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Abstract  

Homotopy theory is one of the main areas of algebraic topology. In [7] the concept of H-spaces (Hopf spaces) 

is introduced from the viewpoint of homotopy theory, then a grouplike space which is a group up to homotopy, 

called an H-group (Hopf group) is defined. An H-space is a pointed space (𝑋, 𝑥₀) with a constant map 𝑐: 𝑋 →
𝑋, 𝑥 → 𝑥₀, for all 𝑥 ∈ 𝑋 and a continuous multiplication 𝑚:𝑋 × 𝑋 → 𝑋 such that 𝑥₀ is a homotopy identity, that 

is, the diagram 

 

𝑋
    (𝑐,1𝑋)    
→      𝑋 × 𝑋

       (1𝑋,𝑐)      
→        𝑋 

 

                          1𝑋            𝑚                    1𝑋 

 

𝑋 

 
    commutes up to homotopy: 𝑚 ∘ (𝑐, 1𝑋) ≃ 1𝑋 ≃ 𝑚 ∘ (1𝑋, 𝑐) . Also if an H-space (𝑋, 𝑥₀)  has a homotopy 

commutative multiplication 𝑚 (𝑖. 𝑒.𝑚 ∘ (𝑚 × 1𝑋) ≃ 𝑚 ∘ (1𝑋 ×𝑚)) and has a homotopy invers 𝑛 (i.e. there exist 

a function 𝑛: 𝑋 → 𝑋 such that 𝑚 ∘ (𝑛, 1𝑋) ≃ 𝑐 ≃ 𝑚 ∘ (1𝑋, 𝑛)), then (𝑋, 𝑥₀) is called a H-group. If there exist a 

function 𝑇: 𝑋 × 𝑋 → 𝑋 × 𝑋, 𝑇(𝑥, 𝑦) = (𝑦, 𝑥) such that 𝑚 ∘ 𝑇 ≃ 𝑚 , then H-space (𝑋, 𝑥₀) is called an abelian H-

space. 

    In [13] Zadeh introduced the concepts of fuzzy sets. After Chang developed the theory of fuzzy topological 

spaces [3], basic concepts from homotopy theory were discussed in fuzzy settings. In this direction, Zheng [4] 

introduced the concept of fuzzy paths. Also, in [2], fuzzy homotopy concepts in fuzzy topological spaces were 

conceived. 

    In this study firstly, I define fuzzy H-space and fuzzy H-group. Then I show that a fuzzy loop space ΩX is a fuzzy 

H-group with the continuous multiplication 

 

𝑚:𝛺𝑋 × 𝛺𝑋 → 𝛺𝑋,   𝑚(𝛼(𝐸), 𝛽(𝐷)) = 𝛾(𝐸 + 𝐷). 
 

    Then I show that a fuzzy retract of a fuzzy loop space is a fuzzy H-space. Besides, a fuzzy deformation retract 

is defined and it is shown that a fuzzy deformation retract of a fuzzy loop space is a fuzzy H-group. Also I show 

that if ΩX is an abelian fuzzy H-group, then the deformation retract of ΩX is an abelian fuzzy H-group. 

 

Keywords— Fuzzy Loop Space, Fuzzy H-space, Fuzzy Retract, Fuzzy H-homomorphism. 
 

I. INTRODUCTION AND PRELIMINARIES  

The notation of fuzzy sets and fuzzy set operations were introduced by Zadeh (1965) in his paper. Subsequently, 

Chang (1968), Wong (1974) and Lowen (1976) applied some basic concepts from general topology to fuzzy sets. 

Chang & Wang Jin (1984) and Chuanlin (1985) defined the consept of fuzzy homotopy in fuzzy topological 

spaces. Besides they studied fuzzy topological. In the following years, the concepts of algebraic topology were 

generalized to fuzzy topology. Gumus and Yildiz (2007) gave the consept of the pointed fuzzy topological spaces. 

Zadeh introduced the values of the membership function in the classical sets concepts, aiming to provide and 

generalize [0,1] multivalency instead of {0,1} and introduce fuzzy sets. Some concepts from general topology 

have been applied to fuzzy sets by many scientists [3, 6]. After the publication of Zadeh's Fuzzy Sets in 1965 and 

the definition of Chang's Fuzzy Topological Space in 1968, concepts in general topology began to move into 

fuzzy topological spaces. 

The concept of Hopf space was introduced by Hopf and subsequently a lot of scientists studied in this field. An 

Hopf space consists of a pointed topological space P together with a continuous multiplication 𝑚:𝑋 × 𝑋 → 𝑋 for 

which the constant map 𝑐: 𝑋 → 𝑋 is a homotopy identity, i.e., 𝑚 ∘ (1𝑋, 𝑐) ≃ 1𝑋 and 𝑚 ∘ (𝑐, 1𝑋) ≃ 1𝑋 . 

A group structure can be established on an Hopf space by the homotopy group operations which are like to 

group operations. This group is called Hopf group. More precisely, an Hopf group is an Hopf space which has an 
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homotopy associative multiplication and an homotopy identity. The classical example to Hopf group is topological 

groups.  

     

Definition 1.1 [13] Let 𝑋 be a set. A fuzzy set 𝐴 = {〈𝑥, 𝐴(𝑥)〉 ∣ 𝑥 ∈ 𝑋} in 𝑋 is characterized by a membership 

function 𝐴: 𝑋 → [0,1] which associates with each point 𝑥 ∈ 𝑋 its "grade of membership" 𝐴(𝑥) ∈ [0,1] . 
 

    I denote the fuzzy sets of 𝑋 as 𝐹(𝑋), the fuzzy sets as empty set and the universal set 𝑋 as 0𝑋  and 1𝑋 , 

respectively. 

 

Definition 1.2 [9] Let 𝐴 be a fuzzy set in 𝑋. The set 

 

𝑆𝑢𝑝𝑝𝐴 = {𝑥 ∈ 𝑋 ∣ 𝐴(𝑥) > 0} 
 

    is called the support of fuzzy set 𝐴. 

 

Definition 1.3 [6] A fuzzy point 𝑝𝜆 in 𝑋 is a fuzzy set with the membership function, 

 

𝑝𝜆(𝑥) =      
𝜆,      𝑥 = 𝑝
0,      𝑥 ≠ 𝑝

 

 

    where 0 < 𝜆 ≤ 1. In other words, the fuzzy set consisting of a single value other than 0 is called a fuzzy 

point. 

 

Definition 1.4 [11] A fuzzy topology on a set 𝑋 is a family 𝜏 of fuzzy sets in 𝑋 which satisfies the following 

conditions: 

 

    i) 0𝑋, 1𝑋 ∈ 𝜏 
    ii) 𝐴, 𝐵 ∈ 𝜏 ⇒  𝐴 ∧ 𝐵 ∈ 𝜏 
    iii) If 𝐴𝑗 ∈ 𝜏 for all 𝑗 ∈ 𝐽 (where 𝐽 is an index set) then ⋁𝐴𝑗 ∈ 𝜏. 

     

The pair (𝑋, 𝜏) is called fuzzy topological space. Every member of 𝜏 is called 𝜏-fuzzy open set. 

 

Definition 1.5 [1] Let (𝑋, 𝜏) be a fuzzy topological space and 𝑍 ⊂ 𝑋. Then 

 

𝜏𝑍 = {𝐴 ∧ 𝑍 ∣ 𝑍 ∈ 𝜏} 
 

    is called induced fuzzy topology on 𝑍 and the pair (𝑍, 𝜏𝑍) is called fuzzy subspace of (𝑋, 𝜏). 
 

Definition 1.6 [9] Let 𝑋 and 𝑌 be two sets, 𝑓: 𝑋 → 𝑌 be a function and 𝐴 be a fuzzy set in 𝑋, 𝐵 be a fuzzy set in 

𝑌. Then, 

 

 

    (1) the image of 𝐴 under 𝑓 is the fuzzy set 𝑓(𝐴) defined such that, 

 

𝑓(𝐴)(𝑦) =      
⋁ 𝐴(𝑥)

𝑥∈𝑓−1(𝑦)

,              𝑖𝑓 𝑓−1(𝑦) ≠ ∅,

                 0     ,               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 

 

 

    for all 𝑦 ∈ 𝑌. 

     

   (2) the inverse image of 𝐵 under f is the fuzzy set 𝑓⁻¹(𝐵) in 𝑋 defined such that 𝑓⁻¹(𝐵)(𝑥) = 𝐵(𝑓(𝑥)), for 

all 𝑥 ∈ 𝑋. 
 

Definition 1.7 [5] Let (𝑋, 𝜏) and (𝑌, 𝜏′) be two fuzzy topological spaces. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜏′) is fuzzy 

continuous if the inverse image of any 𝜏′-fuzzy open set in 𝑌 is a 𝜏-fuzzy open set in 𝑋, i.e. 𝑓⁻¹(𝑉) ∈ 𝜏, for all 

𝑉 ∈ 𝜏′. 
 

    The set of all fuzzy continuous functions from (𝑋, 𝜏) to (𝑌, 𝜏′) is denoted by 𝐹𝐶(𝑋, 𝑌). 
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Definition 1.8 [7] Let (𝑋, 𝜏) be a fuzzy topological space and 𝑝𝜆 be a fuzzy point in 𝑋. The pair (𝑋, 𝑝𝜆 ) is called 

a pointed fuzzy topological space (PFTS) and 𝑝𝜆 is called the base point of (𝑋, 𝑝𝜆 ). 
 

Definition 1.9 [3] Let (𝑋, 𝑇) be a topological space. Then 

 

�̃� = {𝐴 ∈ 𝐹(𝑋) ∣ 𝑆𝑢𝑝𝑝𝐴 ∈ 𝑇} 
 

 

    is a fuzzy topology on 𝑋, called the fuzzy topology on 𝑋 introduced by 𝑇 and (𝑋, �̃�) is called the fuzzy 

topological space introduced by (𝑋, 𝑇). (Gumus and Yildiz, 2007) 

     

    Let 𝜀𝐼 denote Euclidean subspace topology on 𝐼 and (𝐼, 𝜀𝐼  ̃) denote the fuzzy topological space introduced by 

the topological space (𝐼, 𝜀𝐼). 
 

II. FUZZY HOMOTOPY AND FUZZY LOOP SPACE 

                 

Definition 2.1 [12] Let (𝑋, 𝜏), (𝑌, 𝜏′) be fuzzy topological spaces and 𝑓 and 𝑔 are fuzzy continuous functions 

from 𝑋 to 𝑌. If there exist a fuzzy continuous function 

 

𝐹: (𝑋, 𝜏) × (𝐼, 𝜀𝐼  ̃) → (𝑌, 𝜏′) 
 

    such that 𝐹(𝑥, 0) = 𝑓(𝑥) and 𝐹(𝑥, 1) = 𝑔(𝑥), for all 𝑥 ∈ 𝑋, then I say 𝑓 and 𝑔 are fuzzy homotopic. The 

mapping 𝐹  is called fuzzy homotopy from 𝑓  to 𝑔  and I write 𝑓 ≃ 𝑔 . Also, if for a fuzzy point 𝑝𝜆  of 

(𝑋, 𝜏), 𝐹(𝑝, 𝑡) = 𝑓(𝑝) = 𝑔(𝑞) then 𝑓 and 𝑔 are called fuzzy homotopic relative to 𝑝𝜆. If 𝑓 = 𝑔 then 𝑓 ≃ 𝑔 with 

the fuzzy homotopy 𝐹(𝑥, 𝑡) = 𝑓(𝑥) = 𝑔(𝑥), for all 𝑡 ∈ [0,1]. 
     

    The fuzzy homotopy relation "≃" is an equivalence relation. Thus, the set of the fuzzy continuous functions 

from 𝑋  to 𝑌 is partitioned into equivalence classes under the relation "≃". The equivalence classes are called 

fuzzy homotopy classes and the set of all fuzzy homotopy classes of the fuzzy continuous functions from (𝑋, 𝜏) 
to (𝑌, 𝜏′) is denoted by [(𝑋, 𝜏); (𝑌, 𝜏′)]. The fuzzy homotopy class of a function 𝑓 is denoted by [𝑓]. 

     

    Let (𝑋, 𝑝𝜆) and (𝑌, 𝑞𝜂) be pointed fuzzy topological spaces. If 𝑓: (𝑋, 𝑝𝜆) → (𝑌, 𝑞𝜂) is a fuzzy continuous 

function then it is assumed that all subsets contain the basepoint, 𝑓 preserves the base point, i.e. 𝑓(𝑝) = 𝑝 and 

that all fuzzy homotopies are relative to base point. 

 

Definition 2.2 [8] Let (𝑋, 𝑝𝜆)  be a pointed fuzzy topological space, 𝑚:𝑋 × 𝑋 → 𝑋  is a fuzzy continuous 

multiplication and 𝑐: 𝑋 → 𝑋, 𝑐: 𝑥 → 𝑝 is a constant function. If 𝑚 ∘ (𝑐, 1𝑋) ≃ 1𝑋 ≃ 𝑚 ∘ (1𝑋, 𝑐) then (𝑋, 𝑝𝜆)  is 

called a fuzzy H-space and 𝑐 is called homotopy identity of (𝑋, 𝑝𝜆). Here, (𝑐, 1𝑋)(𝑥) = (𝑐(𝑥), 1𝑋(𝑥)) = (𝑝, 𝑥) 
for all 𝑥 ∈ 𝑋. 
 

Definition 2.3 [10] Let the PFTS (𝑋, 𝑝𝜆) be a fuzzy H-space with the fuzzy continuous multiplication 𝑚. If there 

exist a funciton 

 

𝑇: 𝑋 × 𝑋 → 𝑋 × 𝑋,   𝑇(𝑥, 𝑦) = (𝑦, 𝑥) 
 

    which makes the diagram 

 

      𝑋 × 𝑋
               𝜏               
→          𝑋 × 𝑋 

 

                              𝑚                         𝑚 

 

   𝑋 

 

 

    fuzzy homotopy commutative, i.e. 𝑚 ∘ 𝑇 ≃ 𝑚, then 𝑚 is called fuzzy homotopy abelian and (𝑋, 𝑝𝜆) is called 

an abelian fuzzy H-space. 
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Definition 2.4 [10] Let (𝑋, 𝑝𝜆)  and (𝑌, 𝑞𝜂) be fuzzy H-spaces with the fuzzy continuous multiplications 𝑚 and 

𝑛, respectively. Then a function 𝑓: (𝑋, 𝑝𝜆) → (𝑌, 𝑞𝜂) is called fuzzy H-homomorphism if the square 

  

𝑋 × 𝑋
        𝑚        
→      𝑋 

 

                   𝑓 × 𝑓                       𝑓  

  

𝑌 × 𝑌
        𝑛         
→      𝑌 

 

 

    is fuzzy homotopy commutative, i.e. 𝑓 ∘ 𝑚 ≃ 𝑛 ∘ (𝑓 × 𝑓). 
 

Definition 2.5 [10] Let the PFTS (𝑋, 𝑝𝜆) be a fuzzy H-space with the fuzzy continuous multiplication 𝑚. If 

 

𝑚 ∘ (𝑚 × 1𝑋) ≃ 𝑚 ∘ (1𝑋 ×𝑚), 
 

then 𝑚 is called fuzzy homotopy associative. If there exist a fuzzy continuous funciton 𝜑:𝑋 → 𝑋 which makes 

the diagram 

 

𝑋
    (𝜑,1𝑋)    
→      𝑋 × 𝑋

       (1𝑋,𝜑)      
→        𝑋 

 

                          𝑐               𝑚                    𝑐 
 

𝑋 

 

 

    fuzzy homotopy commutative, i.e. 𝑚 ∘ (𝜑, 1𝑋) ≃ 𝑐 ≃ 𝑚 ∘ (1𝑋, 𝜑) , then 𝜑 is called fuzzy homotopy inverse. 

 

Definition 2.6 [12] A fuzzy H-group is a fuzzy H-space which has a fuzzy homotopy associative multiplication 

and a fuzzy homotopy inverse. 

 

Definition 2.7 [4] Let (𝑋, 𝜏) be a fuzzy topological space. If 𝛼: (𝐼, 𝜀�̃�) →  (𝑋, 𝜏) is a fuzzy continuous function 

and the fuzzy set 𝐸 is connected in (𝐼, 𝜀�̃�) with 𝐸(0) > 0 and 𝐸(1) > 0, then the fuzzy set 𝛼(𝐸) in (𝑋, 𝜏) is called 

a fuzzy path in (𝑋, 𝜏). The fuzzy point (𝛼(0))𝐸(0) = 𝛼(0𝐸(0)) and (𝛼(1))𝐸(1) = 𝛼(1𝐸(1)) are called the initial 

point and the terminal point of the fuzzy path 𝛼(𝐸), respectively. 

 

Definition 2.8 [4] Let 𝐴 be a fuzzy set in a fuzzy topological space (𝑋, 𝜏). If for any two fuzzy points 𝑎𝜆, 𝑏𝜂 ∈ 𝐴, 

there is a fuzzy path contained in 𝐴 with initial point 𝑎𝜆 and terminal point 𝑏𝜂, then 𝐴 is said to be fuzzy path 

connected in (𝑋, 𝜏). 
 

Definition 2.9 [13] Let (𝑋, 𝑝𝜆) be a pointed fuzzy topological space. A fuzzy path 𝛼(𝐴) which the initial point 

and the terminal point are 𝑝𝜆 ∈ 𝑋, is called a fuzzy loop in (𝑋, 𝑝𝜆) . The set of all the fuzzy loops in (𝑋, 𝑝𝜆) is 

called fuzzy loop space and this space is a fuzzy topological space having the fuzzy compact open topology. 

     

    We can think the fuzzy loop space of (𝑋, 𝑝𝜆) as a pointed fuzzy topological space with a constant path 𝜔₀(𝐴) 
which is equal to the base point 𝑝𝜆 of (𝑋, 𝑝𝜆) at any point. Let denote this space by 𝛺𝑋. 

 

Definition 2.10 Let 𝛼(𝐸) and 𝛽(𝐷) be fuzzy loops in 𝛺𝑋 at 𝑝𝜆, then we define 

 

(𝐸 + 𝐷)(𝑡) =      
       𝐸(2𝑡),              0 ≤ 𝑡 ≤

1

2

   𝐷(2𝑡 − 1) ,          
1

2
≤ 𝑡 ≤ 1.

 

 

By Lemma 3 in [6], 𝐸 + 𝐷 is a connected fuzzy set in (𝐼, 𝜀�̃�) with (𝐸 + 𝐷)(0) > 0 and (𝐸 + 𝐷)(1) > 0. Let 

𝛾: (𝐼, 𝜀�̃�) → (𝑋, 𝜏) be a fuzzy continuous function defined by 
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𝛾(𝑡) =      
       𝛼(2𝑡),              0 ≤ 𝑡 ≤

1

2

   𝛽(2𝑡 − 1) ,          
1

2
≤ 𝑡 ≤ 1.

 

 

There is a fuzzy continuous function 

 

𝑚:𝛺𝑋 × 𝛺𝑋 → 𝛺𝑋 

 

defined by 

 

𝑚(𝛼(𝐸), 𝛽(𝐷)) = 𝛾(𝐸 + 𝐷). 
 

 

Theorem 2.11 Fuzzy loop space 𝛺𝑋 is a fuzzy H-space. 

 

Proof. Let be 𝛼(𝐸), 𝛽(𝐷) ∈ 𝛺𝑋 and 𝑚: 𝛺𝑋 × 𝛺𝑋 → 𝛺𝑋 be a fuzzy continuous multiplication function such that, 

 

𝑚(𝛼(𝐸), 𝛽(𝐷))(𝑡) =      
           𝛼((2𝑡)𝐸(2𝑡)),                   0 ≤ 𝑡 ≤

1

2

   𝛽((2𝑡 − 1)𝐷(2𝑡−1)) ,          
1

2
≤ 𝑡 ≤ 1.

 

 

 

𝑚 can be taken as a fuzzy continuous multiplication of 𝑋. Let 𝑐: 𝛺𝑋 → 𝛺𝑋 be a constant function that takes 

all fuzzy loops to 𝜔𝑝(𝐴) and let 1𝛺𝑋: 𝛺𝑋 → 𝛺𝑋 be the unit function. 

Now let show that the diagram, 

 

𝛺𝑋
    (𝑐,1𝛺𝑋)    
→       𝛺𝑋 × 𝛺𝑋

       (1𝛺𝑋,𝑐)      
→         𝛺𝑋 

 

                   1𝛺𝑋              𝛾                      1𝛺𝑋 

 

𝛺𝑋 

 

provides 𝑚 ∘ (1𝛺𝑋, 𝑐) ≃ 1𝛺𝑋 ≃ 𝑚 ∘ (𝑐, 1𝛺𝑋). 
 

                                     (𝑚 ∘ (1𝛺𝑋 , 𝑐))(𝛼(𝐸))(𝑡)  =  𝑚(𝛼(𝐸), 𝜔𝑝(𝐴))(𝑡) 

                         =     
  𝛼((2𝑡)𝐸(2𝑡)),            0 ≤ 𝑡 ≤

1

2

              𝑝𝜆  ,                   
1

2
≤ 𝑡 ≤ 1.

 

 

 

                                     (𝑚 ∘ (𝑐, 1𝛺𝑋))(𝛼(𝐸))(𝑡)  =  𝑚(𝜔𝑝(𝐴), 𝛼(𝐸))(𝑡) 

                                  =  
               𝑝𝜆                  ,            0 ≤ 𝑡 ≤

1

2

 𝛼((2𝑡 − 1)𝐸(2𝑡−1)) ,             
1

2
≤ 𝑡 ≤ 1.

 

 

 

and (1𝛺𝑋)(𝛼(𝐸))(𝑡) = 𝛼(𝐸)(𝑡) = 𝛼(𝑡𝐸(𝑡)). Let 𝐹: 𝛺𝑋 × (𝐼, 𝜀�̃�) → 𝛺𝑋  be a function such that, 

 

𝐹(𝛼(𝐸), 𝑡)(𝑡′) =      
  𝛼 ((

2𝑡′

1 + 𝑡
)
𝐸(
2𝑡′

1+𝑡
)

) ,         0 ≤ 𝑡′ ≤
1 + 𝑡

2

                        𝑝𝜆         ,           
1 + 𝑡

2
≤ 𝑡′ ≤ 1.

 

                                                                          = (𝛾 ∘ (1𝛺𝑋, 𝑐))(𝛼(𝐸)) 
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Then 𝐹 is fuzzy continuous and 𝑚 ∘ (1𝛺𝑋, 𝑐) ≃ 1𝛺𝑋 since, 

 

𝐹(𝛼(𝐸), 0)(𝑡′) =      
  𝛼((2𝑡′)𝐸(2𝑡′)),            0 ≤ 𝑡′ ≤

1

2

              𝑝𝜆  ,                   
1

2
≤ 𝑡′ ≤ 1.

 

= (𝛾 ∘ (1𝛺𝑋, 𝑐))(𝛼(𝐸)) 
 

and  

𝐹(𝛼(𝐸),1)(𝑡′) = 𝛼((𝑡′)𝐸(𝑡′)) = (1𝛺𝑋)(𝛼(𝐸))(𝑡). 

 

By the same way 1𝛺𝑋 ≃ 𝑚 ∘ (𝑐, 1𝛺𝑋). So 𝑚 ∘ (1𝛺𝑋, 𝑐) ≃ 1𝛺𝑋 ≃ 𝑚 ∘ (𝑐, 1𝛺𝑋). Consequently, the fuzzy loop 

space 𝛺𝑋 is an H-space. 

 

Theorem 2.12 𝛺𝑋 fuzzy loop space is a fuzzy H-group. 

 

Proof.  

i) 𝑚: 𝛺𝑋 × 𝛺𝑋 → 𝛺𝑋 fuzzy continuous multiplication is defined as in Teorem 2.11. 

Let show that the, 

 

𝛺𝑋 × 𝛺𝑋 × 𝛺𝑋
              𝑚×1𝛺𝑋             
→              𝛺𝑋 × 𝛺𝑋 

 

                                 1𝛺𝑋 ×𝑚                                   𝑚  

  

𝛺𝑋 × 𝛺𝑋
                     𝑚                    
→               𝛺𝑋 

   

 

diagram provides 𝑚 ∘ (𝑚 ∘ 1𝛺𝑋) ≃ 𝑚 ∘ (1𝛺𝑋 ∘ 𝑚) homotopies to show that 𝛺𝑋 fuzzy loop space is homotopy 

associative. 

 

 (𝑚 ∘ (𝑚, 1𝛺𝑋))(𝛼(𝐸), 𝛽(𝐷), 𝜁(𝐶))(𝑡)  =  𝑚(𝑚(𝛼(𝐸), 𝛽(𝐷)), 𝜁(𝐶))(𝑡) 
 

                            =     
  𝑚(𝛼(𝐸), 𝛽(𝐷))(2𝑡),        0 ≤ 𝑡 ≤

1

2

    𝜁((2𝑡 − 1)𝐶(2𝑡−1)),        
1

2
≤ 𝑡 ≤ 1

 

 

                                                                         =     

          𝛼((4𝑡)𝐸(4𝑡)),              0 ≤ 𝑡 ≤
1

4

   
 𝛽((4𝑡 − 1)𝐷(4𝑡−1)),       

1

4
≤ 𝑡 ≤

1

2

 𝜁((2𝑡 − 1)𝐶(2𝑡−1)),        
1

2
≤ 𝑡 ≤ 1

 

 

 

 (𝑚 ∘ (1𝛺𝑋 , 𝑚))(𝛼(𝐸), 𝛽(𝐷), 𝜁(𝐶))(𝑡)  =  𝑚(𝛼(𝐸),𝑚(𝛽(𝐷), 𝜁(𝐶)))(𝑡) 
  

 

                                        =
                   𝛼((2𝑡)𝐸(2𝑡)),              0 ≤ 𝑡 ≤

1

2

    𝑚(𝛽(𝐷), 𝜁(𝐶))(2𝑡 − 1),        
1

2
≤ 𝑡 ≤ 1

 

 

                                                                         =     

          𝛼((2𝑡)𝐸(2𝑡)),              0 ≤ 𝑡 ≤
1

2

   
 𝛽((4𝑡 − 2)𝐷(4𝑡−2)),       

1

2
≤ 𝑡 ≤

3

4

 𝜁((4𝑡 − 3)𝐶(4𝑡−3)),        
3

4
≤ 𝑡 ≤ 1
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Let a function 𝐹: 𝛺𝑋 × 𝛺𝑋 × 𝛺𝑋 × (𝐼, 𝜀�̃�) → 𝛺𝑋 be defined such that, 

 

 𝐹(𝛼(𝐸), 𝛽(𝐷), 𝜁(𝐶), 𝑡)(𝑡′) =   

                𝛼 ((
4𝑡′

1+𝑡
)
𝐸(
4𝑡′

1+𝑡
)
) ,                     0 ≤ 𝑡′ ≤

1+𝑡

4

   

 𝛽 ((4𝑡′ − 𝑡 − 1)𝐷(4𝑡′−𝑡−1)),            
1+𝑡

4
≤ 𝑡′ ≤

𝑡+2

4

        𝜁 ((
4𝑡′−𝑡−2

2−𝑡
)
𝐶(
4𝑡′−𝑡−2

2−𝑡
)
),               

𝑡+2

4
≤ 𝑡′ ≤ 1.

 

 

 

𝐹(𝛼(𝐸), 𝛽(𝐷), 𝜁(𝐶),0) = (𝑚 ∘ (𝑚, 1𝛺𝑋))(𝛼(𝐸), 𝛽(𝐷), 𝜁(𝐶)) ,  
𝐹(𝛼(𝐸), 𝛽(𝐷), 𝜁(𝐶),1) = (𝑚 ∘ (1𝛺𝑋, 𝑚))(𝛼(𝐸), 𝛽(𝐷), 𝜁(𝐶)).  
 

So 𝑚 ∘ (𝑚, 1𝛺𝑋) ≃ 𝑚 ∘ (1𝛺𝑋 , 𝑚) and 𝑚 is homotopy associative. 

 

(ii) To show that 𝛺𝑋  has fuzzy homotopy invers, let 𝜙:𝛺𝑋 → 𝛺𝑋 be a function be defined as 𝜙(𝛼(𝐸))(𝑡) =
𝛼(𝐸)(1 − 𝑡). Let show that the diagram, 

 

𝛺𝑋
    (𝜙,1𝛺𝑋)    
→        𝛺𝑋 × 𝛺𝑋

       (1𝛺𝑋,𝜙)      
→         𝛺𝑋 

 

                   1𝛺𝑋              𝛾                      1𝛺𝑋 

 

𝛺𝑋 

 

provides 𝑚 ∘ (𝜙, 1𝛺𝑋) ≃ 1𝛺𝑋 ≃ 𝑚 ∘ (1𝛺𝑋, 𝜙) . 
 

 (𝑚 ∘ (𝜙, 1𝛺𝑋))(𝛼(𝐸))(𝑡)  =  𝑚(𝛼(𝐸)(1 − 𝑡), 𝛼(𝐸)(𝑡)) = 𝑚(𝛼⁻¹(𝐸)(𝑡), 𝛼(𝐸)(𝑡)) 
  

   =  
            𝛼−1((2𝑡)𝐸(2𝑡)),          0 ≤ 𝑡 ≤

1

2

    𝛼((2𝑡 − 1)𝐸(2𝑡−1)),           
1

2
≤ 𝑡 ≤ 1

 

 

  =
     𝛼((1 − 2𝑡)𝐸(1−2𝑡)),          0 ≤ 𝑡 ≤

1

2

    𝛼((2𝑡 − 1)𝐸(2𝑡−1)),           
1

2
≤ 𝑡 ≤ 1

 

 

 

 (𝑚 ∘ (1𝛺𝑋 , 𝜙))(𝛼(𝐸))(𝑡)  =  𝑚(𝛼(𝐸)(𝑡), 𝛼(𝐸)(1 − 𝑡)) = 𝑚(𝛼(𝐸)(𝑡), 𝛼⁻¹(𝐸)(𝑡)) 
   

     =  
              𝛼((2𝑡)𝐸(2𝑡)),               0 ≤ 𝑡 ≤

1

2

    𝛼−1((2𝑡 − 1)𝐸(2𝑡−1)),        
1

2
≤ 𝑡 ≤ 1

 

 

  =
              𝛼((2𝑡)𝐸(2𝑡)),              0 ≤ 𝑡 ≤

1

2

    𝛼((2 − 2𝑡)𝐸(2−2𝑡)),           
1

2
≤ 𝑡 ≤ 1.

 

 

 

Let 𝐺: 𝛺𝑋 × (𝐼, 𝜀�̃�) → 𝛺𝑋 be a function such that,  

 

 𝐺(𝛼(𝐸), 𝑡)(𝑡′) =  
        𝛼 ((1 − 2𝑡′ + 𝑡)𝐸(1−2𝑡′+𝑡)) ,        0 ≤ 𝑡′ ≤

1

2

         𝛼 ((2𝑡′ + 𝑡 − 1)𝐸(2𝑡′+𝑡−1)),        
1

2
≤ 𝑡′ ≤ 1.
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   𝐺(𝛼(𝐸), 0)(𝑡′) = (𝑚 ∘ (𝜙, 1𝛺𝑋))(𝛼(𝐸), (𝑡
′)), 𝐺(𝛼(𝐸),1)(𝑡′) = 𝛼(𝐸)(𝑡′) = 1𝛺𝑋(𝛼(𝐸), (𝑡′)). 

Consequently 𝑚 ∘ (𝜙, 1𝛺𝑋) ≃ 𝑐 . 
 

Let 𝐺′: 𝛺𝑋 × (𝐼, 𝜀�̃�) → 𝛺𝑋 be a function such that, 

 

 𝐺′(𝛼(𝐸), 𝑡)(𝑡′) =  
             𝛼 ((2𝑡′ − 𝑡)𝐸(2𝑡′−𝑡)) ,             0 ≤ 𝑡′ ≤

1

2

       𝛼 ((2 − 2𝑡′ − 𝑡)𝐸(2−2𝑡′−𝑡)),        
1

2
≤ 𝑡′ ≤ 1.

 

 

 

𝐺(𝛼(𝐸), 0) = (𝑚 ∘ (1𝛺𝑋, 𝜙))(𝛼(𝐸)), 𝐺(𝛼(𝐸),1) = 1𝛺𝑋(𝛼(𝐸)).  Consequently 𝑚 ∘ (1𝛺𝑋, 𝜙) ≃ 𝑐  . So 𝜙  is 

fuzzy homotopy inverse. By (i) and (ii) 𝛺𝑋 is a fuzzy H-group. 

 

     

III. FUZZY RETRACT OF A FUZZY LOOP SPACE 

 

    In this part, I show that fuzzy retract of a fuzzy loop space is a fuzzy H-space and fuzzy deformation retract 

of a fuzzy loop space is a fuzzy H-group. 

 

Definition 3.1 A fuzzy subspace (𝑍, 𝜏𝑍) of a fuzzy topological space (𝑋, 𝜏) is called a fuzzy retract of (𝑋, 𝜏) if 
there exists a fuzzy continuous map 

 

𝑟: (𝑋, 𝜏) → (𝑍, 𝜏𝑍) 
 

    such that 𝑟(𝑎) = 𝑎, for all 𝑎 ∈ 𝑍. The map 𝑟 is called a fuzzy retraction. 

 

Theorem 3.2 A fuzzy retract of 𝛺𝑋 is an H-space. 

 

Proof.  Let 𝛺𝐴 be a fuzzy subspace of fuzzy loop space 𝛺𝑋 and 𝑟: 𝛺𝑋 → 𝛺𝐴 be the fuzzy retraction. It is clear 

that for the inclusion map 𝑖: 𝛺𝐴 → 𝛺𝑋, 𝑟 ∘ 𝑖 = 1𝛺𝐴. Let 𝑚 be the fuzzy continuous multiplication of 𝛺𝑋. Then, 

 

𝛺𝐴 × 𝛺𝐴
   𝑖×𝑖    
→   𝛺𝑋 × 𝛺𝑋

  𝑚    
→  𝛺𝑋

   𝑟    
→  𝛺𝐴. 

 

Let 𝑛 = 𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖) , then 𝑛 is a fuzzy continuous multiplication of 𝛺𝐴. Let show that, 

 

𝑛 ∘ (𝑐′, 1𝛺𝐴) ≃ 1𝛺𝐴 ≃ 𝑛 ∘ (1𝛺𝐴, 𝑐′) 
 

for the constant map 𝑐′(𝛼(𝐸)) = 𝑐 ∣𝛺𝐴 (𝛼(𝐸)) = 𝑐(𝛼(𝐸)) = 𝜔𝑝(𝐴) for all 𝛼(𝐸) ∈  𝛺𝐴. It is clear that 

 

(𝑖 × 𝑖) ∘ (1𝛺𝐴, 𝑐′) = (1𝛺𝐴, 𝑐) ∘ 𝑖. 
 

Since 𝛺𝑋 is a fuzzy loop space, then 

 

𝑚 ∘ (𝑐, 1𝛺𝑋) ≃ 1𝛺𝑋 ≃ 𝑚 ∘ (1𝛺𝑋, 𝑐) 
 

Therefore 

 

 𝑛 ∘ (1𝛺𝐴, 𝑐′)  =  (𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖)) ∘ (1𝛺𝐴, 𝑐′) 
 

                                         =  (𝑟 ∘ 𝑚 ∘ (1𝛺𝑋, 𝑐) ∘ 𝑖) ≃ 𝑟 ∘ 1𝛺𝑋 ∘ 𝑖 
 

                                         =  𝑟 ∘ 𝑖 = 1𝛺𝐴. 
 

In a similar way 𝑛 ∘ (𝑐′, 1𝛺𝐴) = 𝑟 ∘ 𝑚 ∘ (𝑐, 1𝛺𝑋) ∘ 𝑖 ≃ 𝑟 ∘ 𝑖 = 1𝛺𝐴. Consequently 𝛺𝐴 is a fuzzy H-space. 

 

Theorem 3.3 A fuzzy retract of a fuzzy topological space (𝑋, 𝜏) is called a fuzzy deformation retract of (𝑋, 𝜏) if 
there exists a fuzzy homotopy such that 𝑖 ∘ 𝑟 ≃ 1𝑋 for the inclusion map 𝑖 and the fuzzy retraction 𝑟. 
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    Therefore, we obtain the following corollary. 

 

Corollary 3.4 A fuzzy deformation retract of a fuzzy loop space is a fuzzy H-space. 

 

Theorem 3.5 A fuzzy deformation retract of a fuzzy loop space is a fuzzy H-group. 

 

Proof.  Let a fuzzy loop space 𝛺𝐴 be a fuzzy deformation retract of 𝛺𝑋 and 𝑚 and 𝑛 = 𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖) be fuzzy 

continuous multiplications of 𝛺𝑋 and 𝛺𝐴, respectively, for the inclusion map 𝑖 and the fuzzy retract 𝑟. Then by 

Theorem 3.2 𝛺𝐴 is a fuzzy loop space. Since 𝛺𝑋 is a fuzzy H-group, it has a fuzzy homotopy inverse, 𝑚 is fuzzy 

homotopy associative. As 𝑟 ∘ 𝑖 = 1𝛺𝐴, 
 

𝑛 × 1𝛺𝐴  =  (𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖)) × 1𝛺𝐴 

 
                                                                        = (𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖)) × (𝑟 ∘ 𝑖) 

 
                                                                          =  (𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖)) × (𝑟 ∘ 1𝛺𝑋 ∘ 𝑖) 

 
                                                                        =  (𝑟 × 𝑟) ∘ (𝑚 × 1𝛺𝑋) ∘ (𝑖 × 𝑖 × 𝑖) 

 
As a similar way 1𝛺𝐴 × 𝑛 = (𝑟 × 𝑟) ∘ (1𝛺𝑋 ×𝑚) ∘ (𝑖 × 𝑖 × 𝑖). Then, 

 

𝑛 ∘ (𝑛 × 1𝛺𝐴 )  =  𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖) ∘ (𝑟 × 𝑟) ∘ (𝑚 × 1𝛺𝑋) ∘ (𝑖 × 𝑖 × 𝑖) 
 

         ≃  𝑟 ∘ 𝑚 ∘ 1𝑋×𝛺𝑋 ∘ (𝑚 × 1𝛺𝑋) ∘ (𝑖 × 𝑖 × 𝑖) 
 

=  𝑟 ∘ (𝑚 ∘ (𝑚 × 1𝛺𝑋)) ∘ (𝑖 × 𝑖 × 𝑖) 
 

≃  𝑟 ∘ (𝑚 ∘ (1𝛺𝑋 ×𝑚)) ∘ (𝑖 × 𝑖 × 𝑖) 
 

        =  𝑟 ∘ 𝑚 ∘ 1𝑋×𝛺𝑋 ∘ (1𝛺𝑋 ×𝑚) ∘ (𝑖 × 𝑖 × 𝑖) 
 

         ≃  𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖) ∘ (𝑟 × 𝑟) ∘ (1𝛺𝑋 ×𝑚) ∘ (𝑖 × 𝑖 × 𝑖) 
 

        =  𝑛 ∘ (1𝛺𝐴 × 𝑛). 
 

Therefore 𝑛 is fuzzy homotopy associative. 

 

Let 𝜙 be fuzzy homotopy inverse for 𝛺𝑋 and 𝜙′ = 𝑟 ∘ 𝜙 ∘ 𝑖. Since 𝛺𝐴 is a fuzzy deformation retract of 𝛺𝑋, 𝑖 ∘
𝑟 ≃ 1𝛺𝑋. Then 

 

(𝑖 × 𝑖) ∘ (1𝛺𝐴, 𝜙′)  =  (𝑖, 𝑖 ∘ 𝜙′) 
 

        =  (𝑖, 𝑖 ∘ (𝑟 ∘ 𝜙 ∘ 𝑖)) ≃ (𝑖, 𝜙 ∘ 𝑖) = (1𝛺𝑋, 𝜙) ∘ 𝑖 
 

                                                        ⇒  𝑟 ∘ 𝑚 ∘ (𝑖 × 𝑖) ∘ (1𝛺𝐴, 𝜙′) ≃ 𝑟 ∘ 𝑚 ∘ (1𝛺𝑋, 𝜙) ∘ 𝑖. 
 

Thus 𝑛 ∘ (1𝛺𝐴, 𝜙′) ≃ 𝑟 ∘ 𝑚 ∘ (1𝛺𝑋, 𝜙) ∘ 𝑖 ≃ 𝑟 ∘ 𝑐 ∘ 𝑖 = 𝑐′, where 𝑐′ = 𝑐 ∣𝛺𝐴, because (𝑟 ∘ 𝑐 ∘ 𝑖)(𝑎(𝐸)) = (𝑟 ∘
𝑐)(𝑎(𝐸)) = 𝑟(𝑐(𝑎(𝐸))) = 𝑟(𝜔𝑝(𝐴)) = 𝜔𝑝(𝐴) = 𝑐′(𝑎(𝐸)), for all 𝑎 ∈ 𝐴. 

 

In a similar way 𝑛 ∘ (𝜙′, 1𝛺𝐴) ≃ 𝑐′. Hence 𝜙′ is a fuzzy homotopy inverse for 𝛺𝐴. Consequently 𝛺𝐴 is a fuzzy 

H-group. 

 

    Then we have the following corollary. 

 

Corollary 3.6 A fuzzy deformation retract of an abelian fuzzy loop space is an abelian fuzzy H-group. 
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IV. CONCLUSIONS 

 
In this study firstly, I defined fuzzy H-space and fuzzy H-group. Then I show that a fuzzy loop space ΩX is a 

fuzzy H-group with the continuous multiplication m. Then I show that a fuzzy retract of a fuzzy loop space is a 

fuzzy H-space. Besides, a fuzzy deformation retract is defined and it is shown that a fuzzy deformation retract of 

a fuzzy loop space is a fuzzy H-group. Also, I show that if ΩX is an abelian fuzzy H-group, then the deformation 

retract of ΩX is an abelian fuzzy H-group. 
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