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I. INTRODUCTION

A single valued function f(z) of the complex variable z is said to belong to (i) class | if f(z) is entire
transcendental, (ii) class Il if it is regular in the complex plane punctured at a, b(a # b) and has an essential
singularitiy at b, and a singularity at a and if f (z) does not assume the values a and b anywhere in the complex
plane except possible at the point a.

We may take a = 0 and b = oo.
The iterated functions f, (z) of f(z) are defined inductively by
fo(@) =zand f, 1 (2) = f(f,(2) for n=10,1,2,....

A point « is called a fix point of f(z) of order n if « is a solution of f, (z) = z and called a fix point of exact
order n if a is a solution of £, (z) = z but not a solution of f, (z) = z,k = 1,2,...,n — 1.

In [1] Baker proved the following theorem.

Theorem 1.1 If f(z) belongs to class I, then f(z) has fix points of exact order n, except for at most one value
of n.

Bhattacharyya [4] extended it to the functions belonging to class Il as follows.

Theorem 1.2 If f(z) belongs to class Il, then f(z) has infinitely many fix points of exact order n, for every
positive integer n.

In [7], Lahiri and Banerjee introduced the concept of relative iteration defined as follows .

Let f(2) and g(z) be functions of the complex variable z.

Let
f1(2) = f(2)
f2(2) = f(9(2)) = f(9:(2)
fa(2) = f(g(f(2)) = f(g(f1(2))
(@ = f(g(f(g...(f (@) or g(2) according as n is odd or even)...)))
= f(9n-1@) = f(g(fr—2 (2)))
and so

g1(2) = g(2)
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92(2) = 9(f(2)) = 9(f1(2))
9g3(z2) = g(f2(2)) = g(f (91(2)))

9n(2) = g(fi-1(2)) = g(f (9n—2(2))).
Clearly all £, (z) and g,, (2) are functions in class 11, if f(z) and g(z) are so.

A point « is called a fix point of f(z) of order n with respect to g(z), if £, (o) = a and a fix point of exact
ordern if f, (o) = a but f, (a) # a,k = 1,2,3,...,n — 1. Such points « are also called relative fix points.

Theorem 1.3 ([7]) If f(z) and g(z) belong to class 11, then f(z) has infinitely many relative fix points of exact

order n for every positive integer n, provided % is bounded.

Recently Banerjee and Mandal [2] introducing the idea of relative fix point of exact factor order n, proved the
result of Lahiri and Banerjee [7] for exact factor order.

A point « is called a relative fix point of f(z) of exact factor order n if f, (@) = a but f, (@) # a and g, (a) #
«a for all divisors k (< n) of n.

Banerjee and Mandal [2] proved the following theorem.
Theorem 1.4 ([2]) If f(z) and g(z) belong to class 11, then f(z) has infinitely many relative fix points of exact

factor order n for every positive integer n, provided % is bounded.

In 2015, Banerjee and Mandal [3] introduced the idea of relative iteration of three functions as follows.
Let f(2), g(z) and h(z) be three functions of complex variable z and m > 2 be any fixed positive integer.
Let
f1(2) = f(2)
f2(2) = f(9(2)) = f(9:(2)
fa(2) = f(g(h(2))) = f(g(hi(2))) = f(g2(2))
fa(2) = f(g(r(f(2)))) = f(g(h2(2))) = f(g3(2))

£.(2) = fgh(f..(f(2) or g(z) or h(z) according asn = 3m — 2 or 3m — 1
or 3m)...)))
= f(gn-1 (2) = f(g(h,—2(2))).
Similarly,
91(2) = g(2)
92(2) = g((2)) = g(h(2))
93(2) = g(h(f(2))) = g(h(f1(2))) = g(h2(2))
94(2) = g(h(f(g(2))) = g(h(f2(2))) = g(hs(2))

9n(@) = g(h(f(g...(g(@)or h(z)or f(z)according asn = 3m — 2 or 3m — 1 or 3m) ...)))
= g(hy—1(2)) = g(h(f—2(2)))
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and so are
hi(z) = h(z)
h2(z) = h(f(2)) = h(f1(2))
hs(z) = h(f(g(2))) = h(f(91(2))) = h(f2(2))
hi(z) = h(f(g(h(2)))) = h(f(92(2))) = h(f3(2))

h,(z) = h(f(g(h...(h(z) or f(2) or g(z) according asn = 3m — 2 or 3m — 1
or 3m)...)))
= h(fp-1(2)) = h(f(gn—-2(2)))-
Clearly all £, (2), g,,(2) and h,, (z) are functions in class Il, if f(z), g(z) and h(z) are so.

A point « is called a fix point of f(z) of order n with respect to g(z) and h(z), if f,, (o) = « and a fix point
f(z) of exact factor order n if f, (@) = a but f, (@) # @, g, (@) # a and hy, (a) # « for all divisors k (< n) of
n.

Theorem 1.5 ([3]) If f(2), g(z) and h(z) belong to class I1, then £ (z) has infinitely many fix points of exact

factor order n for every positive integer n (= 3) provided % and 7;((:—}}")) are bounded.

In this paper we extend the definition of relative iterations for four functions and proved the result of Banerjee
and Mandal[3] in that direction.

Let f(2),g(2),h(z) and w(z) be four functions of complex variable z and m = 3 be any fixed positive
integer. We set

f1(2) = f(2)
f2(2) = f(9(2)) = f(91(2))
f3(2) = f(g(h(2))) = f(g(h(2))) = f(92(2))
fa(2) = f(g(h(w(2)))) = f(g(h(w1(2)))) = f(9(h2(2))) = f(g3(2))
fs(2) = f(ghw(f(2)))) = f(g(h(w2(2)))) = f(g(hs(2))) = f(g4(2))

f.(2) = f(gh(w(f...(f(2) or g(z) or h(z) or w(z) according as n = 4m — 3
or 4m — 2 or 4m — 1 or 4m)...))))
= f(Gn-12) = f(g(h,—2(2))) = f(g(h(w,_3(2))))
and
91(2) = g(2)
92(2) = g(h(2)) = g(hi(2))
93(z2) = g(h(w(2))) = g(h(w1(2))) = g(h2(2))
94(z2) = g(h(w(f(2)))) = g(h(w(f1(2)))) = g(h(w2(2))) = g(hs(2))
gs(z2) = g(h(w(f(g(2)))) = g(h(w(f2(2)))) = g(h(ws(2))) = g(ha(2))
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9n(2) = glh(w(f(g...(g(2) or h(z) or w(z) or f(z) according asn =4m — 3 or
4m —2o0r 4m —1or 4m)...))))

= 9(h1@) = g (M, 2)) = g (A (w(f 5 2)) ).
Similarly,
m(2) = h2)
ha(2) = hw(@)) = h(w:(2))
ha(2) = hW(F(2)) = hw(1(2))) = h(wa(2)
ha(2) = hW((9(2))) = h(W(F (9:(2)))) = h(w(F2())) = h(ws (@)
hs(2) = hW(F(g(RD))) = hw(F(G2D)) = hw(Fs(2))) = h(wa(2)

h,(z) = hw(f(g(h...(h(z) or w(z) or f(z) or g(z) according asn = 4m — 3
or 4m — 2 or 4m — 1 or 4m)...)))
= hW,-1(2)) = h(w(f,—2(2))) = h(W(f (95-3(2))))
and so are
wi(z) = w(2)
w2(2) = w(f(2)) =w(f1(2))
w3(2) = w(f(9(2) = w(f(91(2))) = w(f2(2))
wa(z) = w(f(g(h(2)))) =w(f(g(h(2)))) = w(f(g2(2))) = w(f3(2))
ws(2) = w(f(g(h(w(2))))) = w(f(g(h2(2)))) = w(f(gs(2))) = w(f4(2))

w, (2) = w(f(g(h(w...(w(z) or f(z) or g(z) or h(z) according as n = 4m — 3
or 4m — 2 or 4m — 1 or 4m)...))))
= W(fp-1(2) = w(f(gn—2(2))) = w(f (g(h,—3(2)))) -
Clearly f,, (2), g, (2), h, (2) and w,, (z) are functions in class II, if f (2), g(2), h(z) and w(z) are so.
The following definition is now introduced.

Definition 1.6 A point a is called a fix point of f(z) of order n with respect to g(z), h(z) and w(z), if
fo(a) = a and a fix point of f(z)of exact factor order n if f,(a) = a but f,(a) # a, g, (a) #
a, hy (@) # a and w (@) # a, for all divisors k(< n) of n.

Example 1.7 Let f(z) = z+ 1, g(2) = —, h(2) = 2z,w(2) = -

z-1’ z
2
Clearly f,(2) = =5 Herez =1+ iare fix points of f(z) of exact factor order 4.

Let f(z) be meromorphicin ry < |z| < 00,79 > 0. Here we use the following notations [5]:
n(t, a, f) = the number of roots of f(z) = a inr, < |z| < t,counted according

to multiplicity,
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N(r,a,f) =M dt,

n(t, oo, f) = n(t, f) =number of poles of f(z) inry < |z| < t, counted
with due to multiplicity

N(t,oo,f) = N(tf),

m(r,f) = ;" log*|f(re®®)|d6 and

1
7(re—a)

m(r.a,f) = J; " log*| |46

With this notations Jensen's formula can be written as ,
1 1

m(r,f)+N@,f)=m(r,—) + N(r,f

7 )+ O0(log 7).

Sincem(r,f) + N(r,f) = T(r, f), so we have
T(r,f) = T(r,}%) +0(log 7).
Also first fundamental theorem takes the form
m(r,a,f)+N(r,a,f)=T(, f)+ O0(log r), (1.1
where ry < |z]| < 00,79 > 0.

Suppose that f(2) is non-constant. Let ay, a,, ..., a,; g = 2 be distinct finite complex numbers, § > 0 and
suppose that |a, —a,| =6 for 1 < u <v <q.Then

m(r, f) + Zgzl m(r,a,, f) < 2T(r, f) — N;(r) + S(r), (1.2)
where

1
N, (r) = N(r,]v) +2N(, f) =N, [,

and
S(r) =m(r, ’%) + X0 m(r, %) + 0(log 7).
Adding N(r, f) + X! N(r, a,, f) to both sides of (1.2) and from (1.1), we get
(@— DT f) SN@E )+ NOay, )+ $,(), (1.3)

where S; () = 0(logT (r, f)) and N corresponds to distinct roots.

logr
T(r.fn)

Again since f,, has an essential singularity at o, we have - 0asr - o [5].

1. LEMMAS
The following lemmas will be needed to prove our main result.

Lemma 2.1 If n is any positive integer and f, g, h, w are functions in class Il, then for any r, > 0 and a
positive constant M,, we have

T(rofatp)
T(r.fn)

T(rhn+p)
T(r.fu)

T(rWn4p)
T(r.fn)

T(r.gn+p)

> M, or
1 T(rfn)

> M, or

> M, or

> M,

accordingasp =4mor4m—1or4m—2or4m —3; m € N for all large r, except a set of r intervals of
total finite length.
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Proof. CASE I. Whenp =4m,m € N.

In this case we consider the equation f, ,,(z) = a, where a # 0, o, i.¢, f,(f,(2)) = a. This is equivalent to
fr(w;)) =aandf,(2) =u, ([ =1.2,...). f, being transcendental, f, (u;) = a has infinitely many roots for
every complex number a with two exceptions a = 0, co.

Now from (1.1)
T, fusp) = m(,a fosp) + N(,0, fr1p) + O(log 1)

> N(r,a,f,4p) + 0(ogr)

N(rw, f)

1\
'ME

Il
fu

for a fixed M(> 4).
Takinga, =u;, f=f, andg =M in (1.3), we have

LN (ru, ) =2 (M = DT f,) = N(, f,) = $1(1).
Since for large r

51 <T@ fu)s

SO

M
D W f) = M=3)TCf)
i=1

> (M —-DT(, f). 2.1)
Therefore
T, fo4p) > MiT(r, f,), where M; = M — 4
outside a set of r intervals of total finite length.

CASE Il. Whenp =4m —1,m € N.

In this case we consider the equation g,,,,(z) = a, where a # 0, =, i.e, g, (f.(2)) = a. This is equivalent to
gpyw) =aand f;,(2) =u, (i =1.2,...).

As in case |, we have
T(T, gn+p) = m(r, a, gn+p) + N(T, a, gn+p) + 0(10g T)

> N(r,a,g,4p) + 0(log 1)

N, fy)

\%
&ME

Il
N

for a fixed M(> 4).
Therefore
T(r, Gnsp) > MiT(r, f,), where M; = M — 4
outside a set of r intervals of total finite length.

CASE Ill. Whenp =4m —2,m e N.
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In this case we consider the equation h,,,, (z) = a, where a # 0, », i.e, h,(f, (z)) = a. This is equivalent to
hp(u;) =aandf,(2) = u;’,(i =1,2,...)

and finally we get

T(r,hyip) > M T(r, f,), Where My = M — 4
outside a set of r intervals of total finite length.
CASE IV.Whenp =4m —-3,meN.

In this case we consider the equation w,, ., (z) = a, where a # 0, o, i.e, w, (fn (z)) = a. This is equivalent to
wp(u;”) =aandf,(z) = ul ,(i=1,2,...).

In this case we have
T(r,Wyip) > M T(r, f,), Where My = M — 4
outside a set of r intervals of total finite length.
This proves the lemma.
If we interchange f, g, h, w in cyclic order, then we obtain the following three lemmas.

Lemma 2.2 If n is any positive integer and f, g, h, w are functions in class Il, then for any r, > 0 and a
positive constant M, we have

T(r,gn +p)
T(r.gn)

T(rhn+p)
T(r.gn)

T(TrWn +p)

T(T'fn+p)
Too0 >M; or —=> M,

> M, or
1 T(r.gn)

> M, or
accordingasp =4mor4m —1or4m—2or4m—3; m € N forall large r, except a set of r intervals of

total finite length.

Lemma 2.3 If n is any positive integer and f, g, h, w are functions in class Il, then for any r, > 0 and a
positive constant M, we have

T(rhn+p)
T(r,hp)

T(rwn+p)
T(r,hyp)

T(rfa +p)
T(r,hy)

T(T'gnﬂo)

> M, or T

> M, or > M,; or > M,
accordingasp =4mor4m —1lor4m—2or4m —3; m € N for all large r, except a set of r intervals of

total finite length.

Lemma 2.4 If n is any positive integer and f, g, h, w are functions in class II, then for any r, > 0 and a
positive constant M, we have

T(rwnp)
T(rwy)

T(r'fnﬂ?)
T(rwy)

T(T,gn +p)
T(rwy)

T(r,hn +p )

> M, or TGrown)

> M, or > M, or > M,

accordingasp =4mor4m—1or4m—2or4m —3; m € N for all large r, except a set of r intervals of
total finite length.
I1l. MAIN RESULT

Our main result is the following theorem.

Theorem 3.1 If f(2),9(2), h(z) and w(z) belong to class II,then f(z) has infinitely many fix
points of exact factor order n for every positive integer n(= 4) provided

1(r.g,) Tah)  T(rw,)
T f) T f) o T f)

Proof. We assume that f(z) has only a finite number of fix points of exact factor order n.

are bounded.

We consider the function
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_ (z)

0@ =22 1o <z <on.

Then
T(r,¢)=T(r,f,)+0ogr). (3.1
Taking g = 2,a; = 0,a, = 1in (1.3) we have for ¢
T(r,¢) < N(r,»,¢) + N(1,0,90) + N, 1,9) + 51 (1, ¢),
where S;(r, ¢) = 0(logT(r, @)) outside a set of r intervals of finite length [6].

We have

N(r,0,9) = Jj = de

To

where 11(t, 0, @) is the number of roots of ¢(z) = 0 inry < |z| < t, each multiple root taken once at a time.
The distinct roots of ¢(z) = 0inry < |z| < taretheroots of f,(z) = 0inre < |z| <t . Nown(t,0,¢) =0,
since f, (z) has a singularity at z = 0, an essential singularity at z = o, and £, (z) # 0,%. So N(r, 0, ¢) = 0.
By similar argument N (r, o0, ) = 0. So
T(r,¢) <N, 1,9)+ 5@, ¢). (3.2)

We now calculate N(r, 1, ). If ¢(z) = 1, then £, (z) = z. Now we consider the following four cases :
CASE I. When n = 4m,m € N. We have for all large r

N(r,1,¢) = N(1,0,f, —z)

n—2

Z NG, 0,f — 2) + N(r,0,g, — 2) + N(r,0,h, —2)
j/mj=1

+N(r,0,w; — 2)] + 0(log 1),

IA

the term O(log r) arises due to the assumption that £ (z) has only a finite number of relative fix points of exact
factor order n

n-2
< Z [T(r,]j —2z)+0(og )+ T(r, gj — z)+ 0(log ) + T(r, h; — z) + 0(logi) + T(r,w —z)
j/mj=1

n-2

Z [T(r, ;) +T(r,g;) + T(r,h) + T(r,w; )] + 0(logr)
j/mj=1
= {T(rf)+ T(r,]j-s)+...+T(r,]j-4p_3) +T ) + T fi )+ . +T (. f,, ) + T(r.f,)
+ T, fi )+ AT f, )+TE f,)+ T, fiy) +

AT SN T0,) + T g+ 4T g;, ) +T(r.g;,)
+ T(r, g]-6)+. . +T(r, g“q_z) +T(r,g;,)+T(,g;,)+...+T(r,g;,, ) +T(.g;,)
+T(r gj)+...+T(r g;, )+ {T(r )+ T(r, hj5)+. T (r, hf4p_3) +T(r h,)
+T(r )+ +T(rh, )+ T ) +TE )+ 4T by, )+ T R,)
+T(r, hjs) + -+ T(r, }77'45)} + {T(r, le) +T (r, st) + 4T (r, Wj4p_3) + T(r,wjz)
+ T(r,wjé) + -+ T(r, Wj4q_2) +T(r,w,)+ T w)+...+T(r,w, )+
T(r,w,) +T(r, WjB)-i-. . +T(r,w;, )} + O0(log 1),

4r—1
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WHEre ji, js, .- Jap—33J2,J6r 1 Jaqg—25J31 J75 = » Jar—13 Jar Jg» - - » Jas @V€ divisors of n = 4m and are strictly less
than n and are of the form 4p — 3,4q — 2,4r — 1 and 4s(p,q,7,s € N).

_ T(r.f;) | T(rfg) (rfi,) | T(rgy) | T(rgjs)
_T(r’f")[T(r,fn) rs et e Y oS Yo
T(ngs) k) 1) (k) T6w,)
T(r, fn) T(r,f,) T, fn) T(r, 1) T, f)
T(rw;,) (rwj, ) T(rf1) | T(rf5;) T(rf)y 1) | T(rgs) | T(rgsg) T(r.9),,)
t e Tt e T Ty T Teen Tt Troe T Teen T Teen T T Teg T
T(Trh/1)+T(T'hfs) T(rhjap-s) | Trw,)
T(r.gn) T(r.gn) T T(r.9n) T(r.,gn)
T(rwjg) T(rw), ) T(rf1,) | T(rfsq) T(rfjag—s) | T(rg;;)
+—T(r'gn) +...+—T(r'g 4T (r, h )[T(rh ) + . )+...+ Toh + Toh +
T(r,gj7)+ +T(r,gj4r_1) T(rhM) T(rhjg) n (rth) T(r,wjl)
T(rhy) T(r,hy) T(r,hyn) T(rhy) T(r,hp) T(r,hy)
T(Twls)+ + ( Wf4p—3)] +T(r, w,)[ (Tf11)+T(r'f1'5) +T(T’ff4p—3) T(rgj,)
T(r,hy) T(r,hy) T(rwy) T(rwy) T(rwy) T(rwy)
roje) T ) | TEhg) L TORy) T ) | O
T(van) t T(T.Wn) T(T-Wn) T(T,Wn) e T(T,Wn) T(T,Wn)
T(r ) T(r,w,,)
+—8 +—4S + 0(logr

<"l )+n_1T P ey + Pty +o(l
—T(r, ) + =5 T(r,g,) + —5—T( ) + ——T(r,w,) + 0(log 1),
by Lemma 2.1, Lemma 2.2, Lemma 2.3 and Lemma 2.4.

CASE Il. Whenn = 4m + 1, m € N. In this case we have

N(r,1,¢) = N(1,0,f, — 2)

n—4
< Z [N(r,0,f; —z) + N(r,0,g; — 2) +1V(r,0,hj —7z)
j/mij=1
+N(r,0,w; — 2)] + 0(log 1),
n—4
< Z [T(r,f; —2)+0(ogr)+T(r,g; —z) + O(logr) + T(r,h; — 2)
j/mj=1

+0(logr) +T(r,w; —2z) + O(log )] + O(log 1)
n—4

= Z [T(r,f;)+T(r,g;))+T( h)+T(,w)]+0(ogr)
j/mj=1
={T(rfi)+ T(r,]j-s)+. . +T(r,jj-4p_3) +T( i)+ T i)+ +T( f,, )}
+{T(r,g;)+ T g;)+...+T(r, g]-4p_3) +T(r,g9;,)+T(,g;,)+...+T(r,g;, )}

AT )+ Tl )+ ATy, )+ T ) + Ty )+ AT Ry, ) +

{T(r,wjl)+T(r,wj5)+~~+T(r,wj4p_3)+T(r,Wj3)+T(r )+ +T(rw, )} +0(og ),

WhEre ji, jis, -+, jap—3:J3,J7, - -» Jr—1are divisors of n = 4m + 1 and are strictly less than n and are of the form
4p —3,4r— 1 (p,r €N).
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=T(r, f, )[T(r'fjl) T(r'fis) T(r'f/4p—3) T(r.g3) T(r'gj7)+ T(r'gf4r—1)]

rJn T(r.fa) T(r.fn) e T(r.fn) T(r.fn) T(r,fn) e T(r.fn)

1(rg;,) | 7(r9)s) T(rgjap3) | TChys) | T(hy,) T(rhygry) T(rhy;)

+T(T', gn) T(r.gn) + T(rv.gn) tot T(Tvgn) + T(r.gn) + T(T-gn) Tt e T(r, n) +T( h ) T( Jhn) +
T(rhj) T(rhjgy_3)  Trwi)  Trw;,) T(r,er_l)] T(rwj,)
T(rhy) T(r,hy) T(r,hy) T(rhy) T(rhy) +T(, Wn)[T(r,wn) +
T(r,sz) T(T'WMp—S) T(T.fj3) T(rvfj7) ( f]4r 1)
T(rwy) T(rwy) T(rwy)  T(rwy) et T(r ] + O(logr)

Pk Y L 7 +n_1T hy+t1r +o(
T )+ T 9,) + = T ) + T w,) + 0o ),

by Lemma 2.1, Lemma 2.2, Lemma 2.3 and Lemma 2.4.
CASE Ill. Whenn = 4m + 2,m € N. In this case we have
N(r,1,¢) = N(r,0,f, — z)
n-3
< Z [N(r,0,f, —2) + N(r,0,9; —2) + N(r,0,h; — z)
j/mij=1
+N(r,0,w; — 2)] + 0(log 1),
the term O(log r) arises due to the assumption that f(z) has only a finite number of relative fix points of exact
factor order n.
n—3
< Z [T(r,f; —2)+0logr)+T(r,g; —2z)+0(ogr)+T(r h —2)
j/mij=1
+0(logr) +T(r,w; —2z) + O(log )] + O(log 1)
n—3

= Z [T(r.f;)+T(r,g;))+ T h)+T(,w)]+0(ogr)
j/mn=1
={T(rfi)+ T(r,]js)+...+T(r,]§-4p_3) +T(r, fi,)+ T, fi )+ +T(r,]j-4q72)

+T(r i)+ T i)+ +T(, f,,_ )}

+{T(r, 9}‘1) + T(r, gj5)+. .4T (r, gj4p_3) + T(r, gjz) +T (r, gj ) +... +T (r, g“qu)
+T(r gj3) + T(r gj7)+...+T(r,g]—4r71)}+ {T(r,h ) +T(r, h] )+...+T(r, h Y 4 3)
+T(r h,)+ T )+

T by ) + T R) + T R )+ AT Ry DY+ AT (rw,) + T (1w )+ -

+T( 4p )+T(r -)+T(r,wjé)+---+T(r,wj4q72)+T(r,W]—3)
+T(r,w,)+... +T(r,w,,_, )} + 0log 1),

WhEre ji, js,- -, jap—35J2,Jor s Jag—25J3: J7» - -+ Jar—1 @€ divisors of n = 4m + 2 and are strictly less than n and
are of the form 4p — 3,4q — 2,4r — 1 (p,q,r € N).

—T( f ) T(r fjl) r/js) T(r’fi4p—3) T(r'gjz) T(r'gj5) 4.4+ T(T’g/4q—2) + T(T'hjg)

n T(rf) T(r.fa) ' T(r.fn) T(r.fn) T(rf) T(r.fn) T(r.fn)
M) T ] g T00)  T0s) | TC8) | Tly) | Tlg) | Tbiae)
Trf) T(r.fa) »Gn T(r.gn)  Tl.gn) T(r.gn) T(r.gn) Thgn) T(r.gn)
T(r'Wj3) T(r'wh) T(r'wf4r—1) T(r'hh) T(r'his) (T hjap— 3) T(r'wl’z)
oo Feen Tt Tregn HTORIEG S 1ot T T Ty
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T(rwje) T(rwiaga) | T0of3y) | 7)) T("fjar—1) ), T(rwjs) T(rj4p-3)
T(r,hy) et T (r,hy) T (r,hy) T(r,hy) ot T(r,hy) ]+T(T, Wn)[ T(rwy) + T(rwy) T(rwy) +
T(r,sz) T(r'fja) T(r'qu—Z) T(T.gj3) T(T,g/-7) T(r 9j 4y — 1)
T T 70w T o T Taw T e T "o 3+ 0U0g7)-
<—T(r fn)+ T(r gn)+ T(r h )+ T(r w,) + 0(log 1),
by Lemma 2.1, Lemma 2.2, Lemma 2.3 and Lemma 2.4.
CASE IV. Whenn = 4m + 3, m € N. In this case We have
N(r,1,¢) = N(r,0,f, —2)
n—6
< Z [N(r,0,f; —2) + N(r,0,g; —z) + N(,0,h; — 2)
j/mj=1
+N(r,0,w; — 2)] + 0(log 1),
n—6
< Z [T(rf, —2) + 0(log ) + T(r, g, — z) + 0(log 1) + T(r, b, — 2)
j/mj=1

+0(logr) +T(r,w; —2z) + O(log )] + O(log 7)
n—4
= ) TG f)+T(g) +T( k) +T(rw)] +0(logr)
j/mj=1
={T(.f;ip+ T(r,jj-s)+...+T(r,]§-4p_3) +T( i)+ T fi,)+.. . +T(, f,, )}
+{T(r,g;,) +T( gj;)+...+T(r, gj4 _3) +T(r,g9;)+ T g,)+. . +T(r, 9g;, )}

+ {T(r, }1)+T(rl17 )+... +T(r, f17 _3)+T(r,h]~3)+T(r )+...+T(rh

157 'Y ar— 1)

+{T(r,wjl)+T( )+ +T(rw

hps) T W)+ T W)+ +T(r W, )} +0(og 1),

WhEre ji, js, -+, jap-3;J3,J7, - +» Jar—r@re divisors of n = 4m + 3 and are strictly less than n and are of the form
4p —3,4r—1(p,r €N).

:T(.r'fn)[T(T,fjl) + T(T,fjs) R T(r'fj4p73) n T(r,gl-3) + T(r,gh)

+.+ T(T'giztr—l)]

T(T:fn) T(Trfn) o T(Trfn) T(Trfn) T(Tufn) T T(T;fn)

T(rg;,) | T(r9j;) T(rgj4,3) | T(rhy) | T(rhy,) T(hjyy 1) Tty
T 9066 F 7600 T TT0a0 T Tea T e VT g0 TGS
7(ry5) T(rhjap-s) | TOwis) | T(rwg,) T4y
T(rnhn) ++ T( h ) + T(Trhn) T(r‘hn) ++ T(r‘hn) ]

T(rwj,) T(T'st) T(r'wi4p—3) T(rfj3) | T fj5) T( f14r 1)
T )[T(r.wn) t e Tt oW TG T e T ]+ 0logr).

T(r ) + 1T(r In) + n 1T(r h )+8—T(r wy,) + 0(log 1),

by Lemma 2.1, Lemma 2.2, Lemma 2.3 and Lemma 2.4.

T(r.gn) T(rhy) d T(rwn)

So from (3.2) and since To£) TG TGS

are bounded, we have

T o) <L T f) )+ e T b )+ T
rQ) <= TG f) + T g,) + T ) + =T w,)
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+0(log r) + S1(1, @)

n—1 n—1 n—1 n—1
= an T(r f)+ WT(r'gn) +WT(Y, h,) + WT(T' w,)

+0(log r) + O(logT(r, ®))

n-1 n—-1T(,g,) n—-1T(,h,) n—1T(,w,) O(IOQ(T(r,anO(logr)))
S TO g Y 8 Ty T 8n TGrof) T 8n TG Ay T T(r, f,)
+0(logr)
T f,) )

I ' 0(logr) )
T(r,f,) n—-1 n—1 n-1 0( °d (T(T ) (1 ¥ T(r'f")) 0(log 1)

ST(r,fn) [ 8n 8n + 8n + T(r f,) + T(r,fn)]

0(logr)
0 (log (T(r,fn)(1 + T(rfcn) ))> s 0(log 1)
T(,f,) T(r, f)

< T(T,f;l)[E +

= %T(r,fn), for all large r.

Therefore , T(r, @) < %T(r,fn) for all large r. This contradicts (3.1).

Hence f(z) has infinitely many relative fix points of exact factor order n.
This proves the theorem.
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