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Abstract:
The purpose of this paper is to introduce the concept of generalized closed set to penta topological
space. Further we studied some fundamental properties of penta topological space.
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I. INTRODUCTION

General topology plays a vital role in mathematics and other branches of science. Starting from single topology
it extended to bitopology and tritopology etc. with usual definitions. In 1983, J.C Kelly[1] introduced
bitopological space (X, t,,7;), where X is a non empty set together with two topologies 7; and 7,. As an
extension of bitopological space, tritopological space(X, 74, T,, T3)was first initiated by Martin M. Kovar[2] in
2000, where X is a non empty set together with three topologiest;, 7, andt;.Quad topological
space(X, 1,7, T3, T4)Was investigated by Mukundan[3], where X is a non empty set together with four
topologiest;, 72, T3 and t,. Penta topological space(X, 11, 5, T3, T4, Ts) Was introduced by Muhammad Shahkar
Khan and Gulzar Ali Khan[4] where X is a non empty set together with five topologiesty, 7, 73,74 and ts. In
this paper we have investigated some properties of penta topological space and also we have analysed how the
generalized closed set act on penta topological space.

Il. PRELIMINARIES
Definition: 2.1

Let X be a non empty set together with five topologies 74, T,, 73, T4 and s is called penta topological space and
it is denoted by (X, 4, 75, T3, T4, T5)-

Example: 2.2
X ={a,b,c,d}ry = {p,{a}, X}r; = {9, {a}, {b}. {a, b}, X}15 = {9, {b}, {c}, {b, c}, X}

74 = {@,{c},{d},{c,d}, X}15s = {p,{a},{c},{a, c}, X}. Then (X, 11, T2, T3, T4, T5) iS a penta topological space.
Definition: 2.3
Let (X, 14,732, T3, T4, T5) be a penta topological space. A subset A of X is called penta-open if
A €T UT,UT3 Uty UTsand its complement is said to be penta-closed
Remark: 2.4
Penta open sets satisfy all the axioms of topology.
Example: 2.5

X ={a,b,c,d}r, = {op,{a}, X}r; = {¢,{b}, X}15 = {0, {c}, X}74 = {9, {d}, X}75 = {9, {a, b}, X}

{p,X,{a},{b},{c},{d},{a, b}} are penta open sets and {¢p, X, {c,d},{a, b, c},{a, b,d},{a, c,d}} are penta closed
sets.

Remark: 2.6
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@ and X are both penta open and penta closed.
Theorem: 2.7

Avrbitrary union of penta open sets is penta open.
Theorem: 2.8

Avrbitrary intersection of penta closed sets is penta closed.

. BASIC PROPERTIES OF T, ;345 OPEN SETS
Definition: 3.1
Let (X, 74, 7T,, T3, T4, T5) be a penta topological space. S € X is 71,345 open if SCc AUBUCUD UE where
A€T,BET,CE€T3D ETYE ETs.

Result: 3.2
@ and X are 7y ;345 Open.
Theorem: 3.3
Let (X, 74,7, 73,74, T5) be a penta topological space. Let S;,S, < X. If S; and S, are 7,5 3 45 open then
S1US; € Xistyp345 OpeEN.
Proof:
S1and S, are 7y 5345 Open
S =AUBUC;UD, UE;
S,=A,UB,UC,UD,UE, where A,,A, € 14;B,,B, € 75; C;,C, € 13; D;,D, € T,and E}, E;, € 15
S1US; = (A1 UA) U (B UBy) U (CLUCy) U (D UD;y) U (Ep U Ey)is T15345 Open.
Theorem: 3.4

Let (X, 7,75, 73,74, T5) be a penta topological space. Let S, € X where a € I. If S, is 715345 0Open for each a
then U S, is 712345 Open.

Proof:
Sy =A,UB,UC,UD, UE, where A, € 14,B, € 75,C, € 13,D, € 74,E, € T5.
Uger Se =V (@A, UB,UC,UD, UE,)
=(UAg) U (UB,) U (UC) U (UD,) U (VE)
UA, €ET1,UB, €ET,UC, E13,UD, ET4,UE, € 1.
Hence U S, iS 71 234,5 Open.
Definition: 3.5

Let (X, 7,7y, 73, T4, T5s) be a penta topological space. Let A c X. If Ais 7,345 open then the complement of A
is said to be 71 3 45 closed.

Definition: 3.6
Let (X, 14, T3, T3, T4, Ts) be a penta topological space.

AcX.Ty3345cl A =N {F/F DAand FisTi3345 closed}
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ACX.Ty345int A=N{F/F > Aand F is 11,345 open}
Theorem: 3.7
Arbitrary intersection of 7, , 3 4 5 closed sets ist; ;345 closed in penta topological space.
Proof:
Follows from theorem 3.4
Theorem: 3.8
Let (X, 71, T2, 73, T4, T5) be a penta topological space. Let A € X. Ais 7y ;345 open iff 7,,3,45int A = A.
Proof:
Follows from the fact that arbitrary union of t; ; 5 45 Open sets is 7 ; 3 4 5 Open.
Theorem: 3.9
Let (X, 71, T2, 73, T4, T5) be a penta topological space. Let A € X. A iS 715345 closed iff 7;,345clA = A.
Proof:
Follows from the fact that arbitrary intersection of 7; ; 3 4 5 closed sets ist; 5345 closed.
Theorem: 3.10
Let (X, 1,72, 73,74, T5) be a penta topological space. Forany A c X, (7q3345int A)° = 11,345l A.
Proof:
(t12345int A)° =[U{G/G S A& G isT33450pen]°
=N{G°/G° 2 A°&G° is Ty 345 closed }
= N{F =G°/F 2 A°&F is 113345 closed}where F = G°
=Ty2345Cl A%
Remark: 3.11
@ and X are 7y ;345 Closed.
Result: 3.12
The intersection of two 7, ; 3 4,5 Open sets need not be 7, ; 3 45 Open.
Example: 3.13
X ={a b, c}t; = {g,{a},{b},{a, b}, X}1; = {p,{a}.{a,c}, X}r3 = {p,{b}, {b,c}, X}

Ty = {(P, {a}, X}TS = {(p' {b}! {b, C}' X}

A = {a,c}is 1,345 OpeN.
B = {b, C} is T1'2'3'4'5 open.
ANB = {c}whichisnotz;,3,5 0pen.

{b} cannot be written as B; U B, U B3 U B, U Bs where B; is t;open foralli = 1to 5

Remark: 3.14
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Union of two 7y 5545 closed sets need not be 7, 5345 closed.

Example: 3.15

In the example 3.13 A and B are 7; 5 3 4 5 Open.

= A° and B¢ are 7y 5 3 45 Closed.

A°={ b} and B°={ a}

A°UB¢ ={a,b}isnotty,345 closed, since {a, b}* = {c} is not 7, 5 3 4 5 OpeN.
Hence {a, b} is not 7, , 3 4 5 closed.

Result: 3.16

The set of all 7, , 3 4 5 Open sets contains t; U, U3 U 74 U Ts.

Theorem: 3.17

Let (X, 71,75, T3, T4, T5) be a penta topological space. The set of all 71,345 open sets is a generalized topology
on X.

Proof:

Follows from Result 3.2, Theorem 3.4 and Result 3.12

Definition: 3.18

Let (X, 71, T2, T3, T4, T5) be a penta topological space. A c X is called semi(1, 2,3,4, 5)open if
A CTyp345ClT 345Nt A

Definition: 3.19

Let (X,74,7,,73,74,T5) be a penta topological space. A c X is called semi(1, 2,3,4, 5) closed if A€ is
semi(1,2,3,4,5) open.

Definition: 3.20

Let (X, 4,72, T3, T4, T5) be a penta topological space. A c X is called pre(1, 2,3,4, 5) open if
A CTyp345INtT12345CL A

Definition: 3.21

Let (X,t4,72,73,T4,Ts) be a penta topological space. A c X is called pre(1, 2,3,4, 5) closed if A€ is
pre(1,2,3,4,5) open.

Definition: 3.22
Let (X, 741, T2, T3, T4, T5) be a penta topological space. A c X is called a(1, 2,3,4, 5) open if

A CTyp345NtTyp345 ClTyp3451i0L A

Definition: 3.23

Let (X, 1y, 75,73, T4, T5) be a penta topological space. A c X is called a(1, 2,3,4, 5) closed if A° is a(1, 2,3,4, 5)
open.

Definition: 3.24
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Let (X, 41, T2, T3, T4, T5) be a penta topological space. A c X is called B(1, 2,3,4, 5) open if
A C T1345C1T1 2345 INtT15345ClA.
Definition: 3.25

Let (X, 11, Ty, T3, T4, Ts) e a penta topological space. A c X is called B(1, 2,3,4, 5) closed if A° is B(1, 2,3,4, 5)
open.

Definition: 3.26

Let (X, 74, T2, T3, T4, T5) be a penta topological space. A c X is called regular(1, 2,3,4, 5) open if
A =T12345NtT12345CLA.

Definition: 3.27

Let (X,74,72,73,T4,T5) be a penta topological space. A c X is called regular(1, 2,3,4, 5) closed if A=
71,2345 ClT1 23,4 5INLA.

Example:3.28
X ={a,b,c,d}r, = {g,{a},{b}.{a, b}, X}1, = {9, {a}, {c}.{a,c}, X}
73 ={p,{a},{b},{a, b, c}, X}14 = {0, {b},{c},{b, c}, X}15s = {9, {a}, {c}.{a b, c}, X}
T1234,50pen sets are {g, {a}, {b},{c},{a, b}, {a,c},{b,c},{a,b,c}, X}
7y234,5closed sets are {@, {b, c,d},{a, c,d},{a,b,d},{c,d}, {b,d} {a, d},{d}, X}
Take A = {a, c}
T1.2,34,5NtA = {a, c}
T12345 ClT12345NtA = T1 345 cl{a, ¢} = {a,c,d}
A C Typ345 clty345intA. Hence A is semi (1,2,3,4,5) open.
Hence {b, d} is semi (1,2,3,4,5) closed.
T12345 ¢lA = {a,c,d}
Ti345 MET12345C0 A = Ty 534 5int{a, c,d} = {a,c}
A C Ty;345 intTy5345cl A.Hence A is pre (1,2,3,4,5) open.
{b,d} is pre (1,2,3,4,5) closed.
T1,2,345ME T12345 ClT1 2 345int A = Ty 534 5int{a, ¢, d} = {a,c}
A CTyp345ntT12345 ClTy2345int A Hence A is «(1,2,3,4,5) open.

{b,d}is B(1,2,3,4,5) open.

Theorem: 3.29

Let (X, 74,7, 73,74, T5) be a penta topological space. LetA c X. A is semi (1, 2,3,4, 5) open iff there exist a
T12345 Openset O suchthat 0 € A € 115345 clO.

Proof:
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Let A be semi(1,2,3,4,5) open. Then A € 715345 clty 234 5int A.

NOW Ty 345Nt A C A C Typ345ClTy2345int A. Take O = 11, 345int A.
Then 0 isty,3450penand O € A € 1y5345 clO.

Conversely, suppose there exist 7, 5345 0peN With 0 € A € 115345 clO.
Now 0 is Ty 5345 openand O © A and hence O C Ty ;34 5int A.
Therefore 15345 clO C© Ty 3345 ClT 234 5int A.

Now A € 715345 clO and hence A € 715345 clty 534 5int A.

Theorem: 3.30

Let (X, 11,75, T3, T4, T5) be a penta topological space. Let A c X. A is semi (1, 2,3,4, 5) open iff 7;,345 clA =
71,2345 ClT1 23,450t A.

Proof:
Suppose A is semi (1, 2,3,4, 5) open. Then A € 745345 clTy 534 5int A.

Always 11 ,345int A c A.

= 712345 Cl[T1 2345t A] € 715345 clA 1

AlsO 713345 ClA C Typ345 ClTy2345int A 2
land 2 = 715345 ClA = Ty 345 ClTy 534 5int A.
Conversely, suppose 712345 clA = 71534 5int A.
Claim: A is semi (1,2,3,4,5) open.
AC 115345 ClA=T15345ClTyp345int A
ACTy5345cClT345int A
Therefore A is semi (1,2,3,4,5) open.
Theorem: 3.31

Let (X, 74,7y, 73,74, Ts) be a penta topological space. A c X is called regular (1, 2,3,4, 5) open iff A¢ is
regular(, 2,3,4, 5) closed.

Proof:
Suppose A is regular (1, 2,3,4, 5) open.
S A=1y3345iNtT13345cl A
S A = [T1p345 MtT1 2345l Al
S A =Typ345 ClTyp345int A
< A is regular(1,2,3,4,5) closed.
Theorem:3.32

Let (X, 1y, Ty, T3, T4, Ts) be a penta topological space. Let A c X.
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[semi(1,2,3,4,5)intA]¢ = semi(1,2,3,4,5)clAC.
Proof:
[semi(1,2,3,4,5)intA]c = [U{G/G c A &G is semi(1,2,3,4,5)open}]*
=Nn{G°/G° D A°&G° is semi(1,2,3,4,5)closed}
=N{F/F D A°&F is semi(1,2,3,4,5)closed} where F = G°.
= semi(1,2,3,4,5)cl A°
Hence [semi(1,2,3,4,5)intA]¢ = semi(1,2,3,4,5)clAC.
Theorem:3.33

Let (X,t1,7,,73,74,T5) be a penta topological space. Let A c X.A is semi(1,2,3,4,5) closed iff A >
71,2345 iNtT1234,5CL A.

Proof:
Aissemi (1, 2,3,4, 5) closed
< A€ is semi(1,2,3,4,5) open
S A° CTy345 ClTyp345int A
& A D [112345 ClT12345iN A°]°
& A D T345int[T1234 500t A
S ADTyp345intTy2345Cl A
Theorem: 3.34
Let (X, 41, T3, T3, T4, T5) be a penta topological space. Let A c X. A is pre(1,2,3,4,5) closed iff
ADTy5345cClty345int A
Proof:
A D Ty5345Cltyp345int A
Ais pre(1,2,3,4,5) closed < A€ is pre(1,2,3,4,5) open.
& A° C Typ345 intTy 93450l A°
& [A°)° D [t12345 intTy 23451 AC]C
S ADTy5345 Cltyp345int A
Theorem: 3.35
Let (X, 74,7y, 73,74, T5) be a penta topological space. Let A c X. A isa(1,2,3,4,5) closed iff
A D Typ345ClT13345IN8T1 5345 L A.
Proof:
Ais a(1,2,3,4,5) closed & A° is a(1,2,3,4,5) open

c ' ' c
S A C 15345 INET12345CL Ty 2345 INtA
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. . [
& [A]° D [115345 iNtT1 234500712345 int A7
S ADTyp345 ClTi2345NET 2345 CLA.
Theorem: 3.36

Let (X,74,7,,73,74,75) be a penta topological space. Let AcX.A is B(1,2,3,45) closed iff
A -] T1,2,3'4'5 l‘ntT1,2,3'4'5ClT1,2'3'4‘5 lnt A

Proof:
Ais £(1,2,3,4,5) closed < A€ is £(1,2,3,4,5) open.

(o I c
S A CTyp345 ClT1 345Nt Ty 345 CLA

c
clc 7 Cc
& [A°)° D [T1p345 ClT123,45N8T1 2345 CL A
S AD 112345 INLT12345ClT1 2345 int A
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