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1. Introduction

It proved a turning point in the development of fuzzy mathematics when the notion of fuzzy set was introduced by
L.A.Zadeh [15]. K. Atanassov [14] introduced and studied the concept of intuitionistic fuzzy sets. D.Coker [4]
introduced the concept of intuitionistic fuzzy topological spaces. Jungck [13] common fixed point theorem in the
setting of intuitionistic fuzzy metric space. Turkoglu et al. [5] further formulated the notions of weakly
commuting and R weakly commuting mappings in intuitionistic fuzzy metric spaces and proved the intuitionistic
fuzzy version of Pant’s theorem [16]. Gregori et al. [19], Saadati and Park [21] studied the concept of
intuitionistic fuzzy metric space and its applications. No wonder that intuitionistic fuzzy fixed point theory has
become an area of interest for specialists in fixed point theory as intuitionistic fuzzy mathematics has covered
new possibilities for fixed point theorists. Recently, many authors have also studied the fixed point theory in
fuzzy and intuitionistic fuzzy metric spaces Dimri et.al.[6], Grabiec [9], Imdad et. al.[11], J.S. Park, Y.C. Kwan,
and J.H. Park[12]. H.Dubey and R.Jain [9] studied the concept on common fixed point theorems in
intuitionistic fuzzy metric spaces.

2. Preliminaries

Definition 2.1[3]. A binary operation *: [0, 1] X [0, 1] = [0, 1] is a continuous t-norm if it satisfies the
following conditions:

(1) *is associative and commutative,

(2) * is continuous,

(3)a*1=aforalla€Jo, 1],

(4)a *b = ¢ *d whenever a = c and b = d forall a, b, ¢, d € [0, 1],

Two typical examples of continuous t-norm are a * b = ab and a * b = min (a, b).

Definition 2.2[3]. A binary operation <: [0, 1] X [0, 1] = [0, 1] is a continuous t-co-norm if it satisfies the
following conditions:

(1) < is associative and commutative,
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(2) 4 is continuous,

(3)a<1=aforalla€ [0, 1],

(4) a4 b = c < d whenever a = cand b = d forall a, b, ¢, d € [0, 1],

Two typical examples of continuous t-co norm are a % b = ab and a % b = min (a, b).

Definition 2.3[4]. A 5-tuple (X, M, N, * , %) is said to be an intuitionistic fuzzy metric space if X is an arbitrary
set, * is a continuous t-norm, < is a continuous t-co-norm and M,N are fuzzy sets on X* % [0, o0) satisfying the

following conditions:
(i) M(x,y,t)+ N(x,y,t) <1forallx,y €EXandt > 0;
(i) M(x,v,0) =0 forallx,y €X;
(i) M(x,y,t) =1forallx,y € Xand t > 0if and onlyif x = y;
(iv) M(x,v,t) =M(y,x,t) forallx,y €EXandt > 0;
(v) M(x,y,t)*M(y,z,s) = M(x,z,t+ s)forallx,yE Xand s,t > 0;
(i) forallx,y € X,M(x,y, .):[0,00) — [0,1] is left continuous;
ii) imyoM(x,y,t) =1 forallx,y € Xandt > 0;
(viii) N(x,vy,0) =1 forall x,y € X;
(ix) M(x,y,t) =1forall x,y € Xand t > 0if and onlyif x = y;
(x) N(x,y,t) =N(y,x,t) forallx,y EXandt > 0;
(xi) N(x,y,t)% N(y,z,s) = N(x,z,t+s)forallx,y € Xands,t > 0;
(xii) forallx,y € X,N(x,vy, .):[0,00) — [0,1] is right continuous;
(xiii) limy_ oo N(x,v,t) =0 forallx,y € Xand t > 0.

Then (M, N) is called an intuitionistic fuzzy metric space on X. The functions M(x, y, t) and N(x, y, t) denote the
degree of nearness and the degree of non-nearness between x and y w.r.t. t respectively.

Remark 2.1[4]. Every fuzzy metric space (X ,M, =) is an intuitionistic fuzzy metric space of the form
(X ,M,1—M, =%) such that t-norm * and t-co norm ¢ defined by a*a = a,a € [0,1] &
(1—-a)¢(1—a)= 1 —a)forall x,y € X, In intuitionistic fuzzy metric space (X , M, N, =),
M (x ¥, *) is non-decreasing and N(x » ¥ <>) is non-increasing.

Remark 2.2[17]. Let (X , d) be a metric space. Define t-norm a * b = min (a, b) and t-co norm a <+ b = max

(ab), forallx,y € X &t > 0.
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dix,
N, (x, ¥, t) = _atey) Then (X ,M,N, =,%) is an intuitionistic fuzzy metric

Md (xJ v, t) = t+d(x.y)

t
t+d(x.y) '
space induced by the metric. It is obvious that N(x,y,t) =1 — M(x,y,t)
Alaca, Turkoglu and Yildiz [4] introduced the following notions:

Definition 2.4. Let (X, M, N, * , %) be an intuitionistic fuzzy metric space. Then
(a) a sequence {xn} in X is called Cauchy-sequence if, for all t > 0 and P > 0,

lim M(xXp4p ,Xn,t) =1 lim N(xp4p,xn,t) =0,
n=e and T

(b) a sequence {xn} in X is said to be convergent to a point X € X if, forall t > 0,

imM(x,,x,t)=1 limN(x,,x,t) =0.
=0 n—+w

and

Definition 2.5. Let (X, M, N, * , <) be an intuitionistic fuzzy metric space and {}’n} be a sequence in X if there
exists a number k € (0,1) such that:

L. M(Vns2, Va1, k) = M(Yps1 , V0, ),

2.N(Vn+2, Yn+1, Kt) < N(Vn41,¥n )

forall t>0andn=1,2,3......then {}!n} is a Cauchy sequence in X

Definition 2.6. A pair of self-mappings (f, g) of an intuitionistic fuzzy metric space

(X, M, N *, %) is said to be compatible if limy ., M(fgx,,gfx,,t)=1 &
limy . N(fgx,,gfxn,t) =0 for every t > 0, whenever {Xy) is a sequence in X such that
lim,_., fx, = 1{1—{2 gxy, = Z, forsome. Z € X.

Definition 2.7. A pair of self-mappings (f, g) of an intuitionistic fuzzy metric space

(X, M, N, *, %) is said to be non-compatible if liMmp_..M(fgx,,gfx,,.t)*1 &
limy,o. N( fgxy,, gf xn,t) # 0 for every t > 0, whenever {Xy) is a sequence in X such that
lim,_., fx, = 1{1—{2 gxy, = Z, forsome. Z € X.

Definition 2.8. An intuitionistic fuzzy metric space (X, M, N, * , %) is said to be complete if and only if every

Cauchy sequence in X is convergent.

Definition 2.9[7]. A pair of self mappings (f,g) of a metric space is said to be weakly compatible if they
commute at the coincidence points i.e. f’u = gu fOT someu € X, then fgu = gfu.
Definition 2.10[7]. A pair of self mappings (f,g) intuitionistic fuzzy metric space is said to be weakly

compatible if they commute at the coincidence points i.e. fu = gu for someu € X, then fgu = gfu.
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Definition 2.11[8]. A pair of self mappings (f,9) intuitionistic fuzzy metric space is said to be occasionally
weakly compatible iff there is a point x in X which is coincidence point of they commute at the coincidence
points f and g arwhich f and g commute.

Lemma 2.1[7]. Let (X, M, N, *, ) be an intuitionistic fuzzy metric space. f and g be self maps on X and
f and g have a unique point of coincidence, W = fX = gx, then w is the unique common fixed point of
fandg.

Lemma 2.2[2]. Let (X, M, N, *, ) be an intuitionistic fuzzy metric space and for all x,y € X,t > 0 and
if for a number k € (0 ,1) such that M(x,y ,kt) = M(y,x,t) and N(x,vy ,kt) =N(y,x,t)

then X = V.

3. Main results

Theorem 3.1. Let A, B, S and T be self maps of intuitionistic fuzzy metric spaces

(X, M, N, *, %) with continuous t-norm * and continuous t-co norm < defined by t * t = t and
(L—t) ¢ (1 —t) = (1 —1t)forallt € [0,1] satisfying the following condition:

(3.1.1) A(X) €S5(X) and B(X) € T(X),

(3.1.2) If one of the A, B, S and T is a complete subspace of X then {A, T} and {B, S} have a coincidence point,
(3.1.3) The pairs (A, T) and (B, S) are weakly compatible,

(3.1.4)

M(Tx,Sy,t) = M(Tx,Ax,t) = M(Ax ,Sy ,t) *
M(Ax,By,t) = ®{min| M(Sy,Tx,t) * M(Bx,Ty,t) » M(Bx,Sx,t) *
M(Tx,Bx,t) = M(Tx,By,t)

and
N(Tx,Sy,t) ¢ N(Tx,Ax ,t) $ N(4x ,Sy,t) ¢
N(Ax ,By,t) <=@{max| N(Sy,Tx,t) $ N(Bx ,Ty,t) $ N(Bx,Sx,t) ¢
N(Tx,Bx,t) $ N(Tx,By,t)

Vx,yE€E X & > 0, where @,@:[0,1] = [0,1] is a continuous function such that ®(t) >t &
@(t) <t foreach0<t<1and (1) =1 and @(0) = 0 with M(x,y,t) > 0.Then A, B, Sand T

have a unique common fixed point in X.

Proof : Since A(X) € S(X), therefore for any Xq € X, there exists a point X1 € X such that Axg = 5x1 and
for the point X1, we can choose a point X3 € X such that Bxy = Tx; as
B(X) &€ S(X). Inductively, we get Sequence {}h} in x as follows Yan+1 — BXan+1 = TXans2 and

Vop = Axop = 512n+1f0rn =0,1,2....Putting X = X , ¥V = Xans1 in(3.1.4) we have,
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M(Tx2n  SXons1, t) = M(TXZR JAX oy, t) =
M(AX2n, Sx2041, 1) * M(Sx2n41 , TX2p , 1) *
M(Bx2,,TXan41,t) * M(Bxp , Sxp , t) *
M(Tx3p, Bxz,,t) * M(Tx3, , Bxopyeq ,t)

M(Ax4, ,Bxsp4q,t) = 0{min

M(Van-1,Vn  t) * M(¥V2n—1 ,V2n , 1) =
M(}TZn yVon s t) = M@’Zn +YVan—1 t) =
M(YVon—1,Y2n,t) * M(YV2n—1 ,V2n , 1) *
M(V2n-1,Van-1,1) * M(¥2n—1 ,Y2n ,t)

M(}TZTL 1 Yint1is t) = @ min

M(V2n-1,Y2m 1) * M(¥2p—1, V2n , ) *
1= M(}’Zn 2 Von—-1. t) *
M(}IZ'J’L—l » }121’1 b t) * M(}TZTL—I b .}TZTI. » t) *
1 * M(.}TZTL—I J}IZTL b t)
e M(Van , Vons1,8) = OIMVop—1,Von , )} > M(¥an—1,V2n , t) as B(t) > t for each

O<t<1land

M(}IZTL s Vans1s t) = Qj min

N(Tx3p,8%on41,t) ¢ N(Txan ,Axay ,t) &
N(AXzn,5%om41,t) % N(SxXpp41, TXop , 1) 4
N(Bx,,Tx3p41,t) ¢ N(Bxy, ,Sx5, ,1) ¢
N(Tx3p,Bxapn ,t) ¢ N(Tx2p, Bxppsq,t)

N(Axzn ,BXzn+1,t) < @ y max

N@an-1,Yan,t) $ Nan—1,¥2n ,t) ¢
N(}TZTL 2 Y2n t) s N(yZn y¥Yan—1, t) ¥
NOan-1,Yan,t) ¢ NOian-1,¥2n ,t) &
N(Van-1,Y2n-1,t) ¢ N1, V20, 1)

N(V2n, Yans1 ,t) = @y max

N(an—1,¥2n ,t) ¢ N(Van—1,Y2n ,1) &
1< N(}TZTL »Yon—1. t) ¥
NOzn—1,¥2m ,t) © NOan-1,¥2n ,t) &
14 NOzn-1,Y2n,t)

e Nvan,¥Van+1,8) = @IN(Van—1,¥2n )} < NO2p—1,V20,t) as @) <t for each

N(y2n,Yans1,t) < @ { max

0 <t < 1. Thus {M(}’gn,}’2n+ 1s t),n =0} isan increasing sequence of positive real numbers in [0,1]
which tends to a limit | = 1, also {N (}’Zn+ 1 ¥an+2, t),n =0} isan decreasing sequence of positive real
numbers [ 0,1] which tends to a limit k=0.

Therefore for every 1L € I" My, Vs, t) = M(yp_ 1, v, t) &limg o M( 3, Va1, ) = 1,
N(}%; Vn+1s t) < N(}’n_l, Vi t) & limy, o N( 5, Vne1,t) = 0. Now any positive integer p, we

obtain limy,_, ., M( v, , Yn+p s t) =1 and limy_ N( Vn+p t) = 0. Which shows that {vtisa
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Cauchy sequence in X. Let w € Sy then Sw = u. we shall use the fact that subquence {}’2n+1} also

converges to U.Now by putting X = X2y, ¥ = W in (3.4) and taking n — =0

M(Tx5y, ,Sw,t) * M(Txay ,Axop ,T) *
M(Ax,,,Sw,t) * M(Sw ,Tx,, ,t) *
M(Bxsy, Tw,t) * M(BXsy, ,Sxsp , 1) *
M(Tx3y,BXxzy,t) * M(Tx5, , Bw , t)

M(Ax,, ,Bw,t) = 01 min

M(u,u,t)M@u,u,t) =
M(u,u,t)*M(u,u,t) =
M(u,u,t)*M(u,u,t) =
MQu,u,t)=M(u,u,t)

M(u,Bw,t) = 0§ min

ieM(u,Bw,t) 2 0{Mu,u,t)} =2 001) =1 .. *)

also

N(Tx5,,5w,t) & N(Tx5,,Axs, ,t) &
N(Ax,,,Sw,t) & N(Sw,Tx,,,t) ¢
N(Bx,,Tw,t) ¢ N(Bxyy,S5%5,, 1) &
N(Tx,,,Bxs, ,t) ¢ N(Txy,, Bw,t)

N(Ax,, ,Bw,t) < @ {max

N(u,u,t)$ N(u,u,t)$
N(u,u,t)$ Nu,u,t)$
N(u,u,t)$ Nu,u,t)$
N(u,u,t)$ N(u,u,t)

N(u,Bw,t) < @ { max

e N(u,Bw,t) < @{N(uw,u,t)} < @(0) =0 e (*9)

From (*) and (**), Let u = Bw. Since SW = U we have SW = BW = U i.e. w is the coincidence point of
B and S. As B(X) € T(X), =Bw —-ueT(X). Le¢ v E T *u then TV =u. Now by putting
X=V, V=2Xp+1in(3.14)

M(Tv,Sx3p41,t) * M(Tv ,Av ,t) *
M(Av,SX3p31,t) * M(Sx3p4q, TV, T) *
M(Bv ,Tx5p4q ,t) * M(Bv ,Sv,t) *
M(Tv ,Bv,t) * M(Tv ,Bxsp4q ,t)

M(Av,Bx;p44,t) = 01 min

taking 11 — GO

M(u,u,t)~M(u ,Av ,t) =

M(Av,u,t) =M(u,u,t) =
M(u,u,t)=M(u,u,t) =
M(u,u,t) =M ,u,t)

M(Av,u,t) = 04 min

M(Av,u,t) = 0{min(l=MQ@u ,Av,t) »MAv,u,t) =1=1=1=1=1)}
ieM(Av,u,t) = O{M(u ,Av,t)} = M(u,Av,t) and
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N(Tv,Sx3p41,t) ¢ N(Tv ,Av,t) ¢
N(Av,Sx3p41,t) ¢ N(Sxapsq , TV, 8) &
N(Bv ,Txyp4q1,t) 4 N(Bv,Sv,t) 4
N(Tv,Bv,t) $ N(Tv,Bxyp4q,1)

N(Av ,Bxyp4q ,t) < @ { max

taking n — <o

N(u,u,t) $ N(u,Av,t) %

N(Av,u,t) $ N(u,u,t)$
N(u,u,t) ¢ N(u,u,t)<$
N(u,u,t)$ Nu,u,t)

N(Av,u,t) = @{max

N(Av,u,t) = o{max(1 ¢ N(u,Av,t) $ N(Av,u,t)$1$1$1414 1)}

ie N(Av,u,t) < @{N(u ,Av,t)} < N(u,Av,t)

Therefore, we get AV = U. we have Tv = Av = u.

Thus V is a coincidence point of a and T.

Since the pairs {A,T}and {B,S} are weakly compatible i.e. B(Sw) =S(Bw) — Bu = Su and

A(Tv) = T(Av) — Au = Tu. Now by putting X =W, YV = Xans1 in (3.1.4)

M(Tw,Sx5p4q ,t) * M(Tu, Au,t) *
M(Au,Sx3n41,t) * M(Sxop4q, T, t)
M(Bu ,Tx3p5q,t) * M(Bu ,Su,t) *
M(Tw ,Bu,t) * M(Tu ,Bx5,41,t)

M(Au,Bx5,44 ,t) = 04 min

taking . — GO

M(Au,u,t) = M(Au ,Au,t) =
M(Au ,u,t) =M, Au,t) =
Mu,u,t)=M((u,u,t) =
M(Au,u,t) * M(Au,u,t)

M(Au,u,t) = @4 min

M(Au,u,t)=1=M(Au,u,t) = M(u,Au,t) *)}

ol
M(‘q“’“’t)—@{mm( 1+1+M(Au,u,t) = M(Au,u,t)

ieM(Au,u,t) = O{M(Au,u,t)} > M(Au ,u ,t) and

N(Tu,Sx5p44,t) ¢ N(Tu ,Au,t) $
N(Au,Sx3p41,t) ¢ N(Sxp4q ,Tu ,t) ¢
N(Bu ,Tx3p4q,t) % N(Bu,Su,t) ¢
N(Tu,Bu,t) ¢ N(Tu,Bx,,:1 ,t)

N(Au,Bxy,4,,t) < @ max

taking n — <0
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N(Au,u,t) $ N(Au,Au,t) &
N(Au,u,t) $ N(u,Au,t) &
N(u,u,t)$ N(u,u,t)$
N(Au ,u,t) $ N(Au,u,t)

N(Au,u,t) < @4max

N(Au u, 1) {_:q}{max(N(Au,u,t)é1<>N(Au,u,t)<>N(u,Au,t)<>)}

1414 NAuw,u,t) $ N(Au,u,t)

ie N(Au,u,t) =< {N(Au,u,t)} < N(Au,u,t)

Therefore, we get AW = U. So we have Au = Tu = W. similarly by putting X = Xz, ¥V = U in (3.1.4)
asm — 00 u = Bu = Su. Thus Au = Bu = Su =Tu = W ie U is a common fixed point of A, B, S and
T.

Uniqueness: Let W(W % W) be another common fixed point of A, B, S and T. then by putting X = U,y = W
in(3.1.4)

M(Tu ,Sw,t) = M(Tu,Au,t) = M(Au,Sw,t) =
M(Au,Bw,t) =2 0{min| M(Sw,Tu,t) = M(Bu ,Tw ,t) = M(Bu ,Su,t) =
M(Tu ,Bu,t) = M(Tu ,Bw,t)

Mu,w,t) =M@ ,u,t)=M(u,w,t) =
Mu,w,t) =20imin{ M(w,u,t) =M@ ,w,t) =M@ ,u,t) =
M(u,u,t)=M(u,w,t)

Mu,w,t)=1=M(u,w,t)=Mw,u,t) *)}

- :
M(u,w,t)_(ff'{mm( Mu,w,t) =1=1=M(u,w,t)

ieMu,w,t) =2 0{M{u,w,t)} >M({u,w,t)

and

N(Tu,Sw,t) $ N(Tu,Au,t) & N(Au,Sw,t)
N(Au,Bw,t) = @ymax| N(Sw,Tu,t) ¢ N(Bu,Tw,t) ¢ N(Bu,Su,t) ¢
N(Tu,Bu,t) % N(Tu,Bw,t)

Nu,w,t) ¢ Nu,u,t) $ Nu,w,t)$
N(u,w,t) =@{max| N(w,u,t) $ N(u,w,t) ¢ N(u,u,t) ¢
N(u,u,t) $ Nu,w,t)

Nu,w,t) ¢ 14 N@u,w,t) ¢ Nw,u,t) <>)}

=
N(u,W,f)—ﬁﬂ{max( Nu,w,t)¢14$14¢Nu,w,t)

ieN(u,w,t) <0O{N(u,w,t)} < N(u,w,t). Hencet = W forallx,y €E X andt > 0.
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Therefore 1 is the unique common fixed point of a, B, S and T.

This completes the proof.
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