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Abstract— We deal with two species discrete Lotka-Volterra system with diffusion. By applying the continuation
theorem of coincidence degree theory, we establish a set of sufficient conditions on the existence of at least one positive

periodic solution with period p. Some examples are provided to illustrate the results.
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1 Introduction

One of the extensive interactions among species is the predator-prey interconnection, and it has been broadly investi-
gated, because of its global existence. Predator-prey models are agreeably the most crucial building blocks of any bio
and ecosystems as all biomasses are grown out of their resource masses. Alfred James Lotka [1] and Vito Volterra [2]

imported the first predator-prey model in 1925 and 1926 respectively, the following form:
O -
y' =y(—d+pg(z)).

In [19], the authors proposed the following Lotka-Volterra periodic cooperative systems with linear diffusion

21 (t) = z1(t)(r1(t) — arn ()z1(t) + ar2(t)ya () + Da(t)(z2(t) — z1(1)),
yi(t) = y1(t)(r2(t) + a21 ()1 (t) — a2 (O)y1 (1) + Da2(t)(y2(t) — 1 (1)),
z5(t) = 2(t)(s1(t) — bra(t)w2(t) + br2(t)y2(t)) + Di(t) (21 () — z2(t)),
Ya(t) = y2(t) (s2(t) + bar () w2(t) — baa(t)y2(t)) + D2(t)(y1(t) — y2(1)).

By means of making Lyapunov function, then the sufficient conditions on the existence of a unique almost
periodic solution and its global asymptotic stability are established for the above system. Based on the above system
in [15], the authors obtain that asymptotically periodic systems have a unique solution which is asymptotically stable.
Furthermore, the authors [20] explored the following nonautonomous Lotka-Volterra periodic competitive systems

with linear diffusion

21 (t) = z1()(r1(t) — ann(t)z1(t) — ar2(t)ya(t)) + D1 (t)(z2(t) — 21(2)),
yi(t) = y1(t)(r2(t) — a21 ()1 (t) — az2(O)y1 (1)) + D2(t)(y2(t) — v (1)),
25(t) = @2(t)(s1(t) — bia(t)w2(t) — bi2(t)y2(t)) + D1(t) (w1 (t) — z2(t)),
Ya(t) = y2(t) (s2(t) — bar () w2(t) — baz(t)y2(t)) + D2(t)(y1(t) — y2(t)).
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By applying the Brouwer’s fixed point theorem and forming a suitable Lyapunov function, under some appropriate
conditions, the authors obtain that the system has a unique periodic solution which is globally asymptotically stable.
Many authors [3-5] have explored that the discrete time models governed by difference equations are more appropriate
than the continuous ones when the populations have nonoverlapping generations and also [6-10] discussed the periodic
solution of discrete time predator-prey system.

Furthermore, the more discussions about periodic solution, global stability and persistence of predator-prey
system with diffusion and time delays could be found in references [11-18,21,23-26]. In this paper, we investigate
the following form of two species discrete Lotka-Volterra system with diffusion.

ri(0)—a11 (o1 (D) —a12(Dy1 ()+D1 (1) ( 2] 71)}

z1(l+1) :xl(l)e[ )
] ’ (1.1)
[sxz)—tm<1>m2<l>—b22(z>y2(z>+D2<z>(g;ii; 1)]

[Tz(l)—azl(l)wl(l)—am(l)yl(l)+D2(l) (ng)
(

yi(l+1) =yi(e

—1

1

[81(l)—bu(l)wz(l)—b12(l)y2(l)+D1(l) ( ;;(i

)
)
za(l+1) = z2(l)e )

y2(l+1) = y2(l)e

where z1(1), z2(!) denote the densities of prey species and y1 (1), y2(l) denote the densities of predator species while
the prey and predator species can disperse between two patches; r;(1), s;(l) are intrinsic growth rate of the prey and
predator; a;; (1), bi; (1) are intraspecies prey and predator; a;;(1), bi; (1) are interspecies prey and predator; D;(l) is the
dispersion rate of prey and predator species. By using the technical idea of continuation theorem of coincidence
degree theory by Gaines and Mawhin [27], we will to derived set of sufficient conditions for the new result of
existence of positive periodic solution of system (1.1), finally some examples are provided to illustrate the main

results.

2 Main Results

Before exploring the existence of periodic solutions of system, we will make some arrangements.
Let Y and Z be real Banach spaces, L : DomL C Y — Z be a linear mapping and N : Y — Z be a continuous
mapping. The mapping L is said to be a Fredholm mapping of index zero, if dimKerL = codimImL < 4oc and ImL

is closed in Z. If L is a Fredholm mapping of index zero, then there exists continuous projectors P : Y — Y and

Q : Z — Z such that ImP = KerL, KerQ = ImL = Im( — Q). It follows that the restriction Lp of L to
DomL NKerP : (I — P)Y — ImL is invertible. Denote the inverse of Lp by Kp.

Lemma 2.1. (See [27]) Let Q C Y be an open bounded set, L be a Fredholm mapping of index zero and N be
L-compact on 2. Assume
(1) for all X € (0,1), z€ QN DomL, Lz# ANz,
(1) for all z€ QN KerL, QNz # 0,
(III) deg(JQN,Q N KerL,0) # 0.
Then Lz= Nz has at least one solution in N DomL.

Lemma 2.2. (See [6]) Let g : Z — R be p-periodic, i.e., g(l+p) = g(l). Then for any fized 1,12 € I, and anyl € Z,

one has

p—1

g(D) < g(l) + Y _lg(s +1) — g(s)|

s=0

and

o) > 9(12) — 3 lg(s + 1) — g(s)].
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For convenience, we shall use the notation:

I ={0,1,...,p—1}, g=~ Zg *maxg(l) g™ =ming(l).

€I,

Theorem 2.1. For system (1.1), we assume that:
(i) r:(1), si(1), Di(1), as;(1) and bs;(1), 3,5 = 1,2 are continuous positive periodic functions with period p > 0,
(1) aii > 0, agy > 0, by} > 0 and b35 > 0,
(iii) @i1bss > 0, @2zbt > 0, biiass > 0 and bazall > 0.

Then system (1.1) has at least one positive periodic solution.

Proof. By the biological meaning, we only focus on the positive periodic solutions to system (1.1).
Let z;(1) = €% ® and y; (1) = > ¥, i =1,2.

From system (1.1) becomes

U1 (l + 1) — ul(l) =17 (l) — au(l)e“l(l) — a12(l) v1(l) + D, (l)euQ(l)_ul(l) — Dl(l),
or(l+1) —vi(l) = r2(1) — as1 (e — ags(1)e ' + Da(1)er> V=11 — Dy(1), (2.1)
us(l+1) — us(l) = s1(1) — b (De"2? — bra()e’2® + Dy (et @20 — Dy (1), '

)

va(l4+ 1) — va(l) = s2(1) — ba1 (1)e“2D — boy ()2 + Dy(1)e?r D=2 _ Dy (1).

It is easy to see that if (2.1) has an p-periodic solution (u(1), v} (1), u3(1),v3(1))T, then

(5 (1), i (), x5 (1), y5 (1))T = (€1 1D uz® 3T j5 g positive p-periodic solution of system of (1.1). So to
complete the proof, it suffices to show that (2.1) has a p-periodic solution.

Define

ja={z=(z()): 2(1) e R*, 1 € Z}.

For ¢ = (c1, ¢, c3,ca)” € R, define |c| = max{|c1], |cz], |ea), [ca]}-
Let jP C ja denote the subspace of all p-periodic sequences equipped with the usual supremum norm ||.||, i.e., ||z]| =

maxer, |2(1)], for any z = {z(l) : | € Z} € j7. It is easy to see that j7 is a finite dimensional Banach space.
Let

jg:{z:z(l)ejp:iz(l):O}, P={z=z(0)ej’:2() =h e R* € Z}.

Then it follows that 57 and j? are both closed linear subspaces of j¥ and j* = j2 @ j§, dimj? = 4.
We take

=Z= {Z(l) = (ul(l)7vl(l)7u2(l)7v2(l))T € R47 ul(l +p) = u’b(l)7 vl(l +p) = Ui(l)7 t= 172}a

— T —
l2ll = 11 (1), w2 (), w2 (1), w2 (D) | = maxfua ()] + max for (D] + max uz (D] + max vz (1)

Then Z is a Banach space with norm |.||.
L:DomL C Z — Z and N : Z — Z are defined by

Ul U1 (l + 1) — Ul(l)
L V1 _ V1 (l + 1) — U1 (l)
U2 UQ(l + 1) — U,Q(l) ’
V2 Uz(l+1) —Ug(l)
[ 1 (l) — Dl(l) — au(l) wi(t) a12(l) v1(l) + Dy (l) —u1(l)
N V1 _ Tz(l) — Dz(l) — agl(l)eul(l azz(l) v1 (D) + Dg(l)€v2(l) v1 (D)
U2 o Sl(l) — D (l) — b11(l)€u2(l) blz(l) v2(1) + D1 (l)eul(l) uz (1)
Vg s2(l) — Da(l) — bar (1)e uz(l) _ baz(1)e’2W + Dy(l)e v () —v2(l)
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for any (u17v1,uz7v2)T
KerL = j?, ImL = j¥

and ImL is closed in Z. Therefore,
dimKerL = 4 = codimImL.

So it follows that L is a Fredholm mapping of index zero.

Now we set the continuous projectors P : Z — Z, Q : Z — Z are defined by

p—1

1 uq (1

J_qmﬂ
U1 U1l p—

1
U1 V1 P [ ;0 v (l)]

P =Q = =0 7

vz uz 1 [ U2(l)]
V2 V2 P Ilj:_()l

1 va(l ]

AP0

such that

- Volume 65 Issue 11 - Nov 2019

€ Z and | € Z, it is trivial to see that L is a bounded linear operator and

ImP = KerL, ImL = KerQ = Im({ — Q).

Furthermore, K, denote the inverse of L |pomrnKerL

uQ(Z) ul(l)]

Jer1 (- uz(l)]

ul(S) uz(s)

]
Jev2($)=v1(s) ]
]

p—1 1 p—1
> wils) ~ [ X (0~ 9)ur(s)]
u1 1 ) b1
. > i) = 5[ (0= $)ui(s)]
K| V=2 b ,
S wals) — L[ X (- sua(s)]
2 i} b
V2(S8) — 1 — 8)V2(S
3 va(s) = [ S (0= s)ua(s)]
QN :Z — Z and Kp,(I — Q)N : Z — Z are defined by
p—1
% [T1 (l) — D1 (l) — au(l)eul(l) — lllz(l)evl(l) + D1
=0
(75} p—1
1 [m(l) — Do(l) — asi (1) D — agy (1)t + Dy(l)er2®=01()
QN U1 — P 1=0
—| "=
’;z ) [31(1) — Dy (1) — bir (D)e"2® — byp(1)e2® + Dy(
p—1
% [82(1) — Da(l) — bar (1)e*2D — by (1)e?2® 4 Dy(l)errD=v2D
=0
p—1
0 [Tl(s) Di(s) — ar1(s)e"(5) — aia(s)e1 () 4 Dy (s)ev2(s)=u1ls)
Uy :f?il
o S [r2(s) = Da(s) = az(s)e™t®) — aza(s)e”s () + Da(s
Kp(I - QN = |2
v S [51(5) = Di(s) = b1a()e"2(®) — bia(s)e”2(*) + Da(s
2 s=0
p—1

"ie Wle V= rﬁ
N w 3 @ 3
TIMTIMI <
S [y =

7007

(p— 3)[s2(5) -

S
@
Il
o
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(p =) [r1(s) = Di(s) = a11()e"1) — ara(s)e™r(*) + Dis

(p=s) [Sl(s) — Di(s) = bi1(s)e¥2(5) — bya(s)ev2(8) + Dy (s)eur(s)—ua(s) ]
Ds(s) — b21(s)e ua(s) _ bzz(s)e”2( ) 4+ Da(s ]

s2(8) — Da(s) — bay(s)e*2(8) — byo(s)ev2(s) 4 Dg(s)e”l(”*“?(s)]

Jeu2(s)— u1<s>]

(p— 3)[r2(s) = Das) — az1(s)e"1(*) — aa(s)e?1 () + Dy(s)ev2() 1)

'Ul() va(s)
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S
T
A

() — a11(De*1® — ayo()ev1® 4 Dy (1)er2(D—u1)

PN
T o
|
]
S|+
Sf
~— ~— —
i

3o
DD
<
~ iS]
Il |
ot o
—
3
=
—
=
=
|
,

r2(1) — Da(l) — az1 ()e*1® — agg(1)err® + Dy(l)ev2 (- v1(l>]

=0 [
_ =0
2zl [51(1) — D1(1) — by (D)e*2® — by (D)ev2® + Dy (1)er1 (D—u2®)
=0
p—1
(5-5) % [0 = D2a0) = b2 — ban(1)e2) + Da(p)err =200
=0

Clearly, QN and K,(I—Q)N are continuous. Since Z is a finite dimensional Banach space using Arzela Ascoli theorem
[22], it is not difficult to see that K,(I — Q)N () is compact for any open bounded set 2 C Z. Moreover, QN (1) is
bounded. Therefore, N is L-compact on © for any open bounded set Q C Z. The isomorphism J : ImQ — KerL is an
identity mapping such that Ker, = ImQ. In the following, we consider the operator equation Lz = ANz, A € (0,1),
that is,

wr(l+1) —us(l) = A [rl( ) — a1 (e — ayy(1)e” O 4+ Dy (1)er2O—m®) _ Dl(l)] ,

vl +1) — v (l) = A[m( ) — as1 (1)e™1 D — gy (1)’ O 4 Dy(1)er2®=1(0) _ DQ(z)], o)
ws(l+1) — ua(l) = A[Sl( ) — bi1()e 2D — byao(1)e?2® 4 Dy (1)errD—u2) _ Dl(l)], '
va(l+1) — va(l) = A [52(1) — bor (1)e"2®) — byy (1)e?2®) 4 Dy(1)evrD—v2( _ Dg(z)] .

Suppose that (u1 (1), v1(1), u2(l),v2(1))T € Z is a solution of (2.2) for a certain A € (0,1) and summing from 0 to p— 1

on both sides, we get

i
L

1) - D] + z Di()er2 =10 = 5 fan (e + as (e ]

l:q l:(l)

p— p—
[ ] + Z Do(1 ”2”)7”1(1) => [am(l)e“l(l) + a22(l)e”1(l>]

1=0 =0

p—1 p—1 (2.3)
[s:0) = D1(1)] + z Di()e =20 = 5 [ory (e ® + bia (e’ V)]

l:(} l:?

p— p—

5 [s200) —Dz(z)] LY Da(p)eri 00 = 5 [21 (> + bas (e

=0 =0 =0

From the first equation of system (2.2) and the first equation of system (2.3) becomes

p—1 p—1 p—1
3 ‘m(z +1) - ul(Z)) <2 {Z an (e +3° am(z)e“(”] . (2.4)
1=0 1=0 1=0

From the second equation of system (2.2) and the second equation of system (2.3) becomes
p—1 p—1 p—1
3 ‘vl(l T - vl(l)’ <2 [Z azn (e +3° agg(l)evl(l)] . (2.5)
1=0 1=0 1=0

From the third equation of system (2.2) and the third equation of system (2.3) becomes
p—1 p—1 p—1
> ‘uz(l +1) —us(l)] < 2 [Z bu(leV +>° blg(l)ev2(l):| : (2.6)
1=0 1=0 1=0

From the fourth equation of system (2.2) and the fourth equation of system (2.3) becomes

p—1 p—1 p—1
D lua(l+1) —we(l)| < 2[21;21(0@“2(” + me(oe”?(”]. (2.7)
=0 =0 =0

By using the inequalities

p—1 2 p—1
1=0
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and

p—1 2 p—1
(Zev"(l)> < pZeQ”i(l)7 i=1,2.
1=0 1=0

Multiplying by the first equation of system (2.3) by e*1() we get

p—1 p—1 p—1
Zan(l)ez“l(” < (r1— D)™ Zem(l) n Di\dzeuz(l)
=0 =0 1=0

p—1 2
a (Zeul(l)> <plri — Zeul(w +pDM Zeuz(l)
1=0

p—1 p—1
If S eu2® < 37 1@ then it follows from (2.8) we obtain
iI=0 =0

p—1 2 p—1 p—1
a (Zeul(w) < plri — Dl)M Zeul(w +pD{VI Zeul(l)
1=0 1=0 1=0

—1 -1
pz:euz(l) < pz:eul(w < p(ri — D)™ +pD{w_

m
an

Multiplying by the second equation of system (2.3) by e"1) we get

p—1 p—1 p—1
> a0V < (ra = D)M D e W 4 DTS e
1=0 s —

p—1
asy (Ze“l(l)> < p(rz — Da) Ze“l(l) +pD Z 20,
1=0

p—1 p—1
If 3 ev2® < 3 1@ then it follows from (2.10) we obtain
=0 =0

p—1 p—1
(Ze“l(l)> < p(ra — Do)M Ze”l(l) +pDY Ze”l(l)

=0 =0
p—1 p—1 M M
ro — D D
Zevg(l) Szevl(l) < p(r2 2)m +pD3 )
1=0 1=0 22

Multiplying by the third equation of system (2.3) by 2 we get

p—1

an(l 2uz (1) < ( Zeuz(l) + DM Zeul(l)

=0
p—1 2 p—1 p—1

m (Ze“2(l)) < p(sy — D)™ Z ez 4 ppM Ze“lm.
=0

=0 =0

p—1 p—1
If S et < 3 %2 then it follows from (2.12) we obtain

=0 =0
p—1 2 p—1 p—1

b7y (Z e“2<l)> < p(sy — D)™ Z "2 4 ppM Z et2®
1=0 =0 1=0

p—1 p—1 M M
- Dl) +pDj
e < §7 gu2) p(s1 .
2 i
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Multiplying by the fourth equation of system (2.3) by e’ we get

p—1 p—1 p—1
Z boa (1)e2%20) < (55 — D)™ Z 2 | pM Z R0
=0 =0 =0

by (Ze“Z(l)> < p(sy — D)™ Z e2 4 pp) Ze”lm

=0 1=0

p—1 _
If Y en® < Z e’ then it follows from (2.14) we obtain
=0

1=0
p—1 p—1
(Zevz@) < p(s2— D)™ 330 4 pDM 5 120
=0 1=0

p—1 p—1 M M

v » —D D
Zel(l)gzez(l)<p(52 zzn +pDy
1=0 b22

From (2.4), (2.13) and (2.15) we obtain

p—1 M M
-D D

E ‘ul(l+1)7u1(l)) <2a%[p(sl 1) +pDi ]

1=0

From (2.5), (2.13) and (2.15) we obtain

p—1 M M M M
- D D - D D
2:‘1)1(14-1)—1)1(1)’<2aé\/1[[p(81 1) +pDy ]+2a§§[1’(52 2) " +pDs ] = .

m m
bll b22

From (2.6), (2.9) and (2.11) we obtain

p—1 M M M M
- D D - D + pD
S [t 1) — s 0)] < 20 [POLZ DU HRDUY gy p2 = Do) T2 RDI )
1=0 @11 22
From (2.7), (2.9) and (2.11) we obtain
p—1 M M M M
- D D -D D
S [oalt+1) o) < 20 [P PO ARDEY gy 02 = Do) Z 2 DI
a1 A3z

=0

Since (u1(1),v1(1),u2(1),v2(1))T € Z, there exists a;, B; € I,, such that

ui(i) = llga};wz( ), wi(Bi) = mllnuz(l), vi(a;) = rlréa};wz'(l), vi(Bi) = ggg}w(l), i=1,2.

From (2.13) and (2.20) becomes

_ M M
ev1P1) < (51 D;Zn D := B11
11
u1(B1) < log Bii.

From (2.15) and (2.20) becomes

Qv () (52 — Dgan + Dy’
b55
1)1(51) < log Bis.
From (2.9) and (2.20) becomes

:= Bio

eua(B2) (ri — D1)M + D!

u2 (BQ) < lOg Boi.
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From (2.11) and (2.20) becomes
(ro — D)™ + DY
azs

v2(B2) < log Baa.
From Lemma 2.2, (2.21), (2.22), (2.23) and (2.24) we obtain

ev2(P2) < = Boo

p—1

ur(l) <wui(Br) + X Jur(l+1) —ui(l)] < log Bi1 + Ny,
1=0
p—1

vi(l) S vi(Br) + X [vi(l+1) —vi(l)| <log Biz + Nz,
i1=0

p—1
uz(l) < wua(B2) + 3 |ua(l+ 1) —uz(l)] < log B21 + N,
=0

p—1
va(l) <w2(B2) + Y Jva(l+1) — va(l)| < log Baz + Ny.
=0

From the first equation of system (2.3) and (2.20) becomes

eui(an) o (1= Du)bss — ai3((s2 — Do) + D3]

— =An
11095

ui(a1) > log A11.
From the second equation of system (2.3) and (2.20) becomes

ENCHES (ro — Da2)bY} — a51[(s1 — D1)™ + D7’] .
a2b7} '

= A12

v1(a1) > log Aia.
From the third equation of system (2.3) and (2.20) becomes

guaten) o (51— Di)agy = big[(ra — D2)™ + DY)

— = Agl
biiag)

uz(a2) > log Aai.
From the fourth equation of system (2.3)and (2.20) becomes

valaz) o (52 = D2)alli — bai[(r — D)™ + D]
bzgaﬂ

= A22

'U2(Oé2) > log‘ Aoo.
From Lemma 2.2, (2.26), (2.27), (2.28) and (2.29) we obtain

p—1
ul(l)zul(al) ‘ul(l—Fl)—lﬂ( )|>10g1411—]\}r17
=0
p—
l

[

vi(l) >vi(ar) = Y il + 1) —vi(l)| > log A2 — Na,

0

=
|
-

uz(l) > uz(az) —

P
Uz(l) > Ug(ag) ‘Ug(l + 1) — U2(l)| > log Aso — Ny.
0

M

lua(l + 1) — uz2(l)] > log A21 — N3,

Ll
o

It follows from (2.25) and (2.30) we get

rlréax|u1 < max |10gA11|+N1,|10gBu+N1} = S,

rlréf%xh)l )| < max |logA12|+N2,|logBlg|+N2} = So,
P

rlré;%x|uz )| < max ¢ |log A21| + N3, |log Ba1| + N3 p := Ss,
P

Iligxmz )| < max q |log Azz| + Na, |log Baz| + Ny p := Sa.
P
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Clearly, S1,S2,53 and Sy are independent of A\. Denote S = S1 + S2 + Ss + S4 + So, where Sy is sufficiently large
such that each solution (uj, v, u3,v3) of the system of algebraic equations

r1 Dl) —ane*t —aze’t + Die"27v = 0,

(
(ro — D2) — Gzt — agze” 4 D2e™ ™"t =0,
(

s1 — D1) — b11e"? — bize” + Die"' "2 =0,

»

(s2 — D2) — ba1€"? — bage” + Dae” ™" =0,

satisfies,
I(ut, of us, 03) " | = ui] + [of | + [u3] + |v3] < S
and
max |u1(l)| + max |v1 (1)] + max |uz (1) + max |v2(1)] < S.
We now take,

@ = { (1 (1), v1(1), us (1), v2(1)" € Z + |z, vr,uz, 1) | < S}

This satisfies the condition (I) in Lemma 2.1. If z € 8Q N KerL = dQ NR*, then z is a constant vector in R* with
||z|| = S satisfying

w1 (r1 — D1) — Gie*! — @ze” + Dye*2 1 0

v1 (r2 — D2) — @z1e"! — azze” + Dae” "1 0
QN = (e _ D _ 7 u2 T _vo T u1—uo #

U2 (81 — Dl) — b11e"? — b12€"2 + Die 0

v2 (s2 — D2) — ba1e"2 — bage” + Dae? "2 0

Therfore the condition (II) is satisfied in Lemma 2.1.
In order to prove that the condition (III) in Lemma 2.1 holds.

Consider a homotopy
Bu((u1,v1,u2,02)") = nJQN ((ur, v1,u2,02)") + (1 = p)p((ur, v, uz,02)"), p € [0,1].
By a direct computation and the invariance property of homotopy, one has
deg(JQN (uy,v1,u2,v2)", Q2N KerL, (0,0,0,0)") = deg(p(u1, v1,u2,v2)", QN KerL, (0,0,0,0)") # 0.

We have proved that Q verifies all the requirements in Lemma 2.1. Then, we get that equations (2.1) have at least
one periodic solution (u1(1),v1(1),u2(1),v2(1))T with period p in DomL N Q, which implies that systen (1.1) has at

least one positive periodic solution (e“1<l), e1 (D) gu2() e”z(l))T with period p. O

Example 2.1. Consider the following two species discrete Lotka-Volterra system with diffusion

p(l1) = zl(l)e[(1.3+0.02cos(%))7(1.81+0.01 sin(ZL))a (1)—(0.05+0.01 sin(%l))yl(l)+(1+0.02cos("7l))<:igi; 71)]

[(04s+0402 sin( L)) — (0.640.02 cos( T ))ay (1) —(240.01 sin( 5 )y (1)+(1+0.03 sin(5L)) (”8;

) )_1)] (2.31)

21 (1
za (1)

y1(l+1) = y1 (e

in( =L Y)Y— (0. . ol — . in(ZL . L
xQ(l I 1) _ xQ(l)e[(OASG-FO‘O?)s (%5))—(0.540.1 cos(75)) w2 (1) — (34+0.01 sin( 75 ) )y2 (1) +(140.02 cos( 75 ))(

[(1.7+0402 cos(ZL))—(1.3+0.01 sin(ZL))@a (1) — (0.084-0.01 sin(ZL))y2 (1) +(1+0.03 sin( %)) yl(l; 4)]

y2(l+1) = y2 (e

has at least one 2mw-periodic solution.

Proof. The assumptions (i), (ii) and (iii) are holds for the above system (2.31) from the main Theorem 2.1.
Thus, the Theorem 2.1 yields that the system (2.31) has at least one 27-periodic solution. O
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