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Abstract: In this paper, we introduce the vertex status index, total status index, modified vertex status index,
status inverse degree, status zeroth order index, F-status index, general vertex status index of a graph. Also we
propose the total status polynomial vertex status polynomial, F-status polynomial of a graph. We compute exact
formulas for certain standard graphs and friendship graphs.
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I. Introduction
Let G = (V(G), E(G) be a simple, finite, connected graph. The degree ds(v) of vertex v is the number
of vertices adjacent to v. The distance d(u, v) between any two vertices u and v is the length of
shortest path containing u and v The status o(u) of a vertex u in a graph G is the sum of distances of
all other vertices from u in G. For undefined term and notation, we refer [1].

A graph index or topological index is a numerical parameter mathematically derived from
graph structure. In Mathematical Chemistry, graph indices have found some applications in chemical
documentation, isomer discrimination QSAR/QSPR study [2, 3, 4]. Some different graph indices may
be found in [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].

In [18], Ramane et al. introduced the first and second status connectivity indices of a graph G
defined as

5.6)= Y [oW+oW)] 5,(G)= Y oWalv),

uveE(G) uveE(G)
We introduce the vertex status index of a graph G defined as
5,(G)= Y o).
uev(G)
We now propose the following status indices:
The total status index of a graph G is defined as

T.(G)= > olu).

ueV(G)
The modified vertex status index of a graph G is defined as
1
"s,(G)= Y

&6 o (U
The status inverse degree of a graph G is defined as

1
Sl (G)=UVZ(G)m.

The status zeroth order index of a graph G is defined as

1
SZ(G)= .
UEVZ(:G) \/U(U)

The F-status index of a graph G is defined as
FS(G)= Y o(u).
ueVv(G)
We continue this generalization and propose the general vertex status index of G, defined as
5:(G)= Y oW’
ueVv(G)
where a is a real number.
Recently, some variants of status indices were studied in [19,20,21,22,23].
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We also introduce the total status polynomial, vertex status polynomial and F-status
polynomial of a graph G, defined as

T,(Gx)= > x7W.

ueVv(G)

Sv (G, X) — Z XO'(U)z .

ueVv(G)

FS(G.,x)= > xeW’,

ueVv(G)

Recently, some different polynomials were studied in [24,25,26,27,28,29,30,31,32,33,34].

In this paper, the vertex status index, total status index, modified vertex status index, F-status
index, the general vertex status index of some standard graphs, wheel graphs, friendship graphs are
determined. Also the total status polynomial, vertex status polynomial, F-status polynomial of some
standard graphs are obtained.

I1. Results for complete Graphs

Let K, be a complete graph with n vertices.
Theorem 1. The general vertex status index of a complete graph K, is

s¢ (K, )=n(n-1)°%, (1)
Proof: If K, is a complete graph with n vertices, then d (u)=n-1 and o(u)=n-1 for any vertex
uin K,. Thus n

S2(Ky)= > oW?=nn-1)°.

uev(K,)

We establish the following results by using Theorem 1.
Corollary 1.1. Let K, be a complete graph with n vertices. Then

(i) S, (K,)=n(n-1". (i)  T.(K,)=n(n-D).

(i) mg(a):ﬁ. iv) Sl (K)=—"

V) SZ(K,)=— - wi)  FS(K,)=n(n-1)".
n_

Proof: Puta=2, 1, -2, -1, -%, 3 in equation (1), we get the desired results.

Theorem 2. The total status polynomial, vertex status polynomial and F-status polynomial of a
complete graph K, are given by

i) To(Kyx)=mx"" i) Sy (Kyx)=mx"?,

(i) FS(K,x)=mx"Y",

Proof: Let Kn be a complete graph with n vertices. Then o(u) = n -1 for any vertex u in K.

(|) Z Xo‘(u) an_l. (”) S Z XO’(U) (n—il.)2 )
uev(K,) ueV(K,)
(|||) FS Z XO'(U) (n—1)3 .
uev(K,)
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I11. Results for Cycles

Theorem 3. If C, is a cycle with n vertices, then the general vertex status index of C, is

2 a
S¢(C,) =n(n7j , ifniseven, 2)

n2-1)"
=n[ 2 J if nis odd. 3)

2
Proof: Case 1. Suppose n is even. If C, is a cycle with n vertices then o (u) :nI for every vertex u

of C,.. Thus

s2(Ch)= > o-(u)azn(n—zj.
uev(C,) 4

2 —
Case 2. Suppose n is odd. If C, is a cycle with n vertices, then o (u) = n" -1

for every vertex u of C,..

Thus

s2c)= Y a(u)a:n(“:‘lj.

uev(C,)
We obtain the following results by using Theorem 3.
Corollary 3.1. Let C, be a cycle with n vertices. Then

i S, (C =—, if nis even,
O s(C) =0
2 2
=”(”—_1), if n is odd.
16
n3
(i) T,(C,) =7 if n is even,
2
_nln-1) if n is odd.
4
(iii) ™S, (Cy) =¥, n is even,
n
= 16n > n is odd.
(n?-1)
(iv) SI(C,) = E n is even,
n
= 126n , n is odd.
n--1
(v) sz(C,) =2 if n is even,
__z2n if 1 is odd.
n? -1
n7
Vi FS(C =—, if nis even,
) FS(C) -g
2 2
=”(”—_1), if n is odd.
16

Proof: Puta=2, 1, -2, -1, —%, 3 in equations (2), (3), we get the desired results.
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Theorem 4. The total status polynomial, vertex status polynomial and F-status polynomial of a cycle
C, are given by

r]2
(M T(Cn,X)  =nx*, if n is even,
n?-1
=nx 4, if n is odd.
n4
(i) SY(Ch, xX)  =nxl6, if nis even,
(n?-1)°
=nx 16 | if nis odd.
n6
(iii)  FS(Cn,x) =nx64, if nis even
(n-1)’
=nx 6 | if nis odd.

Proof: Let C, be a cycle with n vertices.
2
Case 1. Suppose n is even. Then o(u) = n? for every vertex u in C,.. Thus

() T(Cox)= X xWemt. ) 5,(Cuo)= Y« =nus,
uev(C,) uev(C,)

6

n
(i) FS(Cpx)= > x7W =nxé,

uev(C,)
2 —
Case 2. Suppose n is odd. Then o (u) = n" -1 for every vertex u in C,. Thus
4 , ()
0) T (CoX)= > x"W=nx 4, i) S,(Cpx)= > x7W =nx 1
uev(C,) uev(C,)

(n2-1)’
(i)  FS(Cpx)= > x7W =nx ©
uev(C,)

IV. Results for Complete Bipartite Graphs

Let K, 4 be a complete bipartite graph with p+q vertices and pq edges. In K4 , there are two
types of status vertices as given in Table 1.

o(uueV(K,q) p+2(q-1) q+2(p-1)

Number of vertices q p

Table 1. Status vertex of K, 4

Theorem 5. The general vertex status index of K, is

S\?(Kp,q)zq[p+2(q_1)]a+p[q+2(p_1)]a. (4)
Proof: Let K, 4 be a complete bipartite graph. By definition, we have
2 (Kpg)= Y o)™,
UGV(Kpﬂ)
By using Table 1, we deduce

S (Kpg)=a[P+2(a-1)]" + p[a+2(p-1)T".
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We obtain the following results by using Theorem 5.
Corollary 5.1. If K, 4 is a complete bipartite graph, then

M S(Kpg)=a[p+2(a-D7T +p[a+2(p-1)].
(i) To(Kpq)=2pa+2(p?+92)-2(p+q).

mS K = q p '
(iii) v( p,q) (p+2q—2)2+(q+2p_2)2

: q P
v SHK,q)= :
) (Kpa) p+2q—2+q+2p—2

q p
SZ(K = .
V) (Kpa) \/p+2q—2+\/q+2p—2

. 3 3
(vi)  SI(Kpq)=a(p+2a-2)"+p(q+2p-2)°.
Proof: Puta=2,1, -2, -1, -, 3 in equation (4), we get the desired results.

Theorem 6. The total status polynomial, vertex status polynomial and F-status polynomial of K, 4 are
given by

TS (Kp’q s X) = q)( p+29-2 + qu+2 p—2_

Sv (Kp . X) — qX( P+2q—2)2 " pX(q+2 p—2)2 .
FS ( Kp qr X) = qX( p+2q-2)° " pX(q+2 p-2)* .

Proof: Let K, 4 be a complete bipartite graph with p+q vertices. Then by using Table 1, we deduce
M Ts(Kp,an) - z XX _ qXp+2q—2 + qu+2p_2,

ueV(vaq)
i = o) _ gy(Pr2a-2)° | oo (a+2p-2)
(i) Su(KpgX)= D2, x7 =ax + pX .
ueV(Kp‘q)
_ o’ _ . (p+29-2)° (q+2p-2)°
(iii) FS(Kp,q,x)_ Z X =X + px _
ueV(vaq)

V. Results for Wheel Graphs
A wheel graph W, is a join of K; and C,. Clearly W, has n+1 vertices and 2n edges. A graph
W, is shown in figure 1.

Figure 1. Wheel graph W,
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In W, , there are two types of status vertices as given in Table 2.

o\ueVv(W,) n 2n-3

Number of edges 1 n

Table 2. Status vertex partition of W,
Theorem 7. The general vertex status index of a wheel graph W, is
S&(W,)=n*+n(2p-3)°. (5)
Proof: Let W, be a wheel graph with n+1 vertices and 2n edges. By definition and by using Table 2,
we derive

S2(W,)= > o =n*+n(2p-3)".

uev (W,)

We establish the following results by using Theorem 7.
Corollary 7.1. Let W, be a wheel graph with n+1 vertices and 2n edges. Then

(i) S, (W, )=4n’+11n* +9n. (i) T, (W,)=2n"-2n

m _1 n . _1 n

(iii) SV(Wn)_nz +—(2n—3)2' (iv) SI (W) e ——

(v) SZ(W,)= % - er:]__3 (vi)  FS(W,)=8n"-35n+54n> —27n.

Proof: Puta=2, 1, -2, -1, -%, 3 in equation (5), we obtain the desired results.
Theorem 8. Let W, be a wheel graph with n+1 vertices and 2n edges. Then
i) To(Wy,x)=x"+nx*""2,

(i) Sy (W, x)=x" +nx3",

(i) FS(Wp,x)=x" +m 9"

Proof: By using equations and Table 2, we derive

(i) T (Wo,x)= > x7W =x" 4?2,
uev(W,)

(“) SV (Wn y X) = Z XO’(U)Z = an + nX(Zn_3)2 ]
uev(W,)

iii ES(W. x)= S x7W" = x"* 4 nx@n-3",
(i) (Wh.x) =2,
V1. Results for Friendship Graphs

A friendship graph F, is the graph obtained by taking n > 2 copies of C; with vertex in
common. The graph of F, is shown in Figure 2.

Figure 2. Friendship graph F,

In F,, there are two types of status vertices as follows:
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Vy = {u e V(F.) | o(u) = 2n}, Vil = 1.
Vo = {u e V(F.) | o(u) = 4n — 2}, Vo] = 2n.

Theorem 9. The general vertex status index of a friendship graph F; is
s¢(F,)=(2n)* +2n(2n-2)°, (6)
Proof: Let F, be a friendship graph with 2n+1 vertices and 3n edges. Then
S2(F)= > o)’ =M|2n)* +]v,|(4n-2)*
ueV(F,)
=(2n)* +2n(2n-2)".

We obtain the following results by using theorem 9.
Corollary 9.1. Let F, be a friendship graph with 2n+1 vertices and 3n edges. Then

(i) S, (F,)=32n>—28n”+8n. iy  T,(F,)=8n"-2n
m _ 1 2n : _1 2
(iii) SV(Fn)_4n2 +—(4n—2)2' (ivy sl (F) T I

(v) SZ(F,) FS(F,)=128n" —184n° +96n* —16n.

L, (vi)
2n o Jan-2

Proof: Puta=2, 1, -2, -1, -%, 3 in equation (6), we get the desired results.

Theorem 10. Let F, be a friendship graph with 2n+1 vertices and 3n edges. Then

()  To(Fyx)=x""+2nx*""2,

(i) S(Fpx)=x"" +20x2"?",

(i) FS(F,x)=x*" +2nx“¥",
Proof: By using equations, we deduce
(i) To(FoX)= D xTW =V x4 [V, x 412,
ueVv(F,)
= x2" 4 2nx*n-2

(i) Sv(Fn,X)= z Xa(u)2 =[V1|X(2n)2 +[V2|x(4”‘2)2_
ueV(F,)

2
X4n (2n-2) .

2
+ 2nx

(i) FS(Fnx)= 3 X7 = x2 4, | x4,
ueV(F,)

n (4n-3)°

83
=X +2nX
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