m —1,...,1,j = 1,2,...,7,
where r = min(m,m + 2 — i) and k = 1,2,...,n.) be the vertices of k' copy of path
union of n copies of St,, lies in s branch of the graph G, ¥V s = 1,2,...,t. Join the
vertices of s 1,2 With ug by an edge to from the one point union for path of step grid
graph G. The vertices of graph G is |[V(G)| = tn(p; + 1) = P and the edges of graph G
is [B(G)=tn(gn +1) =tg2+1) = Q.

We define labeling function h: V(G) — {0,1,...,Q} as follows.
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h(ug) = 0;
h(urk,iz) = 9(uk,iz) + when g(ug,ij) < %,
= g(urij) + (@ — q2) when g(ugi;) > %;
h(ugg,ij) = h(uigi;) +[Q — (g2 + 1)] when h(ui ;) < €,
= h(uiki;) — [Q — (2 + 1)] when h(uq ;) > %;
h(uspij) = h(us—oniz) + (@2 + 1) when A(us—25;) < %,
= h(us—2k:;) — (g2 + 1) when A(us_o ;) > %;
Vs=3,4,....,1
Vi=mm-—1,...,1,Vj=1,2,...,r, where r = min(m, m + 2 — i) and

VEk=1,2,...,n

Above labeling patten give rise a graceful labeling to the graph G and so it is a graceful
graph.

Ilustration—2.6 : One point union for path of Stz is P;*(3 -4 - St3) and its graceful
labeling shown in figure—3.

4 127 5 121 14 15 19 109
5 10 15 20
1 130 6 124 1 118 16 1"z
132 2 129 26 7 123 120 1p 17 114 17 111
132
92 39 57 33 102 a7 107 et
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89 42 94 36 99 30 104 24
44
0 44 EY 41 38 95, 35 32 100 29 26 105 23
88
48 83 53 77 58 7 63 65
49 54 59 64
45 86 S0 80 55 74 60 68
88 4 85 82 5 79 76 se 73 70 61 67
ne point union for path o wi copies and its graceful labeling.
Fl U_l"e—3 One point for path of Stz with 3 cop dits g ful labeling
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Theorem—2.7 : A graph obtain by joining C,,(m = 0 mod 4) and a step grid graph
St,, with a path of arbitrary length ¢ is graceful.

Proof : Let G be the graph obtained by joining a cycle Cy,,(m = 0 mod 4) and a step
grid graph St,, with P;, a path of length ¢ on ¢ 4 1 vertices.

Let uq, ug, . . ., u,, be the vertices of cycle C),, and vy = w,, v, ..., 411 be the vertices of
path P, of t length and w; ; (i =n,n—1,...,1,7=1,2,... 7, where r = min(n,n+2—1))
be the vertices of the step grid graph St,,, where v, = w2 if t is odd and vy = w1 1S
t is even.

We know that the step grid graph St, is graceful graph, where f be the function for
graceful labeling of St,, as we proved in [3]. Where the vertices of St,, is p = 3(n?+3n—2)
and edges of St,, is ¢ = n*+n—1. In the graph G, the vertices |V (G)| = P = m+(t+1)+p
and edges |[E(G)| =Q =m+t+q.

We define labeling function g : V(G) — {0,1,...,Q}, we shall take following two

cases.
Case—1I : tis odd
g(w) = Q — (51), Vi=1,3,...,m—1,
= =2 Vi=24...,2
=2, Vi="+2,2+4,...,m;
g(v) =Q+1 — (™), Vi=24,...t+1,

= miil Vi=1,3...,t
g(wij) = flwiy) + (P, V w;; € V(Sty).

g(ui) = Q — (F4), Vi=1,3,....,m—1,

=2 Vi=24...,7,

=3 Vi=242244. . m;
g(v;) = Q+1— (), Vi=24, ...t

= ol Vi=1,3...,t+1;
glwij) = flws;) + (), Vw;; € V(St,).

Above labeling patten give rise graceful labeling to the given graph G.
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Ilustration—2.8 : A cycle C», a step grid graph St, joining by a path P; and its graceful

labeling shown in figure—A4.
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3 CONCLUDING REMARKS :

A cycle C12, a step grid graph St4 joining by a path P; with its graceful labeling.

Here we have discussed the gracefulness of t—super subdivision of step grid graph,

open star of step grid graph, one point union for path of step grid graph. We also dis-

cussed gracefulness of a cycle C,,,(m = 0 mod 4) joining with a step grid graph by a path

P, of arbitrary length t. This work contributes some new results to the families of graceful

labeling. The labeling pattern is demonstrated by means of illustrations.
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