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Abstract:- In this paper, we have investigated spatially homogeneous anisotropic Axially Symmetric universe 

filled with two minimally interacting fields, matter and holographic dark energy components in Brans-Dicke 

theory of gravitation. Exact solutions of field equations are obtained using the fact that scalar expansion is 

proportional to the shear scalar and constant deceleration parameter. Some physical and kinematical 

properties of the model are also discussed. 
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I. INTRODUCTION 

Recent observation of the luminosity of type Ia supernovae indicate (Bachall et al. [1]; Perlmutter et al. [2]) an 
accelerated expansion of the universe and the surveys of clusters of galaxies show that the density of matter is 

very much less than the critical density. This observation leads to a new type of matter which violate the strong 

energy condition i.e., 02  p . The matter (fluid) content responsible for such a condition to be satisfied at a 

certain stage of evaluation of the universe is referred to as dark energy (Sahni and Starobinsky [3]; Peebles and 

Ratra [4]; Padmanabhan [5]; Copeland et al. [6]). This mysterious fluid is believed to dominate over the matter 

content of the Universe by 70% and to have enough negative pressure as to drive present day acceleration. Most 

of the dark energy models involve one or more scalar fields with various actions and with or without a scalar 

field potential (Maor and Brustein [7]; Cardenas and Campo[8]; Ferreira and Joyce [9]). 

In recent times, considerable interest has been stimulated in explaining the observed dark energy by the 
holographic dark energy model (Enqvist et al. [10]; Zhang [11]; Pavon and Zimdahl [12]). An approach to the 

problem of dark energy arises from the holographic principle stated in the first paragraph. For an effective field 

theory in a box size L  with VU  cut off c , the entropy 
33

cL  . The non-extensive scaling postulated by 

Bekenstein suggested that quantum theory breaks down in large volume (Zhang [11]). To reconcile this 

breakdown, Cohen et al. [13] pointed out that in quantum field theory a short distance ( VU ) cut-off is related 

to a long distance (IR) cut-off due to the limit set by forming a black hole. Taking the whole universe into 

account the largest IR cut-off L  is chosen by saturating the inequality so that we get the holographic dark 

energy density as 2223 
  LMC p  (Zhang [11]) where c is a numerical constant and 

G
M p

8

1
  is the 

reduced Plank mass. On the basis of the holographic principle proposed by Fischler and Susskind[14] several 

others have studied holographic model for dark energy (Gong [15]). Employment of Friedman equation (Setare 

[16]) 223 HM p  where   is the total energy density and taking 
1 HL  one can find 

222 )1(3 HMC pm  . Thus either m   or   behaves like 
2H .  

The effects of anisotropy in the universe can be studied in the framework of an anisotropic BI model. Reddy et 

al. [17] analyzed homogeneous and axially symmetric BI models in BD theory and found that the deceleration 

parameter is negative, leading to an accelerated expansion of the universe. Setare [18] studied the HDE model 

with non-flat FRW metric in BD cosmology and found that the EoS parameter demonstrates a phantom-like 

region and crosses the phantom divide line. Kumar and Singh [19] used exact solutions describing BI 

cosmological models to study the cosmic evolution in a scalar-tensor theory. Setare and Vanegas [20] 

investigated an interacting HDE model and discussed cosmological implications. Sharif and Kausar [21,22] 

examined the dynamical behavior of a Bianchi universe with anisotropic fluid in f (R) gravity. Sharif and 
Waheed [23] studied the evolution of a BI model in BD theory, using isotropic, anisotropic, as well as 

magnetized anisotropic fluid, and found that the latter may attain isotropy to the universe. Milan and Singh [24] 

discussed an HDE model with infrared cutoff as a future event horizon, as well as a logarithmic form of BD 

scalar field for the FRWuniverse in BD theory. Felegary et al. [25] studied the dynamics of an interacting HDE 
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model in BD cosmology as regards the future event horizon cutoff, as well as its Hubble-horizon counterpart, 

and discussed the coincidence problem. 

In particular, Setare [26] studied holographic dark energy model in Brans – Dicke theory. Sheykhi [27] studied 

interacting holographic dark energy models in Brans-Dicke (1961) theory of gravitation. Setare and Vanegas 

[28] have discussed the cosmological dynamics of interacting holographic dark energy model. Sarkar and 

Mahanta [29] have investigated holographic dark energy in Bianchi type- I  space – time with constant 

deceleration parameter.  Das and Mammon [30] studied holographic dark energy models in Brans-Dicke (1961) 

theory of gravitation. Sarkar [31] has discussed the evolution of holographic dark energy model in Bianchi type 

– I  universe with linearly varying deceleration parameter and established a correspondence with generalized 

Chapligin gas models of the universe. Also holographic scalar field dark energy models are studied by many 

authors. For instance, Very recently Kiran et al. [32, 33] studied minimally interacting holographic dark energy 

models in Bianchi type-V  space time in the scalar-tensor theories of gravitation proposed by Brans and Dicke 

(1961) and Saez and Ballester (1986). Also kadam [34] studied Bianchi type-V   cosmological model for 

minimally interacting holographic dark energy in Seaz-Ballester theory of gravitation. In a recent paper, Kumar 

and Singh [35] have revisited these papers and have proposed a logarithmic form of BD scalar field to discuss 

new agegraphic dark energy model in BD theory. 

This paper is organized as follows: In Sec 2, we present the field equations of HDE model in BD theory. Section 

3 deals solutions of field equations. In Sec 4, gives the physical discussion.  Section 5 gives the conclusion of 

the work. 

 

II. METRIC AND FIELD EQUATIONS 

We consider the Axially symmetric space time described by the metric 

       22222222 dzBdfdAdtds  
        

(1) 

where A , B , C  are functions of cosmic time t  only. 

Brans-Dicke (1961) field equations for the combined scalar and tensor fields are  

       ijij
k
kijji

k
kijjiijij TTggRgR 
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Where 
'

ijT  and ijT  are energy – momentum tensor for matter and holographic Ricci dark energy resp. which are 

defined as 

                 jimij uuT 
'

          
(3) 

And             pguupT ijjiij 
        

(4) 

where m  is matter the energy density and   is  the holographic dark energy and p  is the pressure of the 

holographic dark energy. 

Also, the energy conservation equation is 

    0;; 
ij
j

ij
j TT

           
(5) 

In a commoving coordinate system, the field equations (2) and (3) for the metric (1) with the help of Eqns.(4) 

and (5) can be, explicitly, written as  
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where an overhead dot indicates differentiation with respect to t.  
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The functional dependence of the metric together with (9) and (10) imply that 

                     ,211 k
f

f
         2k  constant       (10) 

If 0k  then   0,tan)( tconsf . This constant can be made equal to 1 by suitably choosing units 

for  . Thus we shall have  )(f
 
resulting in the flat model of the universe (Hawking and Ellis 1976 [36]).  

Now the field equations (6) – (9) gives us the following independent equations 
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The energy conservation equation gives  
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Here we are considering the minimally interacting matter and holographic dark energy components. Hence both 

the components conserve separately, so that we have (Sarkar 2014a,2014b) 
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(17) 

Where  p  is barotropic equation of state parameter for holographic dark energy. 

The expression  for physical and general parameters to be used in solving Saez-Ballester field equations for the 

metric (1) are as the follows: 

The average scale factor )(ta  is given by  

  3
1

2)( BAta 
            

(18) 

The spatial volume V  is given by 

 BAaV 23             (19) 

The directional Hubble parameter, respectively, are  

 ,, 321
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The average Hubble parameter is  
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The dynamical scalar expansion   for the space time given by Eq. (1) and the shear scalar 2  are  
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(23) 

The average anisotropy parameter is  
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where )3,2,1( iH i  represent the directional Hubble parameters. 

 

III. SOLUTIONS OF FIELD EQUATIONS 

i) We assume that expansion scalar ( ) in the model is proportional to shear scalar ( ). This condition leads to 

                     mBA           (25) 

where m is proportionality constant. The motive behind assuming condition (i) is explained with reference to 

Throne [37], the observation of the velocity red-shift relation for extragalactic sources suggest that Hubble 

expansion of the universe is isotropy today within 30 percent (Kantowski and Sachs [38]; Kristian and Sachs 

[39]) To put more precisely, red-shift studies place the limit 3.0
H



 

on the ratio of shear to Hubble’s 

parameter in the neighborhood of our galaxy today. Collin et al. [40] have pointed out that for spatially 

homogeneous metric, the normal congruence to the homogeneous expansion satisfied that the condition 




 

is 

constant. 

ii) we consider that 03   mpTT         (26) 

which physically corresponds the vanishing of  trace of  both  matter and dark energy tensors. 

iii) Variation of Hubble’s parameter proposed by Berman (1983) which yields constant deceleration 

parameter models of the universe defined by 

           
2a

aa
q




 constant           (27) 

Which admits the solution 

              
qdctta  1

1

)()(                          (28) 

Where   0c  and d  are constants of integration. 

This equation implies that the condition for spatial expansion of the universe is 01  q . 

Now  from equations (18), (25), (27) we obtain the expressions for metric potentials as 
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Also from equations (14), (26) and (28) we obtain the expression for Brans-Dicke scalar field as  
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Where k is a constant of integration. 

Now through a proper choice of coordinates and constants (choosing  1c  and 0d ), the metric (1) with 

the help of equation (29), (30) can be written as  

 

                   2)12()1(

6

222)12()1(

6

22 dztdfdtdtds mqmq

m

             (32) 

And scalar field in the model is  
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Where the constant  k  is omitted. 

 

IV. PHYICAL DISCUSSION 

Eq. (32) along with (33) represents minimally interacting Axially symmetric universe holographic dark energy 

model in Brans-Dicke scalar-tensor theory with the following physical and geometrical parameters . 

Spatial volume in the model is 
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The average Hubble parameter is  
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The scalar expansion is 
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The shear scalar is  
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The average anisotropy parameter is  
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From Eqns. (12), (29) and (33) the holographic pressure in the model is  
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   where   is given by equation (33) 

  
Fig-1- Holographic Pressure vs time 
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The energy density of dark matter is 

      q
m t 



 1

3

0                    (40)   

The holographic energy density in the model is  

      qt
tq

q

tqm

qmmm 



 








 1

3

0
1

22

2

222

22
1 8

)1(

)2(

2)1()12(

)2()12(3189
8 


             (41) 

 
Fig-2 Energy Density of Dark Matter Vs Time 

 
 

                                                Fig-3- Holographic Energy Density Vs Time 
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which shows that   is a function of cosmic time  t only. 

The coincidence parameter is  
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The matter density parameter m  and holographic energy density parameter   are given by 

      
23H
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m


  and  
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Using barotropic equation of state parameter for holographic dark energy, (35), (40) and (41) we get the overall 

density parameter as  
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The cosmic jerk parameter is dimension less third order derivative of the scale factor with respect to the cosmic 

time defined as  

      )21(
1
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3
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V. CONCLUSIONS 

In this paper we have investigated spatially homogeneous Axially symmetric universe minimally interacting 

holographic dark energy models in the Brans-Dicke scalar-tensor theory of gravitation. To determine exact 

solution of field equation we use 

 i) expansion scalar ( ) in the model is proportional to shear scalar ( ). ii) the trace of energy tensor of fluids 

vanishes and iii) special form of deceleration parameter proposed by Berman (1983). We have obtained the 

energy density of matter, holographic dark energy density, holographic pressure, equation of state (EoS) 

parameter, the scalar field in the model, total energy density in the universe discussed their physical behavior in 

each of the models. In this model jerk parameter is constant. Average anisotropic parameter 0mA   so our 

model is anisotropic except 1m . Thus the model presented here is anisotropic, shearing except 1m . The 

spatial volume increases with time and the physical parameters decrease and ultimately tend to zero as T  . 
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