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I. Introduction

In 1965, Zadeh[10] introduced the concept of fuzzy sets. Following the concept of fuzzy sets, fuzzy metric spaces
have been introduced by Kramosil and Michalek [6] and George and Veeramani [5] modified the notion of fuzzy
metric spaces with the help of continuous t-norm, which shows a new way for further development of analysis in
such spaces. The concepts of weak commutativity, compatibility, and weak compatibility were frequently used to
prove existence theorems in fixed and common fixed points for single and multivalued maps satisfying certain
conditions in different spaces. Al-Thagafi and Shahzad [9] weakened the concept of weakly compatible maps by
giving the concept of occasionally weakly compatible maps. recently, Abbas and Rhoades [4] extended the
definition of o.w.c. maps to the setting of set-valued maps and they proved some common fixed point theorems
satisfying generalized contractive condition of integral type. More recently, Aamri et.al. [3,2 ,1], Moutawaki [7],
and Abbas and Rhoades [4], obtained fixed and common fixed point theorems in symmetric spaces for single and
multi valued mappings. In this paper we obtain some common fixed point theorems for hybrid pairs of single and
Multivalued occasionally weakly semi-compatible mappings defind on a fuzzy symmetric spaces satisfying a
contractive condition under implicit function.

We start with some preliminaries:
Il. Preliminaries

Definition 2.1 : A binary operation *:[O,l]x[O,l]—)[O,l] is a continuous t-norms if *  satisfying

conditions:

i * |S commutative and associative;
ii. * |s continuous;

ii. as1=aforall ac[0,1];
iv.. =~ axb<cxd whenever a<c and b<d,and a,b,c,d 6[0,1] .
Definition 2.3 : A 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set, = is a continuous t

-normand M isafuzzy seton X ? x(0,0) satisfying the following conditions, V X, Y, Z € X,s,t >0,
(1) M(x,y,t) >0;

(f2) M(x,y,t) =1ifandonlyif X=y.
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(f3) M(x,y,t) =M (y, x,t);
M (X, y,1)«M(y,2,8) <M(X,Z,t +5)
)M (X,Y,.):(0,00) —> (O,l] is continuous.

Then M is called a fuzzy metric on X . Then M (X, y,t) denotes the degree of nearness between X and Y with
respectto t.Ifonly f1, 2, f3 hold , the 3-tuple (X M, *) is said to be symmetric fuzzy metric space.

Example 2.1 (Induced fuzzy metric) : Let (X,d) be a metric space. Denote a = b=ab for all a,b e [0,1] and let

M be fuzzy sets on X *x (0, o) defined as follows:

t

Md(X, y,t) = m

Then (X , M, *) is a fuzzy metric space. We call this fuzzy metric induced by a metric d as the standard fuzzy
metric.

We extend the concept of owc and owsc in symmetric fuzzy metric space for a pair of hybrid maps.

Definition 2.2 : Let (X, M, =) be a symmetric fuzzy metric space and f : X — X, F : X — B(X) .The hybrid

pairs (T, F) is said to be occasionally weakly
compatible(o.w.c.) iff there exists some point X € X such that fxe FX and fFx < Ffx.

Definition 2.3 : Let (X, M, =) be a symmetric fuzzy metric space and f : X — X, F : X — B(X) .The hybrid
pairs (f , F) is said to be occasionally weakly semi- compatible(o.w.s.c.) iff there exists some point X € X such

that X € Fx and f?x e Ffx.

It is clear that owc hybrid pair is owsc pair, but not the converse in view of the following example.

Example: 22: Let X =[0,] and Define fx=1-Xx and FX:[O,%]. Then
1, 1 1 1 1 1 1 1. 1 1

f(Z)==eF(2), fF(X) =[]z Ff(2)=[0,Z] and f?(X)==eFf(2).
(2) 5 € (2) (2) [2 ] (2) [ 2] an (2) 5 € (2)

Thus the hybrid pair (f, F) is owsc, but not owc.

Definition: 2.4 : Let CB(X) be the set of all nonempty bounded and closed subsets of X ,we define the
functions;

MY (a, B,t) =max{M(a,b,t):be B}
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If a B then from above definition M " (a, B,t) =1
Definition 2.5 : Let CB(X) be the set of all nonempty bounded and closed subsets of X ,we define the functions;
o(A B,t) =inf {M (a,bt):acAbe B}

I11. Main Results

Theorem 3. 1: Let (M, X, ) be a symmetric fuzzy metric spaceand f,g: X — X,F,G: X —CB(X) be
mappings satisfying;

(i) the pairs (f,F) and (g, G) are occasionally weakly semi-compatible, (ii)
S5(Fx, Gy, qt) = min(M(fx, gy,t), M " (x, Fx,t), M¥ (gy, Gy,t), M" (fx,Gy,t), M " (gy, Fx, t))for all
X,y € X ,Whereq€(0,1). Then f,g,F and G have a unique common fixed pointin X .

Proof: Since the pairs (f,F) and (g, G) are occasionally weakly semi-compatible, there exist U,V € X such that

fu e Fu, f?u e Ffu,gv e Gv and g°v e Ggyv.
Suppose fu # gV .From (ii), we have

M (fu, gv,qt) = 5(Fu,Gv, qt) = min(M(fu, gv,t), M (fu, Fu,t), MY (gv,Gv,t), M (fu,Gv,t), M " (gv, Fu, 1))
M (fu, gv, qt) > min(M(fu, gv,t),1,1, M ( fu, gv,t), M(fu, gv,t))
M (fu, gv,qt) > M (fu, gv,t)

Which is a contradiction. Hence fu=gv.
Suppose f2u = fu.ie. fu = gv.Since fue Fu and f2u e Ffu from (ii),we have

M (f2u, gv,t), MY (f?u, Ffu,t), MY (gv,Gv,t),
M(fzu,gv,qt)25(Ffu,Gv,qt)2min( (F7u, gv,t), M7(F7u, Fu, 0, M (g, Gy )J

MY (f%u,Gv,t),M"(gv, Ffu,t)
M(fzu,gv,qt)ZB(FfU,Gv,qt)zmin(M(fzu,gv,t),l,LMV(fzu,Gv,t),MV(gv, Ffu,t))
M (f*u, fu,qt) > min(M(fzu, fu,t),1,1, M (f ?u, fu,t), M ( fu, fzu,t))

M (f?u, fu,qt) >M(f?u, fu,t).

Which is a contradiction. Hence f2u = fu.Thus fu= f2u e Ffu.Hence fu isacommon fixed point of f
and F .Similarly we can show that gV is common fixed point of g and G since fu = gV it follows that fu is

common fixed pointof f, g, F and G .Uniqueness of common fixed point follows easily from (ii).
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We give an example to furnish our theorem.

Ex. Let X =[0,1] endowed with the fuzzy metric M (X, y,t) = . Define f,g: X —> X,

t+[x—Yy|
F,G: X — CB(X) as follows:

FX:{%} o [{; xe[03]

31 1
_a_aX _al
3 2] e(2 ]

E,XE[O,E] 1—X,XE[0,1]
fx = 21 12 gx = 1 z

X+

—“ xe(=1 O, xe(=,1

2 e(2 ] E(2 ]

It is clear that pairs (f,F) and (g, G) are occasionally weakly semi-compatible and satisfy condition (ii) of

1
theorem 1 and so have a common fixed point X = E .

Theorem 3.2: Let (M, X, *) be a symmetric fuzzy metric spaceand f,g: X — X , F,G: X — CB(X)
be mappings satisfying:

(i)the pairs (f,F) and (g, G) are occasionally weakly semi-compatible,
(i)) M (fx, Gy, qt) < #(M (fx, gy, t), M (fx, Fx,t),M" (gy, Gy, 1))

forall X,y € X , Where g >1 and ¢:[0,1]° —[0,1] ,is a continuous function and increasing function such that
#(t,1,1) <t .Then f,g,F and G have a unique common fixed pointin X .

Proof: Since the pairs (f,F) and (g, G) are occasionally weakly semi-compatible, there exist U,V € X such that

fu e Fu, f?u e Ffu,gv e Gv and g°v e Ggyv.

Suppose fu # gV .From (ii),we have

M (fu, gv,qt) <MV (fu,Gv,qt) < ¢(M(fu, gv,t), MY (fu, Fu,t),M"(gv, Gv,t))

=g¢(M(fu,gv,t),1,1)

<M(fu,gv,t)
Which is a contradiction.

Hence fu=gv.
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Suppose f2u = fu.ie. f2u=gv.Since fue Fu and f2u e Ffu from (ii),we have

M (f?u,gv,qt) <MY (f?u,Gv,qt) S¢(M(f2u,gv,t), MY (f?u, Ffu,t), Mv(gv,Gv,t))

M (f2u, fu,qt) < ¢(M (f2u, fu,t), MY (f2u, Ffu,t), MY (gv, Gv,t))

=g¢(M(f?u, fu,t),1,1)

<M(f?u, fu,t)

Which is a contradiction. Hence f?u = fu.Thus fu = f2u e Ffu .Hence fu isacommon fixed point of f

and F .Similarly we can show that gV is common fixed point of g and G since fu = gV it follows that fu is

common fixed point of f, g, F and G .Unigueness of common fixed point follows easily from (ii).as follows: put

fu =W and suppose that W, be another fixed point s.t. W # W, , then we have.

M (fw, gw;, qt) <M (fw, Gw,, qt) < ¢( M (fw, gw, t), M (fw, Fw,t), M (gw;, Gw;, 1))

M (w, W, qt) < ¢( M (W, i, 1), MV (w, Fw, 1), M (w;, G, 1))

M (W, W, qt) < ¢ (M (w,w;,t),1,1)

M (w, w,, gt) < M (w, w,,t)

Which is a contradiction. Hence W=W,.
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